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Preface To The Fifth Editiop

mmlﬂmhmhmdﬁhinndmmmmmm
the same as for the previ to give a comprehensive and state-of-the-ant
wnu!dlminwmmamcunfummmmmk.mm—hm
im all the first eight chapters and added extra at the end of each chapter. A new
chapter, Chapter 9, based on eigenvalues and“ig has been included. We have:
tried to cover all the basic and imp procedures to compute eigenvalues and
i of a matrix. This chapter has been written especially on the request of users
of the subject in various engineering universities.

Wemhlhmu&mmmdmmwmormmdimm
provided valuable suggestions and ideas for the improvement of this Book. Their
&edhu:kisnlulbkinmreﬁutsfot:oumiwmhs&km-'ﬂmnlw
Mmevﬁmmhin;miﬂmmnmmdFUIHCSﬁmdmh

and ises in many chap To

The authors would also like to thank Professor Akram Javed, Faculty of Science,
University of Engineering and Technology, Taxils, for his many useful comments. We
are thankful to Prof, Aflab Ahmad, Director, Institute of Management and Computer
s i ity, Rawalpindi, for providing us the y

F u P
infrastructure to complete this project. Thank you all.

The Bhattis
Islamabad,
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Preface To The Fourth Edition

The Fourth Edition of this book on numerical analysis is in your hands now. It is
geared specifically to the needs and background of our students. During this period, we
received several comments from the users. In reviewing their comments, we have made
modifications in some :hlpﬂrs of the book to sharpen the reader's understanding of the
material p d. The plan of ion of all c} has been that of step by step.
We mwﬁhmelmmymcﬂmdmdlhen pmceedwde\-elopmlsorallemwe,m

The p jlls‘l given is, of course, much over-simplified. In
practice, a bination of i 1 analysis and numerical analysis is
likely to be used. Proofs of formulas are given where these are reasonably easy to follow
but have been omitted in the more difficult cases.

Amajur:hnschubbe.nmadem P l.hat' i rheuuof
numerical methods presented in the book for mhvmg This edition
computer programs written in C++. They have dehb:m:ty been kept as straightforward
uposmhlnumnnbemdamouldnnéermdﬂuweeusem:tmofmmpmuch
gram. While the prog thcycm,
dmm&nsﬁfwwlvnumsmhmﬂﬂmm for more
ocmplca pm:uulpmhiwm.lhey not offer any g the
P "fmy ion herein. Therefore, the user should make use
of the i ft ilabl fully the reader will appreciate
lhuumaum“f:mmmdm:olwnmdmhmmmbmulmofm
We have benefited much by sitting at the feet of the wise, and we hope that,
through this book, it may be possible to transmit a spark from their fire to all our readers.
Good luck!

We would like to thank the users and reviewers of the previous editions whose
mnumdmggsﬂuuhw:mm«ulywwdwbonlmbkhuphﬁuu
muuhlufmehook}!mm mwlmmrmmiwmmw
the book and sup 1 and can be icated to us through
the publisher. mmmwuwlmmmmmmmmmm
Dean, Faculty of Science, UET, Taxila, for his many useful comments received to
m'qutﬂiemnlmufdﬁ.bm&uﬂpm‘hulﬁ!ywlk Jamil Sarwar, Director, BIIT,

y facilities to lish this g
h:lmmg,mmdmmﬁllwmfmihsfwmmnuedpmmm
during the review effort.
The Bhattis 3
Islamabad

May, 2002






Preface To The First Edition

The importance of N ical Analysis to the and engi is mow
widely acknowledged. In the book world, there is no dearth of good books on numeiicai
analysis written by foreign authors but the majority of these books are not available in
this country. | have written this book to meet the long-felt need of indigenous students.

The main feature of the present text is to introduce numerical methods — covering
the syllabi of various universities, colleges and other institutes, where this subject is
being taught as a first course. In writing such an el y book, | have inevitably been

fronted by the problem of selecti of material, which covers to a great extent the
syllabi of the concerned institutes. Naturally, some will disagree with me over this choice
of selection, | respect their prerogative. However, [ shall be relieved if it is felt that the
topics included do provide a reasonably solid background to the student’s training and
one from which he can easily proceed to further advanced courses in the subject.

The bmkisd:siywdforaommmnminnmﬁnlmlymmd
consists of eight chapters. Each chapter includes a large number of thoroughly explaines
examples and problems of various cmnplﬂ:ity.Theupmblmmnrynmmd
the students should work them out carefully. Each g ion has igned to test the
mrsmmmdmsohp.mwmummormmm“m
at_ﬂ:unﬁufth:hookhwfsoffomhsminchd-dmlymnﬂusmmmmy
easy to follow, but the formulas are mentioned without proofs in the more difficult cases.
It has been tried to keep the explanati ightforward and practicall iented. The
minimum prerequisite for using this book | y caleulus (including some
exposure to series and partial derivatives), linear #lgebra (determinant an matrices) and
differential equations. It is also assumed that the student has taken a programming course
in one of the computer languages. Fortran 77, which continues to be an excellent
mwm.mmdmmwwmkminmhw.
Computer programs are given at appropriate places in the text. «

Anowledge the inspiration and 5 i
help of many students who worked with early versi of the ipt and checked
exercise solutions and text examples.

mmwﬁiliqhmmmmimumﬂewwm
with me. I would appreciate having any such omissi ights or needed i
mwwwmmhnmmﬂwmhw&twiuhqndhynfhh
bonk.lwuldalsnIik:mMMr.GhnthhbirQwedﬁudSydAkb-Shlhiu
their help in turning rough drafts into & beautifully prepared final manuscript.




sccepting the manuscript of this book under the Creative Writer's Scheme. | also wish: 1o

thank the referees who reviewed the ipt.
Mmlﬁmmeﬁmﬂy.wahoummwl. patiemce

mdu:ﬁﬂumi:bookmmmhlubeencomykmd

|
|
|
1 would like to express my gratitude to the National Book Council of Pakistam for '

Saeed A. Bhatt
Islamabad
May, 1990
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Chapter 1

Error Analysis

1.1 INTRODUCTION TO NUMERICAL ANALYSIS

When a mathematical problem can be solved analytically, its solution may be
exact, but more frequently, there may not be a known method of obtaining its solution.
For example, it is rather difficult 1o salve the following integral analytically:

3
I_Fz-. & s-1=2151
0 ;I -x?

Many more such examples can be cited for which solutions by analytical means
are either impossible or may be so complex that they are quite unsuitable for practical
‘purposes. In this situation, the only way of obtaining an ides of the behaviour of a
solution is to approximate the problem in such a manner that the number representing the
‘solution can be produced. The process of obtaining a sclution is to reduce the original
problem to a repetition of the same step or series of steps so that the computations
‘become automatic. Such a process is called a numerical method and the derivation and
analysis of such methods lie within the discipline of numerical analysis. Thus, the
wb]u:t of numerical nnllym is ¢ | with the derivation, analysis and

of ds for obthaining reliable numerical answers to complex
‘mathematical problems. In other words, numerical analysis is the subject concerned with
the construction, snalysis, and use of algonthuns for the numerical solution of
mathematical pmlsl:ms 1o given degree of numerical accuracy.

MNumerical pmv:dc 1 ﬂmmwry:hsswtlnwunllyuu]

ol i ly. an emrw is i | into the It is 10
understand that an error here does not mean a human error, such as a blunder or mistake
or oversight but rather a discrepancy between the exact and approximate (computed),'
values. Such errors are likely to arise in all methods described in this bock. In fact,
numerical analysis is a vehicle to study errors in computations. It is not a static discipline.
The continuous change in this field is to devise algorithms, which are both fast and
accurate. These algorithms may become obsolete and may be replaced by more powerful
algorithms as computer capability increases or as new techniques are developed. It is
necessary (o point out from personal experience that the best test of whether one
understands a method is not 1o carry out a hand calculation (although this can be useful in
early stages of attempting to understand the logic), but to program the method in a
specific programming language, like BASIC, FORTRAN, PASCAL, C, C++ and JAVA
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and run it on a computer. We all know that computers are ideally suited 1o handle tedious
computations with high speed, accuracy and without ever making mistakes. Hence, the
use of numerical method for the analysis, simulation and design of scientific and

msmurhgpmoemmdsymhnbmmm;nanmdmﬁnmis
introduced tn better pwpm fuuau i and in g the
potentials.
Although good computer p g skills can enhance the study of
lnalym. actually wnmgmmmnmalwysmuy Numerical amlyslskm
ip it that are available. For ple, IMSL
i f I M and it thnry) Tt has several routines for numerical

methods written in FORTRAN and C++. Some other packages are LAPACK (Linear
Algebra Package) written in FORTRAN 77, LINPACK, EISPACK, Mathematica,
Derive, Maple, MathCad, MathLab, Ml:.‘iyml NUMERICDMP. eic. In addition a set of

books, Numerical Recipes, lists and d ical analysis progr in a variety
of computer languages. However, one special feature of most nf these programs is their
ability to carry out many operations with exact arith 2 ple is to

see the value of T displayed to 100 dp.

1.2 DEFINITION OF AN ERROR

mknuwlodsewluveoflhz hysical world is obtained by doing
and making It is imp 1o und ‘howlnnxpzesssuchdmmd
how to analyze and draw mmwg‘l'nlcmcltmmifmmll.lndmns this it is crucial to
d d that all are subject to uncertainties. It is

mmmusmmmwungmﬂy llisgmd.ufmuru to make the error as
small a5 possible but it is always there. And in order to draw valid conclusions the error
must be indicated and dealt with ly. Take the of a person’s height as
an example. Assuming that his height has been determined to be 5 8", how accurate is
our result?

Well, the height of a person depends on how straight he stands, whether he just
g0t up (most people are slightly taller when getting up from a long rest in horizontal
position), whether he has his shoes on, and how long his hair is and how it is made up.
These inaccuracies could all be called errors of definition. A quantity such as height is
ndeuﬂ.ly de!'medwhlmspe:lfyms 'many other circumstances. Even if you could

the "', your result would still have an error associated
mummmmmuafwm;mwmmmmm you may
hanmmmnhmmhummemhwu:mdaw If the result of a
is to have it cannot consist of the measured value alone. An
lnﬁcﬁmofhwmmumuhumbemlmmlndudtmiﬂnym
effort is required 1 d ine the error or inty in a than to p
the measurement itself. Error, &I\eu.lu:wdawslh uncertainty in measurements that
nothing can be done about. If a is d, the values obtained will differ
andmn:ofﬂnmnlumbepwrnmdmlheum Anlmghil lsnolpouiblemdo
anything about such emor, it can be ch For the
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measurements may cluster tightly wgether or they may spread widely. This pattern can be
analyzed systematically.

All measurements, Imwcvu' :mfully lnd scientifically performed are subject to
errors. Errors once ¢ ] results. Errors analysis is the
study and evaluation of these errors; its main functions are to estimate the errors and
suggest ways o eliminate or them. I igations of error propagation are, of

_course, p&ﬂl:u]ﬂl’l}' important in connection wlth iterative processes and computations
where each value depends on its pred les of such probl are in linear
systems of equations, ordinary and partial differential oqunﬂons Since the study of errors
is central to numerical analysis, we shall discuss it at length.

An error in a numerical computation is the difference between the actual value of

a quantity and its computed ( i value. If x rep the d value of a
quantity, the actual value for which is x*, then the difference,
E=x*-x (L.1)

is called the error of approximation.

13  SOURCES OF ERRORS

A numerical method for solving a given problem will, in general, involve an
error of one or several types. Although different sources initiate the-error, they all cause
the same effect: diversion from the exact answer. Some errors are small and may be
neglected, while others may be devastating if overlooked. In all cases, error analysis must

mpany the computaticnal sc h possibl

The main sources of error are as follow:
# Gross errors,

#» Round errors,

* Truncation emors.

13.1  Gross Errors
Although gross errors are not directly concerned with most of the numerical
methods discussed in this book, they can sometimes have great impact on the success of
modeling efforts. mhyﬂmphwhmmwdnummm
hmofml-wuum
The gross errors are either caused by human mistakes or by the computer. Such
mistakes are trivial, with better or no effect on the accuracy of the calculation, or they
may be so serious as to render the calculated results quite wrong. A few examples of
these errors are as follows:
i) ding or misquoting the figures, particularly in the interchanges of
adjacent digits,
i) Use of i itk ical formula (algorithm) to solve a particular
problem, and
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i) Use of inaccurate data.

‘These errors are pot very serious and can be avoided, if enough care is takem in
using proper ical analysis techni We shall primarily concern | with
the latter types of errors,

132 Rounding Errors

When a numerical methed is actually run on a digital computer afier transcription
to computer program form a kind of error called round-off error is introduced.

The error introduced by di bers to a limited number of decimal
places is called the rounding error. hump;ewmd:.tlnermmth:mwkum:smmd
by rounding is called round-off error. For ple, it would be i icable 1o

the distance between two points on the earth as 15.2967 metres. It would be mor
reasonable if it were (o be round to the nearest whole number, i.e., 15 metres. Thus, the
error introduced by rounding is 0.2967 metres. Another example is the value of 7t =
3.1415926353 and may be meaningfully rounded-off to 3,1416 or 3.142.

ff errors play an imp role in ical analysis. In order to
obtain a smaller error as a result of rounding-off, we may apply the following rules when
performing manual calculations (these rules are not normally applied when performing

Suppose we are given a number and we want to round it 1o the first decimal
place. We discard all digits after the first decimal place and proceed as follows:

(a) If the first discarded digit is less than 5, the previous digit is unchanged. For
example, the number 56.44, when rounded to the first decimal place, then it
becomes 56.4.

(b) If the discarded digit is greater that 5, the previous digit is increased by 1. For
example, the number 56.46, when rounded to first decimal, it becomes 56.5.

(e} lfﬂndh:::duldlghi:nn:ﬂys the previous digit is unchanged, if it is even
and is increased by 1, if it is odd. For example, the number 56.45, becomes
56.4 and 56.75 becomes 56.8.

However, the most commonly used rule (we are familiar with) for rounding-off
the numbers is: “if the discarded digit exceeds or equals 5, we add 1 to the last
retained digit”.

Analysis of the round-off error present in the final result of 2 numerical
computation, usually termed the sccumulated rounded-off error, is difficult, particularly
thmlhl}mﬂimundudmcnmplnily Except in very simple cases, the
mlllul error is not limply the sum af the local round-off error, that is, errors

g from individual g or g ions. The local error at any stage
of the calculation is p i th hout the g part of the computation, In
order 10 establish a round-off error bound, we must assume the worst possible outcome
for the result of each arithmetic operation and follow the preparation of all such errors
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133 Truncation Errors i

Tmmmudeﬁwdu&xr:pbcmafmmﬁﬁuuﬂu(amw
pmcsss)hylnwmwiﬂ:fewmﬁnmwmgh&nﬂuuwﬁmmhwkﬂ
the truncation

errors. We shall devote ids
-mnmmed wuh the numerical m:lhod.s discussed in this book. Becausc when d‘lf&mﬂ
are compared, we usually the ion errors first.

In analyzing errors arising from the truncation of series, several types of series
expansions can be considered. These include (but are not limited to) the following:

+ Binomial expansion,

« Infinite geometric progression,

* Taylor/MacLaurin series.

In order to unds 1 better the ies of ion error, we tum (o a

mathematical formulation that is used comrmr.;nlr in numerical analysis for expressing
functions in an approximate fashion — the Taylor series.

For example, the Taylor series expansion of f{x) about some chosen point x is
defined by

flx)= r(‘a]*’(‘ _‘u)!'(‘a} + . _;!.)’ £7(x,)+ (x -;l.r f'["u]

+,.,+L“"lr”-(x.)+.,.+i5—'af!1r—f'(n,)+k. oy

where R, is the remainder term (error caused by truncating terms) that is included to
account for all terms (n + 1) to infinity and is given by:

Ry = [—‘{;—:‘iﬂ):—'r“'" (2) e (1.3)

where the subscript n connotes that this is the remainder for the nth-order approximation
and Z is some value of x that lies somewhere between xg and x, ie, X SZSx.

It is often convenient to simplify Taylor series by defining a step size h=x -
and expressing (1.2) and (1.3) as,

) ="1(x,)+ hf'[x,)+ f'{x,)-r I"{x,h
L1, )+R, (1)

where Ru= t'“1—1)11"‘““[2:} ; (1.5
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At this stage, it is sufficient to say that the an

of the maximum absolute error. We have devoted Section 1. ?wuuoompmmm-orswh
EITors.

14  SOME DEFINITIONS
Before proceeding further, let us define the following terms:
* Significant digits (figures),
= Precision and accuracy,
*  Absoluie, relative and

141  Significant Digits
In considering rounding errors, it is necessary to be precise in the usage of
approximate digits. A significant digit in an approximate-number is a digit, whicth gives
reliable information about the size of the number. In other words, n significant digit is
used to express accuracy, that is, how many digits in the number have mesaning.
Whenever we use a number in a computation, we must have awareness that it can e used
with confidence. To be significant, the last digit contained should be accurate withiin half
& unit in the last decimal place. For example, if an approximate number o is equal tto 1.23
and the value of « lies in the interval 1.225 < @ < 1.235, then « is said to havee three
In considering significant digits, the following rules are generally usied for
number written in the conventional form:
 a) Leading zeros are not significant.
b) Following zeros that appear afier the decimal point are significant,
) Following zeros that appear before the decimal point may or may mot be
significant, as more information is required to decide.
d) The significant digits in a number do not depend on the position «of the
decimal point in the nomber.
The above rules are illustrated by the following examples:
i) The number 0002025 has only four significant digits. The leading zerros are
o not significant.
ii) The number 00202570 has six significant digits. The following zeros sshould
not be written unless it is significant.
w)m.mmmmmyhmm five, six or seven significant digits
g upon the si The jonal form of writing numiber is
mwhﬂamm:mumlnme.
iv) The number 12546 and .12546 both contain five significant digits.

Note: The simplest way of reducing the number of significant d:gll.limrh-.
Moflnlmhsrumulymwuu d digits. This p
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known as chopping, was used by many early computers. A more common and better

jure is rounding, which involves adding 5 to the first unwanted digit and then
hopping. For ple, 7t chopped to four decimal places, is 3.1415, but it is 3.1416
when rounded; the representation of 31416 is correct o five significant digits (55). The
error involved in the reduction of the number of digits is called round-off error. Since 7
is 3.14159..., we note that chopping has introduced much more round-off error than
rounding. .

142 Precision and Accuracy
The meaning of the terms: precision and accuracy are often confused.

Precision is the number of digits in which a number is expressed or an answer given
irrespective of the correctness of these digits. For example, if we are using a four-figure
logarithmic table to perform calculations, our final answer will seldom be correct to four
figures because of the accumulation of round-off errors.

Accuracy, on the other hand, is the number of digits to which an answer is correct.
Accuracy can be quoted in either of the following ways:
i) toa given number of decimal places (sbbreviated to dp throughout this
‘book), or,

ii} toa given number of significant figures (abbreviated to sf ).

Suppose, the result of a calculation is obtained,as 65.5432, then the answer has a
pmcisimo“d;mewmmmm&wmwmmu\emumyh
rounded 10 65.54 to achieve an accuracy of 2 dp or 4 sf. When stalements about precision
are made, the units involved need to be expressed. Thus, the quantity 6.474 kg is
10 4 sf, but precise to the nearest .001 kg; also the quantity is precise to the nearest .01
metre, but accurate to 1 sf.

Numerical methods should be sufficiently accurate (or unbiased) to meet the

i of a particular scientific problem and they also should be precise enough.
We now discuss the errors in p g ical computati
* 143 Absolute, Relntive snd E .

The accuracy of any computation is always of greal importance. There are two
mmumwﬂﬂuﬁuumhawmwm
error and relative error. Let us define them one by one.

Absclute Error

We use the term absblute error (abbreviated to AE) to denote the actual value of
lmhuiumdd{,wminm)vﬂulf:uda'mmﬂwbymm
and actual values of a quantity, then the absolute error is defined by, 1

AE= |x*-x| we (1L6)
For example, if x* = 4.83 and x = 4.832, then,
AE = |4.83-4.832|=.002 '
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Gencrally, if a number is correct to n dp, it has a rounding error:
1
s =x10™.
e 2

Relative Error

Relative error (sbbreviated to RE) is the ratio of the absolute error to the
absolute actual value of a quantity.

S8 dn (L)
[%#]

If the actual value is not known, the relative error is defined by,

Thus, RE=

RF.-AE::-O. .- (1.8)
[x]

As a measure of accuracy, relative error is more precise and meaningful than the
ausolute eror, this is particularly so when the actual value is either very small ar very
Inrp.‘l'll:ﬁmof&ﬂdcwnﬂmﬂwmiunﬂuﬂmﬂiiudimshﬂeﬁqu.

Hm&!bmumu-:—x:% =.00041.

A decimal number correct to n significant-digits has:
REsS 5x10™.
Percentage Error
Relative emor in p ge is called the percentage error
(abbreviated by PE) and is defined by,
PE = 100 xRE (19
From the above example, PE = 100 x 00041 = 041%.
It is also called probable error.
b«dermiwaﬁgm&:aﬁuﬁmﬂmhnmhd.wuﬁmmn
error bound which is a limit on how large and small the error can be. i
L5 EFFECT OF ROUNDING ERRORS IN ARITHMETIC OPERATIONS

In this section, we shall derive formulas for AE, and RE, for each of the
fundamental operations of arithmetic, namely, addition, subtraction, multiplication snd
division, etc. Idea of error bound will also be introduced.

l
!
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] 151 Error Accumulation in Addition
Let x; and x; be two approximate numbers and z be their sum. Then,
= K +% w (LL10)
Let e, &; and e, be the errors in x,, X; and z respectively.
Thus, we may add (or subtract) the errors from respective number:
2, =(n—e) + (X -e3) i
= (x) + X) - (e + €2)
From (1.17", we have,
= +e

Thus, the error simply add. So, the absolute muftvghappmxim numbers is
given below:

AE= e |S]er|+]ea] (11D
The above proof can be extended to the sum of any given number of factors, ie.,
AE=|e,|S es] 4 ex] + .. #]eal e (112)

Hence, the absclute error of the sum of n approximate numbers does not exceed
the sum of the absolute errors of the numbers.

The relative error is calculated using the ing elati
Ahenlit &“
ﬂmwmdﬂnﬁmmhﬂ'

-]-‘:5[ 3 e

142 Error Accumulation in Subtraction

Let  z=x X, wherex;>%s. o f114)
Asbefore, Z-e;=(n~-e)-(x~e2)
=00 -%) - (e - )
From (1.14), we have,
=g -
AE=le,| S |ei]+ el (LIS

wiich i same as (1.11).

Hence, the absolute error of a difference between two numbers is the sum of the
alsolute errors of the given numbers. This formula can also be extended to any number of
fartors. Thus the formula for the addition of bers and jon of bers are the
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Example 1  If the numbers 0.3062 - 0.25026 + 2.51392 are rounded, estimate the
maximum absolute and relative errors. Find also the range in which the true answer lies.
Solution Let x; = 0.3062, x; = 0.25026 and x, = 2.51392.

Thus, z = x; — %3 + X3 = 2.56986.

Let e, e; and ey be the emors in x,, x; and x,,
errors in the respective numbers are as follows:

pectively. Thus, the absol

1 -4
< —x10
lei 5

Jes] s;-xm"

1 -3
S =x10
|es) 2

AE = || +|es|+]es)
< 110+ Lx10 4 x107 = 06 x 107
2 2 2

AE _ 06x107
lm-—:--—-o.nasxw“_
The result lies in the range z £ AE :
2.56986 £ 0.6 x 107
or  2.56980S2<2.56992. |

Thmmhmnﬂdmnw;mz.ﬂ.dhkhhmmirf{!#}.
153  Error Accumulation in Multiplication ?
Suppose, we want to iply two approxi sbers, x; and x;.
Let Z=X X « (L16Y

Asbefore, z-e,=(x,-¢)(xa—¢2)
=X K=K =X 8+ 0

Since e, and e, are small quantities, their product is still smaller and hence may
be neglected. Thus,

)

-8 = NN G-Xe
From (1.16), we have,
O S L) e (1AT)




‘BI'U-I\I'II}}'-:I

Dividing (1.17) by z, we get

=5

el
z

RE = i L. (L18)

s +

Eat |

Hence, the relative error modulus of the product of two numbers does not exceed
the wm of the relative error moduli of the given numbers.

Example 2

If the given numbers are rounded, estimate the relative and absolute

eras of the product, 4.0643 x 37487, Find also the range in which the product lies.

Solition

Beltive error, RE =

Let x; = 4.0643 and x; = 37487,
z=%; ;= 1.5236.

1
lel S%NID"‘. |es| s Exw“’

5

5

+

Lot Lxo?
2 e £y

L e ———
40643 37487
< .2564 x 107

Abolute Errer, AE=RE % z .

=.2564 % 107 % 15263 =.39x 107,

This, the product leis in the range : z + AE

Eximple 3

1.5263 £ .39 % 107
ar 1.523561 Sz 1.523639
ar 1.524 correct to 4 5f (or 3 dp).
The values of x, and x, have been estimated as follows:
X, =457+ ¢ and x, =848+ 2,
where | &, | <.35 and | ¢, |<.82. Find the range in which the product of
x andx; lies.
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Solution

Upper Limit:
Xy Xy =(457+e ) (848 + e,)
S(@.57+|e,[) (848 +]e, )
<(4.57 +.35) (B.48 + .82)
<(4.92) (9.30) = 45.76.
Lower Limit:
X -X; =(457+¢,)(848+¢,)
2 2(4.57-|e |1 (848 -|e,|)
>(4.57-.35)(8.48 - 82)
>(4.22) (7.66) = 32.33.
5o, the product lies in the range, 32.33 10 45.76.
1.54 Error Accumulation in Division .
Given two rounded numbers, x, and X, .

Then z= —L; x, 0. i (119)
Xy

022

Expanding with the help of binomial theorem and ignoring the product of emors
being small, we have,
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L L 3
’[l _i][l-‘-g—!]
Ry Ry Xy
X TV,
=hos he
1 1 %3
o< S Ko 20
Xy X3
Dividing (1.20) by z, we get,
e e
1
LA
z X
X3
. e_i‘_xl €,
% \x %]
g
A
RE= [So|<|SL) (S aa |
z X, X3 f

Thus, the relative error of & quotient of two termis is equivalent to the sum of the
relitive error moduli of the dividend and divisor.

4 e o
STy o g

a) the relative error,

b) the maximum absolute error, and

c) the range in which the quotient lies.
Sobtion . Let x, =4.0643and x, =37.487.

Emmple 4 Given the data,

2= 2L - 01084
xl
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|| s 2x107
2
Pl
€, S —xI10
e
a) RE = L + &
Xy Xz
Lo Leo»
A LR
40643 37487
= 2564 x 107
b) AE = REx2z
=.2564 x 107 x0.1084 = 0.0287x 107
e) The quotient lies in range, 2+ AE

0.1084 +0.0287 x 10™
or 01083972 10 0.1084028
or 0.108 correct to 3 dp.

1.55 Errors of Powers and Roots

of Hic
x

Let z= x°, where n is the power and denotes an integral or a fractional quantity.

Asbefore,z-¢, =(x-¢, )" = ;'[[-5.)._
x

Expanding the right side by the binomial th and neglecting higher powers

» We gel X

=x"-ne, x""

Therefore, €, = ne, x*. e (1.22)
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Dividing (1.22) by z, we get

e, ol
= =ne
z x
Ry
X
RE = |%t] < |n|. |2 o (1:23)
z

Thus, the relative error modulus of a fl:mrl:linﬁmlmwari:me product of the
madulus of power and the relative error of the factor. 4

Example 5 Given +/48.424 | d ine the i bsolute error, relative error
and the range in which the answer lies.

Solution Let x=48.425; n=%.
Let z= x = 48424 =6.950
Therefore, [e,|s%xm".

-3
e L,
2 2 48.425

=.005% 107
AE=REx z =0005x% 107 x 6950 = 035 107
The correct value of 2 lies in the range, 2 + AE, ie.,
6959 .00 % 107,

Bample6  Eval 1’&.134‘ ::‘;g . and find the minimum transmitted error if

the given numbers are rounded.

Sobtion  Let x,=6:2343, x, = 82137 and x, =2.7268.

XX
g=_| ==t =137035
Xy
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1
n=—;
2

o Ly
e,I=|e,|$ExID‘; |e,|s;xm’
o s
1 [Exlo »ixlo Exm

+ +
2 l 62343 82137 27268

RE =

= 16222 x 107
AE=REx2=,16222 % 107 x 1.37035 =2223 % 10°*

So, the answer lies in the mnge z £ AE
137035 £2.223 % 107
or 1.37033 o 1.37037

Thus, the answer, correct to 3 sf, is 1.37.
1546 Error in Function Evaluation

Let z=f(x).

As before, z4e, =1(x+¢, ).

Using Taylor series expansion and neglecting higher powers of e, , being small,

we have,
Z+e, = f(x)+ ¢ ['(x)

or e, & e 1)

Therefore, AE= |e, | £|e, ' (x)]. .. (1.24)
Dividing (1.24) by z, we get,
ol L ')
BB = b S oS (125

The formula can be extended to any given number of factors, for example,
T (T S

3
S5

af

RE = e e
dx,

s +| + .0k

i
z

‘%

&f
2 .o (1:26)
e'ﬁx. |
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where —:—f—mpnmal derivatives with respect tox, fori= 1,2, ....n.

X
E le 7 Esti the Jute and relative errors if (i) £ (x) = ¢" and
; (ii) £ (x) = sin x, for x = 0.2345, where x is rounded.
Solution

M fl=c' =™ =12603
) =e" =1.2643

|=,|s—1-x10"
2

RE= e'u& 51x104,5;22‘3.lx|04
f (x) 2 12643 2

AE=RExf(x)= %nr‘ % 1.2643 = 0.00006
(i) f(x)=sin (x) = sin (0.2345) = .0041 .
f‘(x) = cos (x) = cos (0.2345) = 9999
|l < Lo
)

1. 9999 %
RE < 1x107 x 222 _ 1210410
2" 10041

AE=RExz=121.94 x10™ x0.0041 = 4.9995 x10°*
Note: The given angle in the tri ic should be reported in radians. If the given

angle, say @, is in degrees, it should be converted to radians as:

L E 3 ]
i =82_ 0 o x00174diing
ndegrom e e

1.6 NUMERICAL CANCEVLATION
a\mymymuhinlmﬁmmnuﬁywulmmbmmm.h
mmmmmg,mmamummmmhmmssny«m
mmto.omﬂﬂhmmwuﬂyhim:uemmhumwwﬁmh
ibtracti possible. This ph is also called subtractive cancellation.
Case 1: We take first an iple of evaluating roots of the quadratic eq
ax® + bx 4 ¢ = 0, where a # 0. The roots are given by the formula:

-btyb’ -dac
R e ————
2a
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If 4ac is very very small as compared with b", the two quantities b and
Vb —dac will be nearly equal and one of the roots will be subject to a large errar, thus

resulting in a considerable loss of significance, It may lead to uncertainty in deciding
whether the roots are real or complex. To avoid this situation we modify the formula in

the following way:
-b+yb-4ac

If b > 0, the bigger root will be puted as, X, = 5 and the
a

smaller root will be computed withouf loss of significance, suing the following:

T Al ey
S a g Y ax
Determining the smaller root by this method is far superior from the point of
view of numerical analysis.

We shall illustrate the method by means of the following example.

Example8  Find the roots of the equation, x* - 40.12 x + 1.3 = 0, correct to 4 sf (The
coefficients are exact).

Solution Leltlnmtshex,mx,,Usingtheu;ua!quadmicfmh.tM
roots are: X, = 40.087571, x, = 0.032429. The larger ront X, is given 10 § sf, whereas
the smaller root X, to 5 sf. Thus, there is a loss of 3 sf. The second root is comparatively

inaccurate. If the larger root, X, = 40,09 to 4 f, then the smaller root, X ; =.—:~=o.oaw
1

to 4 sf. Thus, a comparable number of signi figures can be given here as for the
larger toot.
Another way to improve the quadratic formula is to calculate the roots with the
following formulas:
i = 25
b+yb® -d4ac
=3

In the cases when | b| = b7 ~4ac , we should proceed with caution to avold
Ioss of precision due 1o phi llation. If b > 0, then x, should be computed
with the formula (ii) and x, should be computed with formula (i). However, if b < 0,
thenx, should be computed using formula (i) and x, should be computed using
formula (i),

Case 2: Anmhev!mrrpl: 10 illustrate the avoidance of loss of significance is as follows:

B
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Emample 9 Compare the results of computing f(500) and g(500) using six digits and
roinding. The functions are as follows:

0 = l[‘\llx+|. —Jx_]md
S o

Dt = (TR )
£(s00) = 500( V500 +1 ~+/500 )
= 500 (22.3830 - 22,3607 ]
= 500% 0.0223 = 11,1500

o ‘(x}!:l 'I':f;l

§(500) =~
500+ 1 ++/500

ST ot
447437
The function g(x) i algebraically equivalent o f(x) as shown below:
tin) = VAT —VR) x VAL s

x4+l +4x
x

=
311‘1 ‘f;i

The answer g{500) = 11.1748 involves less error and is the same as that obisined by
“rounding the true answer 11.174753 ... to six digits.

1.7  EVALUATION OF FUNCTIONS BY SERIES EXPANSION AND

ESTIMATION OF ERRORS g

This section deals with the problems of finding values of trigonometric,
logurithmic, exponential and other functions by means of series expansion and also
estmatiag erors, which arise when the series are truncated.

We confine our attention to the Taylor series, which is considered to be the
fomdation of numerical analysis. The series is commonly used in deriving several
nunerical methods.



20 Numerical Analysis with 4+

Let f{x) be a ion that is infinitely differentiable on an interval | comaining
the numbers xy and x. Then, for each positive integer n, the value of f(x) at x is given by:

e ey g -
f(x)= f(x‘,}i-(x-x.]f'{x.)-*%f'tx.ﬁ(—"ﬁﬁ‘f'(hl

+ -(x—_jl-']—!'(nuhll_[x.x,} e 127)
n
where R (x,x,)is the is the inder term and is included to account for all terms
from (n + 1) to infinity.
} ="
R, (%) -!‘Tr" ot

=20 Loy
= e f Z o £1.28,
(m+1)! @ S

#r some unknown number Z which lies between x and xo.
For a convergent series, R (X, X;) tends to zero as n — =, i.e.,

lim R, (x,%,)=0,
n—yse.

Tt follows that f(x) = i("—"-‘;‘il)—'-f“u,)] v (1.29)
0

The right hand side of (1.29) is called a Taylor series representation for f(x). It
mmdt-—mmmm' “'}mwmun: — that is, they do

mdwdmxmm:hmmwkuhwnmdudiMm
calculate it Nevertheless, we know the range in which Z lies. If we approximate f{(x) in
(1.27) or (1.29) by the first n term of the series, then the maximum emor introduced in
this series is given by the remainder term (1.28). G ly, if the ired is
mmmm.zmumumwmwmdmummm
finite series give the required accuracy.
MacLaurin's Series

When xg = 0, in the Taylor series, we get MacLaurin's series and MacLaurin's
polynomials. From (1.27), we get,

2 3
(=10, %)= 1O+ )+ l'tﬂh-’—;T 7@

"
+...+"—ll‘°"{0)+R,{x) ... (130)
n
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whee R, (x) =

wtl
(:H”r""’(Z)mdoszsL o (131)

Further examples of error analyses will be introduced in later chapters.
Example 10 Obtain a second degree polynomial approximation to the function
Rx}-m . using Taylor series about x, = 0. Calculate the truncation error for x = 0.4.
Solition

f(l}=(l+x}i'. =1
)= l(|+:)_é; {0y = 5
2 2
0 = -Laen; 1* )=+
4 4
= 3 -4 PRI
f (x]ni(Hljz; i (0)=E

Fron (1.29), we have,

S ia
= 10+ -0+ S22l )

2
= 1O +x (0 + ’TI‘(O)

Xt 1
=l+y=—4—xn-=
2 2 4
1
¢1+1—L
2 8 .
The ion ermor (al 1y, absolute error) can be calculated from the
remuingder term,
1 3 3
X - X . e
€ —f E— == —
) 3l ® 8 8 16"

ot
Therefore, R(4) € - = 00042

Eximple 11 MacLaurin's series for ¢” is given by,

2 3 . LE
PRI PN SO S
3

21 n!
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where 0 < Z < x. Determine the number of terms of this series such that their sum giwes
the value of e” correct to 8 dp where x = 1.

Solution

The remainder term is given by,

Rix)< yMZ=x,

LI
n!

The maximum relative emor,

i
Actual value

- RNRaE - g
—e'x— =—
n! e n!

1
=—atx=1
n!

For an accuracy of 8 dp, we have to-add n terms such that

RE= L < Lot
nt 2

n! = 2x 10 = 200000000

If we take n = 11, n! = 11! = 39916800 and for n = 12, 12! = 479001600. It is
clear from above that about 12 terms of the series will be required 1o get an accuracy of

8 dp.

1. Find the absolute and relative errors in each of the following cases (all numbers
are rounded),

(a)
®)

(€)
@
(e)
n.
®

187.2 +93.5
0.281 x 3.7148

28.315

6.2342% 82137

27268 '
23(4.18-3.24)
13384 -2.038
45717

Evaluste the followliig as -4 odati S ol valase o e
rounded.

) 8244533
ii) 12453 - 124.52
i) 427x3.13
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4.a)

)

)

5.a)

b)

©

iv) 9.48x0513-672
v) 025x2.84/0.64
vi) L73-2.16+008+100-223-097+3.02

If x = 1.0 and y = 2.5 round-up bers, find the i error
involved in evaluating:

) x+y; ® 2 (© Feay+yh
¥y

1f two numbers x and y are in emmor by 1.0 and 0.5 respectively and the valve of x
is 10 and that of y is 6, state the intervals within exact values of x, y, x -y and
x+y lie.
Two parameters u and v have been estimated as follows:

u=25+¢

v=4i+e
where | e, |< 0.2 and | e, |< 0.4. Find bounds on the values of the product and
quotient of u and v.
The length and breadth of a rectangle are given by 2.52 cm and 1.78 -cm
mpacﬂvdy.mhmphwmwmmﬁu.ﬁmhmwwumy
dp as are meaningful.
Determine the largest relative error ina lation of the ional area of
a wire from a measurement on its diameter D, where D = 0.825 £ 0.002 cm.

DI
(Am=s‘l
Suppose 1414 is 1 10 be an approximation of /2 . Find the absolute
and relative errors due to this choice. ¥
If u=0.1 and v = 0.01 are rounded numk Iculate the maxi bsol
o y
errorin —.

v
Determine the maximum relative error where p, is calculated from the relation:
P,u} = pu; where n = 1.4, The maximum relative errors of ;, u; and p; are
0.75%, 0.75% and 2.0% respectively.
Obtain the range of values within which lies the exact value of

15.178
2.7654 + 3.8006 -~ ——— , if all numbers are rounded off.
j 09876 i

Obtain correctly rounded off answers for cach of the following (all quantities are
assumed rounded to the number of digits shown):

(i) cos 18°, (ii) sin 0.18, (iii) e’ for x = 7.763, (iv) In » for x = 1.377.
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(b} Rearranging the series speeds up the convergence:
x 1 1 1
—_—— e —

8 Ix3. Sx7 9xul’”
in Ca4 1

e

Write & [ progr
(c) Use the Taylor series;

pute 7 using this series instead.

A e
cosx=]-— 4 — - — |
21 41 6l
Lo write a program to compule cos x, correct to 4 dp, (x being in radians). See
bowmyﬁa'mmlq&ndmxm4-ﬁgmwmﬁthhﬁbmy
function cos ( ).
13. (a) For small x, show that
1 b 3

i) x+‘T+—6—+... is better than e* ~ 1.

e

i) -a—-a-jm.. is better than x - sin x.
R

i) ?-—s-+... is better than 1 - 41— x .

(b) mmdvmuwug.mm:m'(g-m is better

than 1 = sin v, .
14, Use Taylor's th 10 estimate the ion error in each of the following
approximation formulas, when the step size h is small:
; h) _ fix+h)—fix)
a) r[x+2) Y

B f'mu~————ﬁ”h)":§‘““"""

= = f(x + Zh) + 8f(x +lh;;m-h)+[:-m
15, Derive the Taylor series approximate

ol
Iu(ln:)aa-%;’ LR CP NG o e

<)

4 n
stating cleirly the form of the error term. How might it be bounded?




. Chapter 2

Finite Differences

21 DIFFERENCE TABLE

Suppose we have a function f{x) which is tabulated over a range of values (called
tabular points) of the independent variable x. Let us denote the uniform difference
(cemstant spacing or step-size) between any two successive values by h so that,

X, =X=h=x-X, =...=2x, - X,
or x=xy+h

X=X, +h=2x,42h

X, =Xg+ph

X,=Xp+nh

and f(x,)=1,=f(x,+ph)

In many i d with tabulated fi
qunumuﬂedﬂdhﬂfemwmmamwdlﬂmnumﬂmml
exresson of the form f (x + b) - f (x + a). The procedure to compute differences is
exlained below,

To build up the difference table, we first write down the values of x, 's as well
asthe corresponding values of f, 's as shown below:



28 Numerical Analysis with C4+

% f, 1st 2nd 3rd
Xy fs

f, =1,
: f, Ty =25 +f,

f =1, fy =3f, +31, - f,
Xz & f,=2f, +f,

-1 £ =30 #3f, —f,
Xy fy f,—2f, +f,

f, =1,
X, £y

The first-order differences are obtained from the second column by sublracting
each value from the next below and placing the differences to the right but halfway
between the two values from which they have been obtained. In this way, the column
containing all the first-order differences is formed, but each difference column contains
ane entry less than jts predecessor column.

‘We are now in a position to produce a column of second-order differences from
the column of the first-order differences in a similar way. In computing differences, great
care should be exercised to avoid arithmetic errors in the subtractions — the fact that we
subtract the upper value from the lower causes a real source of confusion. The sign of the
differences is important and shows whether the function is increasing or decreasing in the
range of the values obtained.

ﬁmmumﬂmsoflﬂﬁuemnﬂuafewcfwhkhmmfonnwr

i) A difference table provids ient way for ini! ulﬁmhow
lpmkulnrmunnbdumkis icularly applicable in the
iour of the d i nrfaglven i

ii) If there are some errors in the data, the differences will also contain emrors,
BymmmmmdtMMW{wm}mbw
and comrected.

iii) It helps in filling missing values.
iv) It helps in extending the list of values.

‘The word finite refers to the finite-size of the interval (increment) used in the
table as opposed to the infinitesimal interval, which are met in infinitesimal calculus. For
mu:mmﬂmumyuﬁnppllennmcfrnnudm“mumMnm:efemdmn
Finite Calculation. It plays an imp role in intery jcal differentiati

i lutions of diffs ordinary and partial differential

equations and time series analysis.
A numerical example at this stage should help clarify some basic concepls for
constructing a difference table.
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Example 1 Cmmclﬂndiﬁmublefwﬂufm:ﬂmﬂx}-x‘fml-—!mx=4.
at the interval of 1. [Usually written as x = — 2(1)4; the figure in brackets being the
constant increment. |

Solution The values of f, and the differences are shown in the table below:

X, f=x 1st 2nd 3rd 4th Sth
-2 16

=15
-1 1 14

=t =12
0 0 2 Fol

1 12 o

1 1 14 24

15 36 0
2 16 50 24

65 60
3 Bl 110

175
2 256

An examination of the difference table reveals that all fourth-order differences
are constant and thus the fifth and all higher-order differences would be zero, which is the
pe:n}ilrpmpeltyofm:Il:lpolmuill{i.ﬂ.‘whmaﬂemﬂﬂiulhetlbkmemmd
not rounded).

Some obvious results

a) The nth-differences of an exact polynomial of degree n are constant,
b) The (n+ 1)st differences of that polynomial are zero.

) The above values are only true of polynomials when they are tabulated at equal
intervals,

If the function does not represent an exact polynomial, the above results will not
hd&hpn:ﬂeu.weﬂmy!dnlwkh:mdedmwmmnuwcw!dmmxma
column with all its differences zeros. The differences of rounded numbers are imregular
mmﬁwﬁummmmmum.hmmmm«mﬁf&m
due to the rounding errors oscillate between + 27",

The reason for this is that when the tabulated values are rounded, each value has
an error usually lying in the range + i.it‘uwuuklnuuiuofﬂ:lﬂplwuﬂmam

will build-up in the diffe just as do kes, and Iy, if the true values have
wlﬁﬂhemmmuhecmmmmmdiﬁmhmm

me.lh:mﬂed-uﬁumwﬂlhulmmlﬂyw;-.lﬂ ‘% and their contribution to any
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nth difference will be,

OG- ()=

Example2  Construct the difference table for the function f(x} = ¥/x° + x +1 ,
rounded to 4 dp, for x = 10 (1)16.

* f=vx+x+1  Ist 2nd 3rd Ath

10 10.5375
9969

1 11.5326 5
9974 =2

12 12.5300 3 3
9977 1

13 13.5275 4 -2
9981 =1

14 14.5258 3 -1
9984 -2

15 15.5242 1
9985

16 16.5227

Since the function is tabulated at 4 dp, each difference is also to 4 dp. Because of
this, the decimal point and the leading zeros may be omitted in the formation of a
difference table and they may then be written as integers. This makes the uble easier 1o
construct and much neater too. For instance, the first eniry in the column of fourth
differences is an abbreviation of 0.0003. The table shows that the fourth-order differences
oscillate and are all within the range £+ 2*' =+ 8.

22  DETECTION AND CORRECTION OF ERRORS IN A DIFFERENCE

TABLE

It is likely that an error {errais) may show up while constructing differences. We
observe a very peculiar kind of error propagation, which we shall illustrate in this section.
An error caused by reversing the order of a pair of digits in a number is commonly made
in copying down the number from the given data. It affects the other differences in the
table. We may denote the emor in a single entry in the difference table by the symbol, g,
which can be negative, positive, small or large. Iis effect on the differences spreads out
fan-wise as shown in the table below:
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6

This fan-wi iangular fatterns) p ion of £ in the difference table grows
quickly and makes it possible in certain cases to locate an error and also to find its
numerical value, thus enabling us to rectify it with the help of tabular values. A glance at
the table reveals that the coefficients of £ in the nth-order differences are binomial
coefficients of x, which occur in the expansion of (1 - x)". For example, the coefficients
in the third-order difference column are 1, -3, 3, -1, whwclloocwmthcnpmsmnuf
tl-n)"inllnhlcmnlngmmufn.l.&.I-ki—‘l - % . The corresponding
coefficients for the fourth-order differences of (1 - x)’ are 1, 4, 5,4 1. The binomial
coefficients in the fifth and sixth difference columns are 1, -5, 10, <10, 5, -1 and 1, -6,
15,-20, 15,6, 1, respectively, The table shows that the higher-order differences are very
Mwwlﬂdnchmhmdhuﬁmuhwﬂudnmzmu Relatively

small input changes generate relatively large output changes. For the identification of
gross emors, the above picture should be kept in mind.

‘We illustrate the proceduré by means of the following example.

Example 3  The following table an i value of f{x). Locate the error,
wnm&mm.mmﬁm

4o I, SO ot il Ly sl 00 e e ol T

m]] n 74 135 226 33 531 739 1010 1341 1738
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Solution Difference Table

331 6
92 1341
397

10 1738

In the above table, f(x) seems to represent an exact polynomial; thus all fourth-
order differences should be zero. The error seems to have appeared in the fourth-order
differences with coefficients: 1, ~ 4, 6, - 4, 1, The incorrect difference may be written as:

19}, ~ 4(9), &(9), - 4(9), 1(9)

This indicates that the error is 9. The next step is 10 locate the incorrect functional
value. This can be moving backward to the second column. It shows that the term in error
is 531 and the correct value is 531 — 9 = 522, The likely cause of the error may be due to

the

by wrongly-placed
entry and reconstructing the difference table. If the function is known analytically, it
mumwmku:-anuqumum-m
certainty rather just estimated.

In the above example, the functional values are exact and it was fairly easy to
locate and correct the error with certainty, but this is not always the case especially when
the values of f(x) have been rounded, since the errors will not then be exact multiples of
the binomial coefficients. In such a case, we can only make an estimate of the ermor.
Moreover, in a difference table in which there are two or more errors, will
eventually overlap, making it more difficult to discover the errors. more care is
pecessary to find out a rensonable pattern to locate the error(s) in such cases.
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A table in which 1wo errors have been made is more difficult to analyze since the
bnomial coefficients overlap. The following pattern shows a possible example.

Salution Difference Table
r 1st Ind Ird 4th
0
o
0 T
0 .
0 D e £, —— g
[ —_— -3
& —_— -1, — GE
=E; —_— g
0 — i — g, -4
0 —_— g, -dg,
0, e, W —*-4g+ 48,
£y e -3,
s -2g, 6,
-&; o 30
0 —_—
o
0

It may be possible to identify the error pattern in the third-order differences

mmmwmum-fmmmmmmhmhmwm
fi where

give an opportunity to detect the ermor. We, it on the
nly one mistake is made.
Exampled Dis d that the foll ins an error. By di
locate any probable error and correct it. Check by re-differencing if any correction is
made. The values of f{(x) are rounded to 3 dp.

& | B L ARG O it 0 00E 0

fx) | 0505 0819 0741

0677 0607 0549 0497



x T(x) Ist Ind 3rd dth

0.1 0.905
-B6

02 0819 8
-78 6

03 0.741 14 -26
- 64 -0

0.4 0.677 -6 38
=70 18

0.5 0.607 12 -4
-58 -6

0.6 0.549 6
=52

0.7 0.497

Comparing the third-differences with the coefficients of x, we get

3 =3 3 ~]

Bl e

~20 18 -6

We may deduce that € = 6, i.¢,, 0.006 and the corrected value of f(0.4) = 0.677 —
0,006 = 0.671. We can check by reconstructing the difference table, but we are not 100%:
sure that it is the correct value, we just estimated. However, it may prove to be a
reasonable estimate. If the entries are more in the data and the above mentioned options.
Mlmﬂwummn&nhnmuwm.wwldwdﬂnllﬂhum
difference column and then try again.

If there is no obvious pattern for locating an error in the difference table, we use
the following formula for finding the error.

Largest value in a column
Corresponding coefficient of & in that column

In this section, we have studied how Lo locate and correct a single error in &
difference table, If there are two or more errors in the entries, it is usually not easy o
separate their overl effects and thus locations and corrections of such errors
become extremely difficult. In some cases, irregular behaviour of the differences may be
caused not by errors but by irregularities in the functions.

Error =
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23  DIFFERENCE OPERATIONS

To refer 1o specific entries in a difference table we use some operators, called
difference operators. An operator is not a number but it is an operation, which when
applied to a function changes it to some other function. The nperllcr le:llmque proves to
be a most useful tool when we wish to
differentiation, numerical i i mOneofﬂnblwnuivmumuthnweun
fix the type of formula desired in advance and then proceed directly toward the goal.

The followi are Iy used:

Forward-difference operator (usually read as defta)
Backward-difference operator (usually read as del or nebla)
Central difference operator (read as sigma)

Average (mean) operator (read as mu)
Shift operator

Let us define these operators one by one. It must be emphasized that these
operators assume equally-spaced data points.
231 Forward Difference Operator

The forward difference operator A is defined by the following relation:
Af,=1_, —f,

mE o g9

where r is an integer, and A, = Af(x, )
Also, Af,,,=Af(x, +h) and M_A-af[;, +12‘-)
3

In wards, when A operates on a function, we first shift r by r + 1 and then
subtract the original function from the shifted function. This produces the difference
function Af, .

Thus, Afy = f, —f;

Af, =B =1,

B = fo =y,

Af,, Af,, Af,, are called first-order forward differences. The differences of

the first-order differences are called second-order differences and are computed as
follows:
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Thus, A’f, = a(af,)
= alf,,,-1,)
=Af, -Af,
=t =)=l = 1,)
=f =2, +f
The higher-order differences are obtained in the same way.
Thus, Af, = a(a’r,)
=aff,,, -2, +1,}
=Af,,-2Af,, +Af,
= (fis ~fua) =260 = f )+ (- 1)
=1, =M+ 3, =,

-ﬁ‘f, Bl =M+ 6, — 4, +f,
In general, nth-order differences are given by:
A, = AN, -ATE,
where A'f, = (A1, ) .andnz 1.
The following difference table shows how the forward differences of all erders
can be formed:
o f Af Af A A'f
Xg fa ¥

X3
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We observe from the above table that differences with the same subscripts all lie
n a downward sloping diagonal.
While experi ing with diffi we observe that if x" is a polynomial of

degree n, then Ax"™ is a polynomial of degree (n — 1) In other words, differencing
Sehaves like differentiation in the sense of reducing the degree of a polynomial.

s Thus, AX" = (x+1)" -x*
=nx" +nln-1)x" 4.

If the above process is continaed for n times, the polynomial X* is reduced 1o
degree zero, i.e., constant. This is exactly what was shown by Example 1, that the nth
order differences of a polynomial of degree n me constant and all higher-order
differences are zero.

Algorithm for Generating Differences Using Forward Scheme

In general, for a function tabulated at n points, the comresponding forward
difference table can be represented by a matrix of size (n — 1) * (n— 1). Note that only the
tlements in the columns from | ton =i, where therow i=1,3, ..., n- |, are of interest.

‘The algorithm to generate forward differences table may look like the following:

Steps
For J=1TO n-lbyl1DO
FOR I=1TOn-Iby1DO

IF (] = 1) THEN
SET Dy = F(Xy)-Dy.
ELSE
SET Dy=Dyij-1 =Dy
PRINT “all differences, Dy,

This algorithm will compute the forward differences of all orders that can be
computed from the given function table, The data with equi-spaced abscissas are
initialized in the program.

ple5  Computerize the algorithm for g ing forward differences. Use the
following test data;

o 14 16 18 20
y | sei6e2  eaams 707356 783327 84l
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Solution
Program No. 1: Difference Table

# include<iostream. h>
# include<stdio h>
# include<conio h>

void main(void) .
{

clrser( );
float interval, array[20][20}={0.0};
inj no, col, x, y;

cout<<"WDIFFERENCE TABLE™;
cout<<"\n\nMENTER THE FIRST VALUE ; ", cin>>array[0](0);
coute<"\oMENTER THE INTERVAL : "; cin>>interval;
cout<<"\nMENTER TOTAL NO. OF X : "; cin>>no;

for(int i=1; i<no; i++)

arrayi){0}=array(i-1][0}+interval;

cout<<"\n\n'MENTER FUNCTIONAL VALUES : \n™;
for(i=0;i<noi++)

{
cout<<"WX("<<ic<") = "cin>zamaylil(1];
)

cout<<"\n\HOW MANY COLUMNS ARE REQUIRED : ; cin>>col;
for(i=1; i<=(col+2)i++)
armay(jllil=amay(j+1]{i-1]-array(jj{i-1):

clrscr{ );
cout<< WUDIFFERENCE TABLEWn\n";
coute<” X FX)y
for{i=1;i<col;i++)

coute<”  eol Me<

cout<<"\n\n'";

for(i=0:i<no;i++)
cout<<™'<<array[i][0}<<"\n\n";
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x=8; y=5
for(i=ie=({col+ 1 yii++)

gotoxy(x.y)
for{int j=0:j<=(no-4);j++)

{
cout<array(jllil;

y+=2,

gotoxy(x.y)

n+=0; y=i+5;

}

DIFFERENCE TABLE

ENTER THE FIRST VALUE: 12
ENTER THE INTERVAL : 0.2
ENTER TOTAL NO.OF X : 5

ENTER FUNCTIONAL VALUES:
X(0) = 5.64642
X(1)= 644218
X(2) = 7.17356
X(3)=7.83327
X(4)=841471

HOW MANY COLUMNS ARE REQUIRED : 4

Computer Program
X F(X)
12 5.64642
14 644218
16 717356
18 783327

841471

DIFFERENCE TABLE
eol 1 col2
0.79576
g -0.06438
0.73138
~0.07167
0.65971
- 0.07827
0.58144

col 3 col 4
= 007167
0.00069
- 0.00660
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232 Bacl i Difference Op .
The backward difference operator V is defined by the following relation:
V=1 -1,

Hence, we shift r backward by one step, the function becomes f,_, and subtract
this function from the original f, .
Thus, Vf, = f, -1,
Vi=f-f,
Vi=f,-f,

The above differences are called first-order backward differences. In o similiar
manner, we can define backward differences of higher-orders. Thus, we obiain:

Vi, = v(vr,)

=vif-r_)

=V -Vf,,

==Lt =14)

| L
Similarly, V°f, = f, =31, , +3f,, -, ,-
In general, nth-order differences are given by:

Vo, = VO -V inz .

With the help of this operator, we can construct the table fon backward

x f vi v v v
2.t ] fa
v,
Xy f, vy 3
Vi, vf,
% f, vif, v,
i,
Xy f, v,
Vi,
Xa ks
-
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We observe from the above table differences with the same subscripts all lie on
an upward sloping diagonal. §
Algorithm to Generate Differences Using Backward Scheme

In general, for a function tabulated at n points, the corresponding backward
difference table can be represented by a matrix of size n x n. Note that only the elements
inthe columns from I to n — i, where the row =2, 3, ..., n, are of interest.

The algorithm to generste backward differences table may lock like the
falowing:
Steps
For J=1TOn-1byl1DO
FOR 1=J+1TOnbylDO
IF (J = 1) THEN
SET Dy=F(X)-FXDy, 1)
ELSE Y
SET Dy=Dyj-1~Dris
PRINT “all differences, Dy"

233 Central Difference Operator
The central difference operator § is defined as:
-
8f, = f"*- f’J:

Thus, 81, , = HH_IHH”"'-f' -

Similarly, 57 f, = 8(81,) /

“ry1y)

=5f , - &1

rd p-{-
- (‘m 'ff)"[fr"r-l)
=f,-2f,+f,

In general, nth-order differences are given by:

8'!,-5"'%1—5“‘!‘._s 3
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The difference table for § is given below:

x f &f 8 f &f 8f

X fo
l
&f
]
Xy f, &1,
&f 82
} g
X B 81, 5'f,
8f W 3
0 4
X5 f, 8,
5f.
i
X, f,

Wamdmmdﬂumumlh:mmﬁemmemhndmdlm
and all even-order differences have integer subscripts. The central difference notation is

preferable for many pury but has the disadvantage of requiring i suffixes.

hhhhkmhmhﬂumwtmumnm.ﬂuﬁsudywdiﬁaem
table and hence each entry in the table has one of the three names, for instance,

£, -1, = Al = V=8l

Also, Afy= Vf, = aré
Afy= Vi, = 871,
Af=V'f, =8 f§
Af =V, =5 . etc.
234  Shift Operator

The shift operator (also called the step operator) E is defined by,
Ef, = o

E'lf=1,,
E'f,=E(f,) = Ef,, +f,,
In general, E*f,=1,,,.
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335 Mean Operator
‘The mean (or average ) operator W is defined by,

1
f, =
i, 'E(f"§ +f__%]

1 1
Thus, p r”%-a{f“é_‘% +f"H} = -2-[r,,, +f,).

24 RELATIONSHIPS BETWEEN OPERATORS
Various ionships exist b For p

af,=f,, -f,
af, =Ef, ~f, =(E-1) f,
o, A=E-1
o, E=E-A
Similesly, Vf, = f, =1,
=f, ~E™'f,
or, V=1-E”
and E= (1-V)"

Bl =y - el -,
.[n* -s"‘)r,
o sagt-pt

Also, uf,= %(f»}+f._l_]
.%(ahn‘*t,}

" %[si +n‘*)f,
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The i b various are given in the following table:

E A v 8

2 4

A |E-1 A vi-v)"! 3 2
i) 8—1-61}11--5—
2 4

Y|i-E" 1 v F] F]
All+A) _%+5 ’H_i_

5|t gt All+ayt vi-v)? 8
B %[Ehﬁ] [u-%][na]‘i (1—-:—]{14)1 H%

The above relationships can ecasily be proved and we leave this as an exercise (o
the student to fill in the details of the above results.

PROBLEMS

L Construct the difference tables for the following functions:
a) fix)=x"~x~ 1, over the range, x = 3(1)5.
b) fix)=2x"+2x" + 2x - 1, over the range, x =~ 1(1)7.
) flx)=2x"+2x - 3x+ 4, over the range, x = - 1{.5)1.
d) f(x)=2"for x = O(1)6. Will there ever be a column of constant differences in
this case?

€) fix) =sinx for x = 1.0(0.1)1.6.

) fix)=2x"+ 3x + 1 for x = 0.1{0.1)0.5. What can you say about fourth-order
difference column? What is the reason for your observation?

4] l’(l}-k'd-d:'ﬂlnﬂ(x}-n for values x = 0(1)5. What do you conclude
from the third-order differences column of the difference tables based on the
above functions?
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2 (1) Ttis suspected that there is an error in one of the valoes of f(x) in the following
table:

x 1.0 152 20 25 30 5 4.0 4.5 5.0

fix) =38 46 59 =76 -92 -118 -140 -161 -180
Construct the differences-table, detect and correct the error.
) Consider the following table of values:
x 1l T TEE NN TN RS SO (T 1
fix) 7 10 & 63 121 185 287 423 598 B17

It is suspected that one of the values may have been recorded in error. Assuming
that the data follow a palynomial, determine which one, if any, of the functional
values is in error and what it should be?

() Locate the error and estimate the comrect value for the following table:
ol M 1 2 3 4 5 6 7 8

m||_nom 1.1002 1.2013 13045 14105 15210 16366 17586 1.BBBl

Construct the differences-table, detect and comect the eror.

3 Locate and correct mistakes in each of the following tables:
x 1 2 3 4 rd 6 7 B 9 10
w7 12 2 M St 700 n9 125 199 196
ux) | 500 520 540 560 579 .;89 618 637 655 674
Construct the differences-table, detect and correct the error. /
4 mmulsl;ofvﬂmfumqudmﬂcydynmky(l]mdwwmdmmlﬁ
a8 3

x 1.0 1.1 1.2 13 14 15 1.6

wa) | 100 B 135 196 210 269 348

z(x) 4.00 4.87 59 T.15 8.60 103 123
mumm the errors (other than those attributed to rounding off) in each
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% Compute the missing entries in the following tables:
s
f Af A A A'f
x
x
x -4
3 -1
9 =5 x |
% x
1 o
A x
X
b
£ Af A'f A'f AT
x
x
x =3
2 X
7 -3 x
x 3
x 0
x
X
&
f Af Af A A'f
x
x
1 12
) £
x % 24
: 60 60
x 108
X
241
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6.(a The following table of values contains an error. Locate the incorrect value and
find an estimate of correct value:

£}z 0 | 2 3 4 5 6
0| 151 117 151 235 423 66l 967 1341

Reconstruct the difference tabie with the commect value. Comment on the nature of
the function f(x).

(bi  The table below contains an error. Locate the incarrect the error:
x 3.60 3.61 362 36l 364 ) 3.65 3.67 3.68
(x| 112046 120204 128350 .1 16462 144600 152702 .607BE .16BEST .17690

(@ Use the difference table method to locate and comect the error in the following
table of values:

x 0 0.1 02 0.3 0.4 0.5 0.6 0.7 08 09
flo | 1030 1070 1104 1136 1130 1101 1060 974 846 670

7.(s) ~ Form the difference table for the function given below. Find the values of a, b,
and ¢, 5o that A*f(a)= V*f(b)= &*f(c) = —0.0428.
xalos ! %r s il it S S
foo| 3679 7358 9197 9810 9963 9994 9999

(B Tabulate the function f{x) = x(x = 1) (x - 2) for x = =0.2(0.1)0.2, correct to 3 dp.
What do you say on the value of 8*f 7

© mmhmdm»ﬁminmyoolmdldiﬁrmnhhiuqmlh
the difference between the last and first numbers in the p g

Set up a table showing the first and second differences for the following data to
check the arithmetical work:

0.0000, - 0.0104, - 0.0206, - 0.0307, - 0.0404, - 0.0496.

(O() Construct the difference table for the following functional values:
v 2 a 0 1 2 3 4

)| 15 1 1 3 19 85 261

1f the origin Xo = 1, determine the values of Afy, V., “i' 81, a1,
V'f,, AMf, and 8 f,.
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(i1) Given the set of values:
x| 10 = R0 s 30 3s
y | 997 2151 2@ 235 2465 2589

Construct the difference table and report the values of Ay, A'y,,, Ay,
and &' y,,.
()  Given the difference table:

T fix) 3 1st Ly el 3rd 4ah
-1 -14 1
sy T !
0 0 s,
e 1} e 46
2 14 ¢ e o o
— 10 _— 9%
4 124 —— 192
302
6
If the arigin xo = 2, express using forward, backward and central differences in =
the entries, 110, 302 and 192,

8.(a) The values of y shown in the following table are alleged to be derived from &
fourth entries degree polynomial, Test this and correct the value, where

necessary.
o R O Y
0|0 2 20 %0 272 605 1332 2450 4160 6642 10100
(b)  Suggest appropri ion for the following table of values:
T S N
fix) [2.131‘ 22240 2289 23513 24121 24662 25198 25713 2.6207
(¢)  The following table contains an error, Identify the error and estimate the comect
value of the function:
e S N T T
) [ 10 12 15 21 32 S0 W 115 166
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(d) Locate the incorrect entry in the following tables and estimate the correct value
of each function:

@
x| 0o 01 02 03 04 05 06 07 08 09 1O
fix) ! 0800 -9.06] -B341 -7.994 6671 <5776 -4530 -2945 -0.899 1.736 5.100

(i
x| 01 02 03 04 o0s 06 07 08 09
0] 0905 0819 0741 0677 0607 0549 0497 0449 0407

() Locate the incorrect entry in the following table and find its correct value:
X 0 0.1 02 - 03 04 + 05 0.6 07
fix) | 0000 0012 0072 0252 0672 1.500 2952 5922

0.8 0.9 1.0 L1, 12
8.832 13932 21.000 300492 42912

g Prove the following relationships:

@) A=+E-5 (B)A=EV ()8 =A-V=AV-VA
1 ¥

(d}8-1+uh+% (&) p’-u% (HE=1+34E

@ V=E'A M) 2pb=A+V (0] uﬁ-%cmw

bl i A vad ¥
»E :.u-z& WE =y 26 ma+ e

1042) Find Ay,, A’y, and &y, in the following cases:
M y,=n
W y,=n'+3n’
(i yo=n'=nt+17-1
(iv) y,=n=1){-2)(n=3)(n-4)

(®) leum ¥.= 3" (A + Bn) satisfies the equation,
r..r'.—dy...ﬂr,-n
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(c) I fix)=sin(mx), prove that Af = - 2f .
(d) Iffix)= x*, compute the following:
A < A7 )
il =i
() [E,]f{x) (ii) B i)
(¢)  Obtain the following results:

of) il

(iv) ACf, - g, )= fAg, +g,,Af,

() Find A7 x*.
(g) Find xA(xA - 1)x7.
11.a) Show that,
() Afy = Vi, = ”:.;i

(i) If f{x) = x*, then A f{x)=12x" +24x + 14 and A'flx) =24

(W) IFftx) = 2*, then Afx) = f(x).
(b) Show that
V=41,

() 8 f= A f

) &' 6= V' £, (i) 498 = 41,

(iif) A (log £, )

Af,
f, = *
" f'— :|-'f, +:;f,,,

(i) &£ = V£, =8'1,
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Chapter 3

Interpolation

31  INTRODUCTION

Suppose we are given a table based on certain values of x and the coresponding
vaiues of a function f{x}:

) 1 2 3 100
o | 10 85 90 98 125
The values in the table can be obtained by an experi or d if we

know the function f(x). The process of computing an approximation value of the function
at some point within the range (0, 100), but not in the table of data, is called
imserpolation. If the value of x lies outside the range, the process of estimating the value
is zalled extrapolation. =

Error of extrapolation increases as the point of interest goes farther from the data
pants. If a higher order interpolation is used for polation without theoretical ba
erors may increase rapidly as the order of polynomial i Applicati i
exrapolation may be seen in various sections of this book: for instance, see the Newton-

Cetes open integ the g's integration method and the predictor-
comector methods.
In most of this chapter, we limit the i lating function to be a polynomial
polation has many applications in sl e ey

i lutions of ordinary and partial differential equations,
and for making computer drawn curves to pass through specified points.

We are now going to describe several methods, in each case some kind of advice
isgiven as to the circumstances under which the method should be applied.

311 Choice of n Suitable Interpolation Formula
The following are comsidered in ing a method for interpolating
pedynomials:
#)  Whether the given points x, are equally spaced.
b)  Whether the interpolation is desired towards the beginning, centre or end of
a difference table.
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312  Checking the Interpolated Value

The next is the ian of checking the interpolated value. A single interpolation
is not easy to check. One possibility is to repeat the interpolation using a different
formula, but this will be more than double the labour, since the first-interpolation is
usually done by the easiest formula. When possible a functional relationship such as
e —l; is a better check. This still requires two-interpolations but since they involve

e

different tables, the formula may be used for both.

313  Type of Interpolation Formulas for Equally-Spaced Data Points
The following three types of interpalation formulas are used for equally-spaced

data points;

1@ Newton's forward difference interpolation formula. It uses differences near
the beginning of the difference table,

(b) Newton's back i difference interpolation fi In. It uses diff near
the end of the difference table.

(e} Central difference interpolation formulas. These formulas employ differences
in the centre of the difference table. The following central diff formul
are commonly used:

i) Stirling's formula
ii) Bessel's formula
i) Everett's formuola
iv)  Gauss forward and backward formulas

3.14  Type of Interpolation Formulas for Unequally-Spaced Data Points

The following formulas may be used for unequally-spaced data points:

i) Newton's divided difference interpolation formuls;

ii) Lagrange's formula;

iii)  Aitken's formula; and

iv)  Hermite's formula
t w:mmumuwnpﬂmmmdqnm
far both, equally and unequally-spaced data points. The above formulas can also be

ployed for polation; b the error may increase rapidly the farther we

extrapolate from the given values. With the widespread use of computers tabular
wmmmmmummmmmwnﬂm
have been widely used.

32 NEWTON'S FORWARD DIFFERENCE INTERPOLATION FORMULA

The most basic formula for interpolation with equidistant points is Newlen's
mmthmh(mmmuwmcmwm>
formula.
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Given a set of n pairs of values:

b (%o oFp WOk B K (%5 Ey ) i (X0 10),
We shall derive this formula with the help of two difference operators, E and A.
The function to be estimated is written as:

f, = E*f, = (1+A) 1, WD
Expindisg (1+A)°, we have
£ -{l+p&+%p(p—l)ﬂ'+%p(p-lxp-2)d’+
+-Lplo-1kp-2-p-n 1 1,

= f,+pAf.+—2!-!p(p—l)61f.+%p(p—llp-2)ﬁ’fn ¥
+ﬁp(p—1Xp—2}---[p—n +1)A" f, .. B32)

whee p —;'J , obtained from X, = X, + ph.
'lbtmﬁ:lauorfﬂ'f, will contain p® which is an nth degree polynomial,

Renarks

1) This formula is used for lation near the beginning of a difference table, but
buddcuu.ltm.lllnhulpplhdhuﬂmplmoﬂhﬂublehylnihuymlhng
the origin. Shifting the origin does not affect the result, but on the other hand it
may result in a simpler formula, which is less prone to error.

ii) This formula is usually applicable for 0 < p < 1. When working with differences,
e can select any value of x in the table to be labeled as x,, . This is mostly done
 keep p within the range.

Exumple 1 2) Compute the difference table for the following set of data-poims:

I o R e R
f | 0000 2763 5205 7u2 8427
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b) Use Newton's forward difference formula to pass a fourth degree polynomial
through the above data,

¢} Use the above polynomial to interpolate for f (0.125).

b)

Solution a) The forward differences are computed as follows:
x '(” A a! a} A‘
0.00 0000
2763
025 2763 =321
2442 =214
0.50 5205 -535 157
1907 =57
075 JH2 -593
1315
1.00 8427
h=x =X, =25- 00=25
X, = X, +ph=0.125
o eox) | (as-00)
h 25 ;i

€)

Since the calculated value of p lies in the range (0, 1), it makes the forward
difference formula applicable. The values to be used in formula (3.2) are underlined in
the above table.

r_:r,+pu.+ﬂﬂ—l‘la’f,+1‘£—xa—!"‘ =2 A’f,+£§?—1i’——ll’-—-!" —2Ap=3) oy,
21 3l 4]

¥, e N
=mo+pxam+("2’]x-n.m1+(" 3: "]x-o.anl

(e T
+wxm,

=2763p -.0125p® + 0008 p* — .0006p*

Inserting p=0.50 in the above polynomial, we get

f, = 2763 % .50 - .0125 X (.50)" +.0008 x (.50)" - .0006 x (.50)*
= .13815 - 00313 + 0001 - 00004 = 0.1351
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The students should be careful not to think of the answer 0.1351 as the correct
answer, It is an estimate of the correct answer based on the assumption that f(x) is a

fourth-degree polynomial.

Example 2 Use Newton's forward difference formula to interpolate the value for f{1.73)
from the following data:

(0.5, 0.000), (1.0, 1.357), (1.5, 2.000), (2.0, 2.623), and (2.5, 4,000).

Solution The difference table is as follows:

fix) A A2 A A
0.5 0.000
1375
1.0 1.357 =750
625 750
L5 2.000 G 0
625 120
20 2.625 150
1375
25 4.000

x, =175 X, =0.5; x, = L0;
h=x-%,=05

(5, ~%s) * (17505
i iicte TSP ’ =
p= - P 25

Asp{-Zj]doesmthubﬂweenum 1, we cannot use the origin to be
L7521 _ 5. We cannot use x, =1
0.5

!I‘FS-I.S! &

udn«ijnbemeﬁﬂp}l.lﬂushiﬂnuﬁginw Ry = 1 p== o5

% = 0.5, Let us shift the origin to 1.0. Then, p =

%zjs-—zb.s.&wcmuu Xg= L5 as the arigin because the calculated value of p < 1.

Theeuniuuwdlnmiiunmmmﬁudhﬂndéﬂmnbk.mmw
form of Newton's formula is as follows:

f, = fo+ w,+%ﬂa’i.
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Inserting the values in the above reduced formula, we get,

f, = 2000405 % 0,625 + &> - 1 0750
= 2000 +0.313-0.094 =2219
Prample3  Write a lement Newton's forward difference
interpolation formula. Use the raumngdmfnnmhw
o 4 6 8 A S

fix) l 3 93 259 569 1071 1813 2843

Estimate f (2.58).
Sol gram, sce Example 4. However, the computer output
futuamnwle I: given  below:
Compute Output:
X F(X) 15T 2IND 3RD 4TH
2.00 23.00
70.00
4.00 93.00 96.00
166.00 48.00
6.00 259.00 144.00 00
310,00 48.00
8.00 569.00 192.00 00
502.00 48.00
10.00 1071.00 240.00 .00 j
742.00 48.00
1200 1813.00 288.00
] 1030.00
1400 | 2843.00
ANSWER = 36.23

33 NEWTON'S BACKWARD DIFFERENCE INTERPOLATION FORMULA
We:hﬂﬂadwN:wwushckuddiﬂumfmmhummm
operators E and V.
We know that, f, = E*f, = (1-V)*f, e (A3)




Jiapolation =14

Expanding (1- V)™, we obtain,
f= {1+p?+ﬂ?5‘:—llv'+ﬂp+13l wi) s SR . . gz V‘}f,
1 ni
=, +pVf, +ﬂ‘;_T]_lv‘§n +M%KTPL2!V1f° e

i +1)(p+n-1 vy . 3
n!

This is called Newton's backward difference interpolation (also called the
Gregory-Newton) formula.

i) This formula is used toward the end of the dillorence table but can also be
lpplwdmﬂ]urpuﬁo!ﬂnub{ebymuwmiuu:ndgjn muimm
occurs whenever a table is being ded, for ple, when the solution to &

differcntial equation is being obtained by a step-by-step method.
ii)  The formula is valid for 0 <p< 1.

I Example 4 (a) UWNMlhtkmﬁf&zmmmf(ilﬂ}mw

lowing data:
x | 2 4 6 8 10 12 14
fxy | 2 93 259 569 1071 1813 2843

) Write a P program W impl Newton's backward difference
interpolation formula. 1
Soutlon (a)  The backward differences are computed in the following table:

x f(x) 2. v v v
7 3]
70
4 93 96
¢ 166 48

6 256 144 0
310 48

8 569 192 0
502 48

10 1071 240 0
442 48

12 1813 288
1030

14 4843
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0

X, =118

Taking X, = 14, p = ﬂl'—sz_.l_d. = L.1. As the calculated value is outside its
acceptable range, we cannot accept the origin to be at Xg = 14. The suitable origin may
be X, = 10, which gives p= ﬂﬁ_z-}g_ ’—;Lm.mmmmrauumww

difference formula are underlined in the above difference table., Substituting these values
in formula (3.4), we get:

f, = 1071409%502+ °’9(°':* 1) 1924 9909 *;X”* 2) a8

= 1071 + 4518 + 164.16 + 39.67 = 1727

(b) This program can be used for Newton's forward and backward interpolation
formut=z. 1t is done via a main menu. Menu Choice 1 is for the forward differemce
formula, while Menu Choice 2 is for the backward difference formula,

Computer Program:
# include<iostream.h>
# include<conio.h>

# include<process.h>

float interval, x0, p, array [20](20] = (0.0};
int no, col, x,y;
void difftable( )
l
cout<<"WDIFFERENETTABLE"; »
cout<<"In\nMENTER THE FIRST VALUE : ™; cin>>array[0][0];
cout<<"\nMENTER THE INTERVAL :
cout<<"\MENTER TOTAL NO. OF X :

for(int i=1; i<no; i++)
{
array{i}[O]=array{i-1][0]+interval;
)
cout<<"\nMENTER FUNCTIONAL VALUES : \n";
for(i=0;i<no;i++)
{

cout<<MX(“<<ic<") = "cin>sarraylil[1];
) :
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coute< HOW MANY COLUMNS ARE REQUIRED : ™; cin>>col;
or(i=2; ic={col+2); i++)
1
for(int j=0; j<=(no-i); j++)
[

arcay[jl[i}=arraylj+110i-1}-array(j](i-1):
1
|

dlrser( );
out<<" WDIFFERENCE TABLEW";
sout<< X FX)y ™
for(j=1i<=coki++)

{

coutes”  col e«

)

toute<"n";

for{i=0;i<no;i++)
{
coute<”  “<<amay[i]l0}<<"nin";
}

1=8; y=3;
for(i=1ic=(col+ 1 )ii++)
{
gotoxy(xy)
fultlull-& jem{no-i); j++)
cout<<array(jlli}:
yeu2;
: gotory(xy):
xhmO; ymle3; 2
|
|

woi¢ findx( )
{

Moat xp;
cout<e*\n\t XP FOR WHICH VALUE OF F(X) 1S REQUIRED :  "; cln>>xp;
int |=;

-
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M[liie((tapanw[illﬂl)‘inmmmmon

T+
|

x0e=i;
: p=(xp-array[x0)[0] ¥interval;

void nford( )
{
Tindx( );
cout<<“\n\ntanswer = ";
cout<<(array[x0][ | }+(p*array(x0][2]}+(p*(p-1) /2 * array[x0){3))
+p*(p-1)*(p-2) /6 * array[x0)[4])+(p*(p-1)*(p-2)*(p-3) /24 * array[x01[5]);
1 4
void nback( )
|
findsx( );
cout<<"n\n\tanswer = ";
cout<<(amay[x0][ 1]+(p*amay[x0-1][2}+{p*(p+1) /2 * array(x0-2][3])
\ +PYp+1)(p+2) 16 * amay[n0-3][4]04(p*(p+1)*(p+2)%(p+3) 124 * amray[x0-4][S]);
void main (void)
clrscr { ); difftable ( ); getch ( );

int choice;
while (1)

{
elrser ( ); :
MENU";
cout<<"\n\nUFORWARD DIFFERENCE INTERPOLATION FORMULA —- 1%
coute<"\n\nBACKWARD DIFFERENCE INTERPOLATION FORMULA — 2
cout<<"\n\n\tTO EXIT "
cout<<"\n\n\"WENTER YOUR CHOICE : "
cin>>choice;
l!?w&(ehulu]
case Liclrscr ( )inford( )igetch( );break;

case 2iclrecr ( Jinback( )igetchi );break;
case Jiexit(0)

3
)
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Computer Output

DIFFERENCE TABLE
ENTER THE FIRST VALUE : 2
ENTER THE INTERVAL : 2
ENTER TOTAL NO. OF X : 7
ENTER FUNCTIONAL VALUES:

X(0)=123

X(1)=93

X(2) =259

X(3) =569

X(4) = 1071

X(5)=1813

X(6) =2843

HOW MANY COLUMNS ARE REQUIRED : 4

DIFFERENCE TABLE
X FX) col 1 col2
2 23
70
4 93 9%
. 166
6 259 144
310
8 569 192
502
10 1071 P 240
742
12 1813 288

1030

col 3

48
48
48
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MAIN MENU

FORWARD DIFFERENCE INTERPOLATION FORMULA  — 1
BACKWARD DIFFERENCE INTERPOLATION FORMULA — 2
TO EXIT 3
ENTER YOUR CHOIC: 1

XP, FOR WHIEH VALUE OF F(X) IS REQUIRED : 2.58
ANSWER = 36233509

ENTER YOUR CHOICE : 2

XP, FOR WHICH VALUE OF F(X) IS REQUIRED : 11.8
ANSWER = 172663208

34  INTERPOLATION WITH CENTRAL DIFFERENCE FORMULAS

The two formulas by Newton are used ionally and almost exclusively at the
beginning or at the end of a table. More important are formulas which make vse of
central differences, a whole series of such formulas with slightly different properties can
be constructed. In this section, we shall mention without proofs some well-known central
difference formulas. The structure of all these formulas can easily be demonstrated by
sketching a difference scheme where different quantities are represented by points. If the
mwhhﬂmﬂfwhﬁmmw then we have the first differences and so
on.

34.1  Stirling's Interpolation Formula
Stirling’s formula follows the path through the difference table given below:

A T
/ //

F A -

x
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Tris=xpressed as follows:

u/ 1 (
=f,+—p 6f , +81 ]
AN 4 i

1
+%pla’ru E,‘.E_Il

2x3!

TS R
41 2x5

6!

Ttcan also be written in another form as:

b S

fo +ppbi,

1
+§p‘ 8, +

[6 f_l +8' 1 ]

{s’r +6’fl]

(3.5(a))

-Jlip{p’ ~1)u8'f, +-il-ip:(p’ —1)8tf,

+$9(P’ -1)p* -4Jus’r, +$p’{pz ~1fp* - 4)8¢ £, + -

x

(3.5(b))

Example 5 Use Stirling’s Interpolation formula to find f{1.62) from the following

table:
x| 12 14 16 L <
fix) | 5.6464 644218 7.17356 783327 BA4l4TI
Solution: The difference table for is as follows:
x fix) & 8 5 8t
12 5.6464 -
79576
14 644218 - 6438
73138 =129
Xy = 16 717356 =767 69
65971 - 660
18 | 7.83327 - 7827
58144
20 841471
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Taking X;= 1.6, h= X, —x, =1.8-16 = 2

(1.62-16 L0
02 02

Inserting the values in Stirling's formula 3.5(a), we get,

P=

fp =7,l?3§6+—;- x0.1 (.73138+.ﬂ59’?l)+% %01 x0.1x-.7167

. 0.]!0.[!0.1—]! X(~.00729 -

12

¥ l}.lxﬂ.l!ﬂ.lx&l-l! i

24 ’
= 7.17356 + 0,06955 - 0.00036 + 0.00011 - 0.00000
= 7.24286

342 Bessel's Interpolation Formula
Bessel's formula follows the path through the difference table:

s
o

L fy L A &1,
~/luul'l formula is expressed as follows:

fy=1, +pb f* +ﬂiz;!u(3]fl + 5”:}“‘.&%"&:*}5’ fi
+ MM(P!D + a‘f.]q- " e (36(0))

24!
Tt can also be written in another form as:
fo= fo+pdf, +- =18’ £ +—p(1= - i]#"
+ﬁ[p+lb{,_mp_z]“aaf**... t!&(b)?‘
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343 Evereit’s Interpolation Formula
Everett's formula follows the path through the difference table:

% f, B SLLalr N
%, f, ——— &f ———— B,
Everent's fonnulu is expwessed as follows:
f,=4% + qL —l]{q
+pf, +Pf”3|")u’r, +"(P _'5)_{“ =4) WF ke I
whereg=1-p. v :

344 Gaussian Interpolation Formula
There are the following two such formulas:
"a) Gauss Forward Interpolation Formula
b} Gauss Backward Interpelation Formula
Let us discuss them one by one. .
a) ; Gauss Forward Interpolation Formula
v This formula follows the zigzag path as indicated in the difference table:

P

Crauss forward formula is expressed as follows:

f,= f, +pbf +Ma‘f' Q&*—lk-—l)" f

0 3l { (
+ wt) -Jat) PV L

Xo

LTI

+1 2
41
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b) Gauss Backward Interpolation Formula

This formula follows the zigzag path as indicated in the following difference
table:

il

8f /1 3 /s f,
/ \ i \ :
fa &£, &1,

Gauss backward formula is expressed as follows:

f,=f,+psf ...%15!&4.?("_14&15! g
H . g 3
Lot ;.'lphz)“'f»*”’ S

Note that if we take the mean of Gauss forward and backward formulas, we get
Stirling"s interpalation formulas.

As mentioned earlier that for most purposes formulas using central differences
are 10 be preferred. However, some remarks about their use are in order. The two
Gaussian interpolation formulas are of interest almost exclusively from theoretical
standpoint. Stirling's formula is suitable for values of small values of p, for example,

1
*;s ps +%. and Bessel's formula which is probably the most used of all interpolation
1

funulu.lnuluhlafwulmafpnbtmfu&om%.fwﬂm—%Sp‘;‘

Everett's formula which Is simple and fast Is perhaps the one which is most generally
useful and further because even differences are used together with the function values.

Example 6 Civen the following table of values:

e L VR T T e U C Y T
fox) | 374607 438371 500000 559193 615661 669131 719340

Xo

#) Construct the difference table Including differences up to 4th order only.,
b) Interpolate f{3.64) using the following formulas centred at x = 3.4:
(i) Stirling (ii) Bessel (iii) Everett and (iv) Onussian forward and backward.
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muerpolstion
Solution (a)  Difference Table
x f(x) 8 & & 5
12 374607
' 63764
26 438371 -2135
61629 =301
30 500000 - 2436 12
59193 - 289
X =34 559193 -2725 16
56468 =273
38 615661 -2998 10
53470 - 263
4.2 669131 - 3261
50209
4.6 719340

b)(i) Stirling's Formula
X, =3.64, X,= 34, h=04

P= __.__[" - %) _(364-34) 0.6
h 04
Substituting values in formula (3.5(a)), we get,

x —.002725

fv = 550193 4——:- (059193 + 056468) +
X 06-1
w “:‘; 571 _ 00289 - .000273)
. O.ﬁxu.gl;fxo.ﬁ-l! L

= 550193 + 034698 — .000491 + 000018 + 000000

6x.6
2

= (.593418
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{ii) Bessel's Formula
Substituting values in formula (3.6(a)), we get,

f, = 559193 + 0.6 x 056468 +i‘@ (- 002725 - 002998)
0.6(0.6~ |iu6-1)
+ ——6—-——?- x =0.000273

o L0s0j0s(08-005-2) | e ooty

48
= 559193 + 033881 +.000343 + .000001 + 000000
= (.593418

(iif) Everett's Formula

g=1-6=4 3
Substituting values in formula (3.7), we get,
f, =0.4%.550193 i“—’:‘—_]} x—0.002725
L HAxA-1 x4~ 4)
120

+.6 % 0.615661 4.2 Mﬁ’”ﬁ" X - 0.002998

- 0&0.6&6-1!0,6:.6—‘! % - 0.000010

120
= 223677 + 000153 + 000000 + 369397 + 000192 + 000000
= 0.593419

* 0.000016

(iv) (a) Gauss Forward Formula
Substituting values in formula (3.8), we get,

f; = 559193 + 0.6 % 056468 + °‘:”' X~ 002725

. ugaﬂ:!uq! S2 feran

6

& !.6+l!x0ﬂé-l!ll6-2! x.000016

M
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= 559193 + 033881 +.000327 + 000017 + 00000

= 0593418

(b) Gauss Backward Formula
Substituting values in formula (3.9), we get,

f, = 559193 + 0.6 059193 +ﬂ"‘:—“l X 002725
! o.¢+6| 06-1)

o 0.6(6+1)6-140.6-2
24

* 000016

= 550193 + 035516 + 001308 + .000018 + 000000
= (.593419

35  LAGRANGE'S FORMULA

1t was mentioned in the previous sections that difference table could be used for
nwpdmm&hwmwimdwmecmdﬁnmimmmuequwmm.

To introduce the basic idea behind the Lagrange's formula, comsider the
following: .
Given the data points Xg, X,, ..., X, (may or may not be equidistant), the
pnblmiswﬂldmummmmﬁd[{:}uhhwse'lfm
Lagrange’s formula can be derived by writing:
fix) = Ag(x=%)(x=%;) .. (x=%,)
# AR - (R=% ). (x=X,)
+ AL (R=%o)(X=%) ... (R—2%,)

+A(K=Kg) e (X=X KE=%py) o (X—X,)

+ AL (X=X (X =X;) e (R=%0y) . (3.10)

where Ay, A, ..., A, are unknown constants.
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1f we substitute x = x, in (3,10), we get,
fXg)= Aglxy =%, )(Xy =23} .0 (% —%,)

f(lo}
s ("n"'ux"n“":] -(xo~x,)
Similarly, substituting x = x,, x = Xy,

f(x,] |
(": =X Mk, =%y} (x, = x }

f(x,)
[h-hlh'!.) o j
f(x,)
A =, )elx, =x )

<. X=X respectively in (3.10), we get,

Substituting the values of A,, A, ..., A, in (3.10), we get the following
formula due to Lagrange:

e Ex)xox)ofxx,)
esial "= R v ey
(= lx=xyhlx=x,)
(‘t ‘al":"‘a} {‘:_3 ]( :I
(oxa-xkfi-x,) (o

6 e T v el

e

f(x,)

X=X fx=x,){x—x
g {x(. -st:xxx. —al.]}'--((:_ -.:.{.]f(l'} L ‘/
Itis obvious that (3.11) is a polynomial of degree n and can be written as:
f(x) = Lo () fxg) + Ly(x) f(x, )+ Ly () f(x;) 4 ... + L, ()6 x,)
It can be concisely represented as:

. 1
f(x) = 2[.,(;)r{x,) e (3.10(a))
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Interpolation
af X=X
wth,m-r_l_{ ']
0 % =%
i=0
jwi

Anocther form of this formula is:
| X%y
wtffe ot

il =

The basic formula, apparently due to Waring, is associated with the name of
Lagrange. This is one of the more practical and simpler method 1o be used on computer;
but difficult for hand calculations if data points are more. Evaluation of error is also not
easy. li is meant for equispaced or unequispaced data.
Example 7 (a) Fit a polynomial using Lagrange's formula to the fonowing data:

(1,4, (3, 7, (4, 8) and (6, 11},
(b) Use the polynomial to estimate a value for x = 5.

(&) Write a computer program to impl Lagrange's formula.
Solution (a)  The data-points are:
£ o 3 4 6
() | 4 s 8 1

Inserting values in Lagrange's formula, we get.
fx) = x-3fx-dhx-6) . x-1)x-4kn-6) .
—3)f1-4)1-6) -1)3-4)3-6
+[,_1 x=3)x~6 xs_'_g;-té:—s;x-au'lxn
(4-1)a-3)s-8) (6-1)6-3K6-4
=23 1 s 3
= i3t —1an? +sax=T2)4=lx =10t + x4
=l )<l )
Al
+-—:(x’ 10k +2?x-18]+%[l' -8x* +19x-12)

= Lo —21x* +103x 4 36)
3 !
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(b)  The interpolated value at x = 5-is as follows: .

f(5)= -3—16[1xs’ ~21x5* +103x5 + 36)

= Lxm =9
30

(¢)  Program No. 3 LAGRANGE'S FORMULA

# include<iostream h>
# include<iostream.h>

void main (Void)
|
Toat 1abie| 10][2], xp,temp,ans=0.0;
int no, y=0,8=7,ij;

coute<"How Many Values Of X :
cin>>no;

cout<<"nEnter The Values Of X and f(x)\n";
coute<M  x | flx)"
cout<<"n\t ]

for(i=0;i<noii++) i Input of X & Fx
{
gotoxy(11,a);
cin>>tablefi]ly];
gotoxy(21,a); »

cout<<"\nEnter The Value Of X : ™

cins>xp; -4
for(j=0;j<noj++) I nk'hum of formula
|
temp=1;
for(i=0;i<noii++) :

ifit=f)
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temp*=((xp-table[i][0] / (table(§)(0}-(i}{O1):

ans+=temp*table(jl[1};

l
cout<< ' nANSWER = : "<<ans; Hloutput
)

Computer Output
How Many Valuesof X: 4

Enter the Values of x and f(x)

x fix)

—00 =i 4

(- S
=t

Enter The Valueof X : §
ANSWER 1 92

36  ITERATIVE INTERPOLATION METHOD

Like Lagrange’s method, this formula is also more suitable for computer
mmwiumu-hmmammmwmmw,e
WMEMWMWWdM{M)m
method. This method is due to Aitken.

Consider the following data points (equally or unequally spaced):
"I Xy X X3 Ay X,
ftx)| ¥ f, f, f, &
Inmderwmimﬂahulmo(uuﬁmcmfmwﬂlqmwywudm
we proceed as follows:
Let fy =fxe)
f, =1(x,)
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fi =1f(x,)
f, =f(x,)
alsolet f{x | %y, X,, ..., x,) denote the unique polynomial of degree n coinciding with
FXIBE Koy Kysiony Ky
Hence, fix | x,)=f(x,)
fix| x;)=1(x,)
fix| x,)=f(x,)

Alz, ﬂ‘l*n-xﬁ“m
P

x-x, flx]x,
X=X, t'[:"'lel

B Lt PERER X
-x,—x,x-x, {7
1
=m{(l—*n]ﬂ'(*—h)f¢}
I =%y °F,
i z et
(x| %gy X3)= e Y f,‘

= r"—ix;}{(l—ia]f: =(x=x4)fo}. cte.
f(x |‘o'la]

s'm- ilard 1 =%
i e ix.z "Jj‘i_xl f(x [ %0 X,

x—x, fx[x,:x%,
x-x; f(x]x,.%;
I R A el SO ] 1(x]%0,%,)

s el | S U

fix] xg: %, %) =
& Ry =%y
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dencte polynomials of degree < 2 that pass through the four points (xg, F ) 0x,, £,
(%5 F30i Ong s Fod (g0 By 005, Fydand (xg, Fod (X, i) (x,, [,) respectively,

X = X3 f{xlxn‘x,.xzﬂ

L S (Y E PEE S

1

whereas f{x | Xy, X, Rg, X3 )= ——
Ay =X

dentes palynomial of degree <3 and so on.

Continuing the above process, we can develop the interpolating polynomials (o
any degree we want:

1
fix X5 Koo Kan Xy l‘}z.{:—x)
F 4

1 =% A(x]xgx % %
Ol ®Rgs X %o S B3I 2T S
SLEITR R, (xy = %3 )fr— x4 flx [ xg X X0 00

=k [ Rodnnaay
= i R

The following table ill the B t of the work needed to construct
(x| Kgs Xyucenn Rk

x, X=X, fix|xq)

% X=X fix|x,) fx[xg.%;)

Xy X-X; fix|x;) fixlxgaxs) fix|Xg:%;,%5)

%, X=%, fixxy)  fx|%ga%3)  fix|ng. %%y fla |55 %,.%,)

X, x-x, (0% BXIKeuRa ) fer]xg, %y Xe) MK %0 X)Xy %)

The tabular values are generated row-wise (or column-wise). Since the current
value are generated from the previous values that s why this method is often called the
{terative Interpolation method and also named as Neville's formula, The rightmost
value In the table |s the required value of Interpolation.

Example 8 (a) Using Altken's lterative scheme, find the value of log 4.5 from the
following values: 1

T e Y
flx) | 0.60206 0.62325 064345 066276
(b) Writea to impl Aitken's method.
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Solution (a) x=4.5

Aitken's table is as follows:
X=4.0 X=Xg=.5 0.60206

X =42 x-x,=3 062325 065504
Xy =44  x-x;=.1 064345  0.65380 0.65318
Xy =46 X—%y=—1 066276 065264 065324 0.65321

1

(x| Xg4 "yl=m
1 o

x=xy  f(x]x,)
X=Xy r("l*r)
1

5 .
" laz-40)|3 ,szszsl
_ [5.62325 - 3 60206)
02

_ (311625 - .180618) o ORR

02

x—x, f(x]x,)
x=x, flx]x,)

{‘1“‘.]

1 T,
=
iu-mi.: 64345
o 321725 - os0206) oo

0.4

(x| %5, %)=

i X=X f(‘lx } !
m]a..la}'m’,_;: f(xis:}
A 1 ’ 5 60206
T6-40)|-1 .ee276
! jiga.m’ih.lkm!
06

o .Iili‘lo-.‘m = 0.65264
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e 1 X=X, f{"l"n-“lq
f(‘““’x"x‘]-(_x:—_:,j x=%y flx]xe, %,
i
_(4,4—4.2i

_ (3%.65380 - .1%.65504)
% 02

o !.I%jj-— .IJGSSM! 065318

02

.3 65504
=:1- 65380

=% f(xllo.ll}
x=x;  flx]|x.%5)

1
fix] Xg X;0 X5)= '(;T:l
3 L}

1 3 65504
il).ljd.l 65264

" (195792 - 065504) 065324

04

1

fx] X0 %y Ko %y) = T;'—ij
3 ;|
65318

iy [
=
©2)|-1 65324
195324 - 065318,
02

X=X flxlxaoins)
x—xy  flx JxosRs 5}

= 065321

The rightmast entry in each row in the table gives,
£(45 | R0 %,) = 0.65504
f(45] x4, X4 X3) = 0.65318 .
(4.5 | Koo %)y K30 Xy) = 0.65321
Ttis seen that log 4.5 = 0,65321, which is the anticipated answer.
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(b) Program No. 4 Aitken’s Method

# include<conio. h>

# include<iostream.h>
# include<complex.h>
# include<stdio. h>

void main ( )
|
clrser );
float x[ 1067 10],¢[ LOI[10),f] 10]xp;
nt i jLmnply.z:
double term term2 term3;
coute<"n\tity Aitken Methodin'n™;
cout<<"Enter the number of X data : '
cout<<"Enter valueof xp : ™
cin>>xp;
for{i=;i<n;i++)
{
cout<<"Enter value of X[“<<i<<Ju™
cinz>x[i];
difffi] = xp — x[i);
|

cout<<"\nin\nGiven the values of function\n\nin";
for(i=0;i<mn-1;i++)
{
cout<<"Enter value of F("<<i<<"\";
; cin>>fli): £
for(im0;lc=n-1:1+4)
r{1){0] = fi;
for(im0;l<mn-1;1++)
{

for(j=0;j<n-13j++)

{
terml = difffi]*rj+1][1];
term2 = diffTj«1]*ei)[i);
term3 = x{j+1] = x[i];




19

if{term3 !=0)

rlj+11[i+1] = (term] — term2)term3;
¥
|
y=13;
elser( );
gotoxy(3,5);
cout<<” Impl of Aitken's Method\n™
for(i=(ki<=n-1;i++)  /oop to print the value of x differences
|
y=i+13
gotaxy(5.y}
allagaiion:fised) : I (Sex(1];
gotoxy(15,y);
Goutoc " ccaetiostlags(ios::fined S)<<difflil;
I
p=0;
m=25; ,
k=13;
for(i=lii<=n-1;i++)
|
k=i+13;
rr.:(jw-.jwl;}a-r)
gotoxy(m.k}
outy d) (S)<<setw(10)<eli)il;
k=k+;
|
pPEp+ L
m=m+11;
}
2=
for(y=0;y<n-1;y++)
=g+l
coute< Wn\n\n\tAIX p="'<<setw(15) gs(ios::fixed) precision(3j<<xp”
function value is\t" Mags(i precision(5) (18)<<rly)z);
getch( );
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Computer Output
Aitken Method

Enter the number of X data : 4

Enter value of xp : 4.5
Enter value of X[0]
Enter value of X[1]
Enter value of X[2]
Enter value of X[3)

4.0
42
44
4.6

Given the values of function

Enter value of FIO]  .60206 |l
Eniervalue of F[1) 62325
Emtervalue of F[2) 64345
Enter value of F[3] 66276
Implementation of Aitken's Method
400000 050000  0.60206
420000 030000 062325  0.65504
440000 010000 064345 065380 065318
460000 -0.10000 066276 065264 065324 065321

Al Xp = 4.500

37  ERROR ESTIMATION IN INTERPOLATION
um.uuwmmmluhwmmmwu

all thess formulas s the approximation of a polynomial so that this polynomial passes
through the set of points In s given table.
mmyvhn lation process s Introduced by several

() The truncation error due to terminating the series at thg term In, say, the nth
fferences.

(b) The round-off erors In the function values and resulting emors in the
differences causing osclllation in the differences,

() The round-off errors In the indlvidual terma of the formula and their sum.

Function value is 0.65321

(d) Inaccuracy, usually due to rounding-off, in the given value of p.
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We can estimate errors in any of the interpolation formulas from the first
neglected term. However, we conclude this section by computing the error estimates in
Newton's forward and backward difference formulas.

3.7.1 Error in Newton's Forward Difference Formula

If the function ¥ = f{x) is known explicitly, the remainder term in case of the
nth-order forward difference formula is as follows:

B3 mp(wi}---{p-n}r“‘“ (z) 8

where Xy < Z < X,

If the function is specified by tabular values, the error is given by the following
refation:

g p.(;-;-]p =N) pesr f, oo £3:13)

What can be done if the next term (i.e., (n+1)st} is not available? In this case, check if an
additional point is available on the other side, namely f_,. If it is available, A", can
be computed and used as an approximation for A™'f,.

Example 9 Given f{x) = ¢", for x = 0{0.1)0.5 correct to 4 dp.

i) Make a diffe table and interpolate f(.175) using Newton's forward
difference formula.

i)  Caleulate the actual value of ¢ for x = 175, Find the error in both the results,
1ii) Use the formula (3,12) and estimate the error.
iv)  What discretization size should be used if the entries are given to 6 dp?

Solution i) Difference Table

fix) = ¢* A Al N A
00 1.0000
1082
0.1 L1052 110
L8 1
02 12214 123 -2
1285 u
03 13499 134 H
: 1419 16
04 14918 150
1569
03 1.6487
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X, =0.175 h=0.1; x=0.1

_ (0a75-0.1
P R T
Using Newton's forward difference formula (3.2), we get,

£, = l,m.s'zm-,-sx.mbgﬂ;”—“l x.0123

i &?5!0.75—2!0.75-2! % 0011

6
4 075075 - 1){0.75 - 2){0.75 - 3)
24
= 11052 + 0.08715 - 0.0012 + 0.00004 - 0.00001
= 11912
i) True value, e*=¢'™ = 11912 _;
Error = True value — Interpolated value
=11912-1.1912=0 v \
iii) Xy =0.1; p=0.75 h=01
%y =05, f(x)=¢"
The fifth derivative is £ (x) = &",
The maximum value , {* (x) = ¢* = 1.64872

~1)Mp-2Xp-3)(p-4) ")
i mglm-:!u:rs-:!au-s!ms-q“w. X1.64872

120
=0.0138411 x 0.00001 x 1,64872 = 0.0000002

iv)  Tokeep the accuracy less than %xlu*.hmm

=075

x* 0005

[,(, ) .rm‘m]'
mﬂl” 0,00006
1 4872x1, 'ms].I [z.nmuT

= (212333%10° } =0.1163




Inkrpiation : 83
7.2 Error in Newton’s Backward Difference Formula

If the function y = f(x) is known explicitly, the remainder term in case of the
ntk-order backward d'rfferm formula is as follows:

P{P“)(P”) (p+n) £™" (@) e (314

(n 1-])1
where x,<Z<x,.

If the function y = f(x) is not known but is specified only by tabular values, the
ermoris given by the following relation:

+n
v Ll
(a+1)! fo G5

Let us illustrate this method with an example.
Emmple 10  Given f(x) = sin x, compute the values of f(x) for x = 0.1(0.1)0.8 correct

to 4 dp

a) Construct the difference table and interpolate f(.75) using Newton's
backward difference formula.

b)  Calculate the exact value of sin x for x = 0.75. Find the error in both the
results.

€}  Use the formula (3.14) and estimate the error.

d)  What discretization size should be used if the entries are given to 6 dp.
Solution f{x) = sin x; n=0{0.1)0.8 radians.
a) Difference Table

x f{‘) v vl vl vd v-t
0.1 0.0998
989
02 0.1987 -2
—s 968 —
03 0.2955 -29 1
—_— 939 —lp =T ——"I—"—.]z
04 0.3894 ~36 =il
e R | _—_3
0.5 0.4797 -54 -19
Sl | | | e | —_— T
0.6 0.5646 -53 ~-12
— 796 — -]l
x,=07 | 06442 -64 .
R
0.8 0.7174
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x,=075 h=01; x,=07

0.5

Xp =X 075-07
p= oL
0.

h
Using Newton's backward difference formula (3.4), we get,

f, = QWZ-ﬂ-U.SxO.D‘Nﬁq-%xG.S[{).S-r 1) % ~0.0053
+ % X 0.5(05+1) (05 + )X 0.0001
+% % 0505+ 1) (05 +2) (0.5 +3)x ~0.0019

= (6442 + 0.0398 - 0.00199 + 0.00003 - 0.000052
= 068199
{b) fix)=Sinx
=S§in 0,75 = 0.68164 o
Error = f, - f(x)
= (68199 - 0.68164 = 0.0035
© f™x)=sinx
" (x)=cos x
Maximum, £™ (x) = ™ (0.1) = 0.9950

e plp+1)p+2)p +3)(p+4) 1)

E=
(n+1)!

= %m&(&s +1){0.5+2)0.5+3)0.5+4)x0.9950

0.00001
120

= 0.00000245

x(0.5)1.5)(2.5)3.5)4.5)x0.9950




.
2

From the error formula, we get,

)  E==x10" =0.0000005

Ex120 %
" [p(p+1}{p+ 2\p+3)(p+4)x fmm]

0.0000005%120 T
= | 05(15)2.5)5.5)4.5)x0.9950

= (0.000002041)% =0073

PROBLEMS -

1.{a) Show that a curve y = f(x), where f{x) is of the fourth degree, can be drawn
through the points given by:
Y (e 1 2 3 4 5
fx) | 2 13 3 TR e
Use Newton's forward difference formula to find y exactly when x = 1.2.
(b) Given the following data:
) | i 2 4 o
fx) | 180 0 4 0 40 504
Use Newton's forward difference formula to find f(1.75).
{c) Consider the following table of values:
T (0 TR = G (R S
f) | 02304 02788 03222 03617 03979
Find {0.36) using Newton's forward difference formula.
(d) Prepare the difference table for the following data:
0] s s T
G e e )
Using Newton's forward difference formula, interpolate the value for f{-.05).
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(e) Prepare the diffe table for the following data: A
1) o 0.2 0.4 0.6 0.8
floz o046 04 09 12
Find the value for f{0.1) using Newton's forward difference formula.
() Generate the difference table for the following data:
x| 20 22 24 26 28 3
f | 0301 0342 0380 0415 0447 0477
Hence estimate f(2.15) using Newton's forward difference formula.
2.()  Use Newton's backward difference interpolation formula to estimate the value of
1(1.45) from the following data: '
x 1.0 L1 1.2 1.3 1.4 1.5
fix)| 20 21 23 27 a5 45
(ii) Use Newton's forward difference formula to find (1.05) from the above data.
(iii) Consider the following data:

(iv)

3.0

X =il -075 -050 -025 0 025
f(x) | 04401 00447 04311 06694 07652 07522

0.50 0.75 1
0.6714 0.5587 0.4401

(a) Use Newton's forward difference interpolation formula to estimate f(-0.33).
(b) Use Newton's backward difference interpolation formula to esti f{0.62).

mmmdmﬂmﬂlwdmns&nhﬁm
that there is an error in one of the tabular values of f(x) near the end of the table,

xili 0w Lot osi v 6s gk
f| 200 211 228 239 256

(@)  Locate the error and correct the value.
(b)  Reconstruct the difference table and estimate {0.35) using Newion's
backward difference formula.
The values of a low degree polynomial are given in the table below. Tt is
mmmmwmlnmammW,n’dim
locate and comect the error and find f(2.5):
x-:) -2 3 4 5 6 7 8 9 10
f | 15 40 85 1es 259 400 585 820 110l
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ib)

4.0)

i)

5.(a

[C]

One of the functional values in the following table contains an error:
x| 20 31 22 23 24 98 26 27

Kx)|l.4]42 1.449]1 1.4832 1.5160 1.5492 1.5811 16125 1.6432

i) Detect and correct the erroneous term and then reconstruct the difference
with the corrected functional value.

i) Find f(2.05) using Newton's forward difference formula. '
iii) Find f(2.65) using Newton's backward difference formula. -
Using Stirling's interpolation formula, find f{3.25) from the following data:
x| 1 2 RN S
fix) | 00000 06931 1.0986 13863 16094
The following table gives the value of p, of a polynomial of the fourth degree
for certain values of p,

ol 6 7 8 9
P 1 6.195 S5.919, 5630 5326 5006

Estimate the polynomial using Stirling's formula when x = 7.5.
Given the following table:

x fix)
001 984342
002 484392
0.03 37715
004 234492 :
0.05 18.4542 .

Estimate the value of f{x) corresponding to x-ﬂﬂl‘lmﬂum_
formulas:

(i) Stirling (ii) Bessel amnwm:mommmm
Consider the following table of values:

2 Ve s 20 22 08 2% 2R 3D
fix) | 0495 0605 0739 0903 .1102 .1346 .1644 2009

Find the valuds of f{2.35) and f(2.2) using all the central difference formulas you
have studied.

Use the following table of current i against deflection, 6:

a| SN A 8% e
i | 1268 1449 1.639 1839 2052 2281
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(e)

6.(a)

(k)

to find i, when 8 = .536, from the Stirling and Everett formulas. Check the
answer using Newton's forward difference formula.

Consider the following data:
x| 10 11 12 13 14 15 16
fix) | 154308 1.66852 181066 197001 2.15090 235241 2.57746
Find the value of f(1.35) using:

() Stirling, (ii) Bessel, (iii) Everett, and (iv) Gauss bath formulas,
Consider the following data:

x| 10 12 14 16 1.8 20

f(x) | 0367879 0301194 0246597 0201897 0165299 0.135335 _
Find the vaie of f(1.675) using: '

(i) Stirling, (i) Bessel, (iii) Everett, and (iv) Gauss both formulas, i

Kinematic viscosity of water, v, is related to temperature in the following
manner:

TH| 40 50 60 0 80
v | 166 T IR T 1.06 093

Use a suitable interpolation formula to predict v at T = 62 °F,

You measure the voltage drop v, across for a number of different vadues of
current i. The results are:

i | o2 0.75 1.25 175 2.25

v | -0z -033 0w 1.88 6.00
Use a suitable interpolation formula to estimate the voltage drop for i =0.9.
Find f{x) at x = 1, from the following table using Lagrange"s formula:

o 0 2 3

| 6 10 12 19
Use a suitable interpolation formula 1o estimate the voltage drop for i = 0.9,
Fit a polynomial to the following data:

(=4, 180), (-2, 0), (0, 4), (1, 0), (3, 40) and (5, 504).
Use the polynomial to find a value for f{2.4).
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()

(d)

(e)

(0]

(h)

0]

G

Fit a polynomial for the function f(x) = 2 for x = 2, 4 and 8. Use this
x

polynomial to estimate f(6).

Given the following table of values:

wi| cda gl o8, o ¢
y | 687 640 440 391

What is y(27)?

Use Lagrange's interpolation formula to abtain a polynomial of least degree that
assumes the following values:

S 2 3 4
R T S LR e
i s A BT g f{4.5). Unwcl the answer using

N:\I"Dﬂ'l%ﬂtk\\‘lﬂ' difference formula.

U\efnrmiony:ﬁn]isdeiﬂlhepuinuﬂ.i}.tﬂ. 13, (9, 1) and (10, 9). Find
tluv:lneo{yfm:='}5mnguwg=‘iimupolmfmmh.

Use Lagrange's formula to estimate 1(2.0) and f(4.5) from the following data:

i e I e R
f(x) | 06250 03448 02703 0.2083
.

Given the following data:
gk - TRy
o R LT
Find f(7) using Lagrangé's formula. i
Lufm=z—f.Fn.pnlymmmrwn:rmuuuuocm.mm
value of f(1.5).
Given the points:
(x,.£,): (0, 13, (1, 765198), (2, .223891), (3, = .260052).
(2) m‘&w'-wuampuwp,mmmmanm
Use the polynomial to approximate f(1.5). '

(b) Find the Newton's interpolation polynomial Py (x) for the given data set.
Uuunpdwhmmemuu}, X
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(k) Given the points:
! (% 1,): 40, 1), (.25, .9689), (.5, .8776), (.75, - .5403).
(a) Find the Llsnns: s lmerpnhlm polynomial p, (x) for the given data set,
Use the poly d to approximate f(.6).
(b} Mm&mm:hmmmpdwmﬂp,(x)kxdupmdslm.
Undlepolyumduhuhndm{l}mwwmjmuﬂﬁj
(1)  Find the Lagrange's interpolati poly I to fit the following data:
x| o 1 2 3
f)| 0 17183 63891 19,0855

Use the palynomial to estimate its value at x = 1.5,
(m) Rpplyiqhmgu formula, find a cubic polynomial which approximate the

folloving values:
¥(1)= =3, y(3) = 9, y(4) = 30 and y(6) = 132.
Hadnwawvuuun«.s)
7.(a) Estimate the i i I 1 for f(x) = x* + sin rx through (0, 0), (1, 1)

|nd(2,4).unngN=wwn'|fumeddlﬁﬁumfmmnx-0.S
{b) 'What is the exact error when x = 0.57
(c) What is the maximum error in (a) above?
(d) Phdmmwudhﬂﬂwulmmldpnmymmemoﬂtx)
ming q P is used.
8 Consider the fallowing table of values:

T 2 3 4 5
fix) | 10000 14142 17320 20000 22361

i (a) Lh:Nem' fmﬁﬁumrmdlmmmf(lﬂ Using third-

P also the i efror.
(b) Ewmknmmnlu)c-\r’—. what is the error in this case? Find alto
the maximum error.

(€) Hndhlnpﬂvﬂuorhmmwﬁnéwmmlnrheuhdn

ing third-order lation is used.

9.(a) Use Aitken's formula to esti f(0.2) as ly as possible from the
following rounded values of fix):

x | 7520 28386 33565 42078 50046
fi) | 84147  B6742 89121 91276 93304




Iterp a1
() Use Aitken’s fofmula to estimate f{1.4) correct to 4 dp from the following data:
x | 120 125 1.30 1.35 145 1%
fx) | 01823 02231 02624 03365 03716 04055
(c)  Use Aitken’s formula to estimate f(5) correct to 2 dp from the following data:
" s 4 7 9
fx) | 2 13 122 504
(8) Use Aitken’s method to evaluate log 3.63 from the following table:
) I = 3.60 370 3.80
logx | 12527632 128093 130833 133500
(6) Consider the functi R:):Hzlo;_a.f‘ late the values of the function
correct to 4 dp, for x = 0.2(0.2)1.0. Estimate the value of {(0.55) using Aitken’s
method,
1048) Consider the following table of values:
T 03 as e e
f) | 196 8075 BBI2 9385 976 9975
i)  Use Newton's forward difference interpolation formula to esti f(0.25)
using upto fourth-order differences.
i)  Find the maximum error.
@) Consider the following table:
it 4 6 8 1
fix) | .19951 39646 58813 72210 94608
i) Find the value of f{0.3) using Lagrange and Aitken's formula.
#) Use Newton's forward difference formula to estimate f{0.3) using upto
third-order differences. Find the maximum error,
1)

Consider the following part of a difference table:

x R (] & 8§ 8
6 1296
— 2800 —_— 1344
8 4096 e (-7 st ey
— 5904 o1 ey, Y
10 | 10000

Compute f(9) using Stirling’s formula for interpolation.
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®)

Given the following part of a difference table:

A% Sin x° ] & 5 5
25 | 0422618 - == 3216 — 43
—_— 77382 —_— 590
30 | 0.500000 —  —3806 g, 30

Estimate f{26.5) using Bessel's formula for interpolation,

Using table values of Q.5(d) above, do the following:

(a) Estimate the value of f{1.425) using Newton's backward difference formula
with fourth-order differences.

(b) Compute the maximum error.

Using tabular values of Q.5(e) above, do the following:

(8) Use Newton's backward difference formula to estimate £{1.90) with fourth-
order differences.

(b) Compute the maximum error if the tabular values are based on the function
f(x)y=¢",

(c) Compute the largest value of h that will give 7 dp accuracy in the value of x,
assuming the same order of interpolation as used in (a) above.




Chapter 4

Numerical Differentiation

4.1 INTRODUCTION

Numerical differentiation is useful in estimating the derivatives of a function
f(x) when either f(x) is very complicated and is difficult to differentiate easily, or, it is not
known as explicit expression in x, but the values of the function are given in a tabular
form. We use numerical differentiation only when there is no better alternative method
ilable to compute derivati Iytically or when the analytical salution is rather
complicated. G Ily, it is considered that numesical differentiation is basically an
unstable process which means that small values of h can lead to greatly magnified errors
in the final result, In fact, we may not always expect reasonable results even when the
original data arc known 1o be accurate. In actual practice this operation is avoided
altogether if possible because it tends 1o enhance the effects of rounding erors present in
the tabular values. This is particularly true when the f( x, ) values are themselves subject
to mare ermor, as they would probably be if determined experimentally. If derivative
values are computed in such cases, particularly when the results are to be used in
subsequent calculations, It is usually better to consider curve fitting, using least-squares
technique and differentiate the formula for the furve.

huduhnpur.wuhﬂldu*vnmrmmlufwmwlvmm,hm
of some Inherent sh i ical differentiation s useful to derive formiulas for

solving integrals, ordinary and partial differential equations. mmm
numerical differentiation often use known functions so that the numerical
can be compered with the exact answer,

42  DERIVATION OF DIFFERENTIATION FORMULAS

Formulas for numerical differentiation may easily be obtained by differentiating
Interpolation polynomials,

In order to derve a differentiation formuln, we differentiate & sultable
Interpolation farmula with respect 1o p.

We shall write, x = X, + ph. Differentiating this w.r..p., we get,

dx

—

dp
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e (LS (D)
dp h
Also, f,=1f{x) =f{x,+ ph) e (4.2)
Differentiating (4.2) w.r..x., we get,
df d
liifrs S Y
dx dnﬂx"”ﬁ} 3
d dx
= —_ —_ the .
dpﬂn,vph}dp (Note the step.)
1 d
=y
Rap Y
o 1ah
h dp
7 AN
Ih:odng?;-hff,‘ we get,
1 df
g R o (4.3
%R % @3

43  RELATIONSHIP BETWEEN OPERATORS E AND D

mmm.mmmmmmmn,mw
differential operator,

Df, = f'(x,) =1,
Taylor series may also be written in the following manner:
y 1 ]
T+ 1)= () +h )+ -;'-’r'(m %r'm !

PN
or, fy= l’,+hf, «-"—If, 1»“{,' S
Ffe [
=f +hDf, + ED f, + ;D L+

[ o
Br,-(l+hb+?!-D +ib * LM,
=",

or, simply, E= ¢* wer (44)
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44  DERIVATIVES USING NEWTON'S FORWARD DIFFERENCE

INTERPOLATION FORMULA
(n) ED 'y Approach (Using Interpolation F
First-order Derivative

Newton's forward difference formula (3.2) is written as follows:
f,= fﬂ+pM',+%{p"-p}Azf“Pél:p’-B'pld-?p}ﬁ’f‘,
+——;;(p‘ —6p® +11p* —6p)A*f, +---
Differentiating this formula with respect to p, we get,

daf, 1 1
—d-;-a Af, +;{29-l)n’f. +E[3 p* -6p+2)A'f,

+2l4{4p’ —18p® +22p—6)A%, + ...

. df
Since, f, -%Tl,mwlhemuivaﬂveufallm
P

o %{m, +%(2p-l]b’f, +%{3p’ ~6p+2)a'f,

+ﬁ(2p’—9p’+up-3)4'fa +} )

Higher-order Derivatives
The method can be extended to find the higher-order derivatives, Differentiating
(4.5) wrLp., we get,

rralif

" hdp

- al,{a‘f, +2 (-6, 460" -18p+ 11, +}

-;‘T[A’t.+[p-1)a’f,+l—;-(sp’-mm)o‘f.««-} o (46)
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.‘]Iniluly.f:--:;?-':
l,{a’r +—(1p ~3) b, 4 } %))
Theum, dure can be rep 1 to calculate the of any order.
Special Cases :
Formulas for derivatives when
@i p=0

fim %{u, --;—n‘r,-;%n’f, ——:—A‘f. +}
.

e 1 :n
o= P—{a‘f‘, - &'y +ﬁn‘f, } _
o

._ 1 3
f; -F{A’fn _?ﬂ‘_m}

@ p=3
fi = —;—{Af, --j’;a‘r. +-—;:A‘f. e }
= h—’,{a’r, -%n‘f. +%a‘r, 5 }

= hl,{.'f, =% =}

(b)  Derivatives Using Difference Operators
First-order Derivative
We can also derive the above formulas using difference operators.
Since, ¢'® = E = | + A, taking logarithm of both sides, we get,
. hD=log(l+4).




Expanding the right hand side, we get,
3 3 4
wnh—ﬁ—+£-5—+
2 3
1 -
orifgod-4)
1 Ao A
2 = A ——
or Df, { R }f, :
Since, Df,= f; , we can write the above as follows:
sy 1 1 1
;= ;{m, -En’f‘, +Ea‘r, -;A‘r, +} ... (4.8)
Higher-order Derivatives
f; = Df, xDf,
. 1 M N A
=-'-F{a——z—+—§--—+ }!‘, -
ALy, - wp, + Bate,+ (4.9,
= S-St + 8 ... (49)

f2 = Df, xDf, xDf,

1 3 ;
= h—,{n’f. --ia‘t, + } e (4.10)

The rest of the formulas in this chapter will be derived using the elementary
approach (i.e., using interpolation formulas)

It must be gnized that ical differentiation is subject to iderabl
m.!ﬂmﬁahhmﬂdﬂdmmhﬂwdemdamimd
differences (which are prone to loss of significance or llation errors, especially if h
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" involving other basis functions (for exampl ic functions). However, the best
Mqhmmuunwmmmymnmhuvmdﬁ!

Example 1 (a) Use the following table of values,
A il 0 A8 a0
fxy | 20286 24043 27637 31072 34350
to compute, {°(25),  "(.25) and f "'(.25).

(b) Write a comp program to impl the method for computing the
-« first two derivatives.

Solution (a) x,=.25, h=05, x, =00 .

e [":‘MJ o L25-.00
h

=05
- §
Difference Table n
x fix) A A A A
X, =00| 20286
3757 :
0.5 2.4043 - 163
3594 4
10| 27637 =159 -2
3435 2
15 3.1072 =157
3278
20| 34350 2

Substituting values of p and the required differences in (4.5), we get,
f(28)=1; = —}{.37!?1--;:{2:0.!-1]—--0163]1-%{33(.5’ ~6%.542)x.0004
+é(2xj’-9xﬁ'+nx.s-!]x-m}
.%{.mv-.om—m—m} =0.7514
Substituting values of p and the required differences in (4.6), we get,
£4(25)= 1} = _si,{-nms+¢s-|)a<‘m+%{mm-m.s+u]x~m}




= L {0163~ 0002 -.0001}
25
= ix{-.ﬂlu}--nm
25
Similarly, substituting values of p and the required differences in (4.7), we get,
(29 =17 = -;—,{,qm%(z:.s-:}x-.m}
1
I i = 0.0048
_m{wmu 0002)}

It is worthwhile to remember that the derivatives at non-tabular poifits can be
obtained by extrapolation.

NewForwDiff{( );

void input( );

void result( );

void get_1st_der{ );

void get_2nd_der( );
private:

int degree, values,actual_ degree;
float deltaf10],xp.p.x[10),fx[10).h;

WW )
clser( );
cout<<“\nWFROM NEWTON'S FORWARD DIFFERENCE FORMULA\n\n"™;
degree=values=xp=actual_degree=0;

-2
for(int i=0; i<10; i++)
deltafi=x[i

Differentiation 9
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void NewForwDiff: :input(

"

}

cout<<“How many values you want for x7"™;
cin>>values;

cout<<“Upto what power of Delta:u™;
cin>>degree;
degree=degree>4 [[degree<] 74 : degree;
cout<<*\n Value of Xp:u™;
cin>>xp;
forint i=0;il=values;i++)
{
cout<<"\nEnter X“<<i+l<<"M";
cin>>xlil;
cout<<"Enter F("<<i+l<<")\";
cin>>fx[il

void Ncwl’i_!l'wmﬁ::mnlc( ]

i

clser( );

cout<< nX\";

for(int i=0;il=values;i++)
cout<<"\"<<x[i];

cout<<endl;

cout<<"\nF(x)4";

for(i=0;i!=values;i++)
cout<< " <<fx[il;

coutsendl;

h=x[1]-x[0]:

forint j=Ortemp= ~1:j<values && (p<0 || p>1); temp=, j++)
p=(xp-xlilVh; %

coute<“\nValue of P is :\M"<<p<<™n™;

C+

|
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cout<<delta[actual_degree-1];

)

get_lst_der( ),

get_2nd_der( );
}

veid NewForwDiff::get_1st_der( );
{
float parray(j=( 1,2%p-1,3*p*p-6p+2.4*p*p+18°p*p+22°p-6),
div[}=(1,2,6,24},
ans=0;

for(int i=0;i<actual_degree;i++)
ans+=delta(i]*parrayi}/div[i];
coute< nin\nf ‘(“<<xpe<”) i <<ans/h;

void NewForwDiff::get_2nd_der( );
{
float parray(}={ 1.p-1.6*p*p-18*p+11}.
div[]={1.1.12},
ans=0;
for(int i=Li<actual_degree;i++)
ans+=delta(i]*parray(i-1)/div(i-1];

cout<<"nin\nf “(“<<xp<<"):\"<<ans/(h*h);
I
void main (void)
(
NewForwDiff obj;
obj.input{ );
obj.result( );
getch( );
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Computer Output
FROM NEWTON'S FORWARD DIFFERENCE FORMULA

Ibwmmuluuyunwmfwms
Upto what power of Delta:

Value of Xp: .25

Enter X1: 0
Enter F(1): 2.0286

Enter X2: 5
Enter F(2): 24043
Enter X3: 1
Enter F(3):  2.7637
Enter X4: 15
Enter F(4): 31072
Enter X5: 2

Enter F(5): 3.435

X o 035 1 -] 2
FX) +2.0286 24043 27637 3107 3.435
Value ofFis: 0.5
Delta Power 1: 0.3757 0.3594 0.3435 03278 0375

Delta Power 2: -0.0163 -0.015¢ -00157 0.0163
Delta Power 3: 0.0004 0.0002 0.0004

Delta Power 4: -0.0002 -0.0002

1°(0.25): 07512

17(0.25): - 0.066232
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45  DERIVATIVES USING NEWTON'S BACKWARD W‘I'B.ENCE
INTERPOLATION FORMULA

Differentiating Newton's backward difference formula (3.3) w.r.tp., we have,

First-order

= Mor, + Lap+1)vi, + LBp? 4 6p+2)9%,
b 2 6 ;
+L(2p* +9p% +11p+3)V'F,
E P +9p +1lp+3 o Heer s (411)

Second-order

18
" hdp

= %{V’f, +(p+1)v3f, +é{ap’ +18p+11)V*, +} e (412)

Similarly, other higher-order derivatives can be obtained.
Special Cases Formulas for derivatives when

®  p=0
@ 1 | 1.3 } By £13)
» .I v, +-i.v r,+5v it +Iv Ty +-o e (413)
i
i ;‘?{vm e +} e @18)
1
@ p=73
- %{v},w’r‘, 18 32V, + } e (419)

Vifg 4= a-‘r,+-:-‘—-v‘f,+ } 1o (4.16)

9 h‘{
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ple 2 (a) The di d at various distances x from one end of a
cantilever hgi\w in the following table:
x | o0 02 Ok DR DR - 1D

f(x) I 00000 00456 01278 03494 04027 0.4825
Evaluate f '(0.85) and f “(1.0) based on Newton's backward difference
interpolation formula,

(b) Write a p gram to impl the method for computing the
first two derivatives.

Solution (a) The difference table is as follows:

0]

X fix) v v v v

00| 0.0000
455

02| 0.0456 368
823 1025

0.4 0.1278 1393 - 4101
2216 -3076

06| 03494 - 1683 5024
533 1948
x,=08| 04027 265

798

1.0 | 04825

Xy =0.8; l,-l).ﬂs, h=02

X

n-[",‘ o) | fo85-08) .

0z

Substituting values of p and the required differences in (4.11), we get,

£/(85) = é{.ossa%(m:z +1)x(~01683)
+~;—bx:as‘ +6%.25+ 2)x(~.3076)
+%(zx.zs’ +9%.25% +11x.25 +3)x{—.4101]}

- -’;{aow-mm-uml—mm}
= -23950 '
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(ii) %=1 p=0.

Subﬂuﬁmmmdpmdmmmdiﬁuﬂulinu,lﬂ.wem

= #{u.mm. IM+%:0.R}‘ZS}

= —1~—X0.68!.9 = 17.0457
04 2

tb}f',‘._.Ne.G:"'mm_"‘
# include<iostream.h>
# include<conio.h>

class NewBackDiff

{
public:

NewBackDiff( )
void input( );
void result( );
void get_1st_der( )
void get_Ind_der( );

private:
int degree, values actual_ degree,
float nebial 10],xp,p.x[10).fx[¥0L.b:
K i

Wﬁ:ﬂew )
clser(); :
coute< \NMNEWTON'S BACKWARD DIFFERENCE FORMULAWn\n™;
ww
=-Z !
for(int i=0; i<10; i++)
: neblafij=x(i}=fx[i}<0.0;

void NewBackDiff::input( )

{
cout<<"How many values you want for X"
cin>>values;
cout<<“Upto what power of Dela:\t™;
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cin>>degres;
degreeddegree>d | degree<l 74 : degree;
cout<<"\n value of Xp:u";
cin>>xp;
for(int i=0;i!=values;i++)
{

cout<<"\nEnter X“<<i+lac™\t";
cin>>x{i];
cout<<"Enter F(“<<i+l<<"):u™;
cin>>fx[i];

void NewBackDiff::result( )

{

ciser( );

cout<< InXu";

for(int i=0;i!=values;i++)
cout<<"W"<<x[i];

cout<<endl;

cout<<"“\nF(x)u";

for(i=(hil=values;i++)
cout<<""<<fx[i];

cout<<endl;

h=x[1]-x[0];

for(int j=values-1,temp= ~1,j>=0&&(p<0 | p>1); temp=j,j--)
p=(xp-x[j]¥h;

m\l’aluenﬂ’il \("«y«'\n
 actual_degree<=degree&&j>1.actual
degrees+, j-) ‘

cout<<"\n\nNebla power “<<actual_degree<<™\t";
?‘-lﬂlll k=0ik<-1;k++)

Tx{k]=fx{k+1]-fa[k];
; coute<ta[k]e<u™;
uuﬂmd_ﬂeml}-ﬁ[hmpmd_depu].

M&Hx
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ge1_2nd_der();
1

void NewBackDiff::get_1st_der( );
{
float parray(]={ 1.2*p+1,3*p*p+6°p+ 2,2%p"p*p+9°p*p+1 1p+3),
div[}=(12.6,12},
ans=0;

for(int i=0;i<actual_degree;i++)
ans+=ncbla[i}*parray[i}/div(i];
cout<<"in\n\ninf ‘(“<<xp<<”)M"<<ans/h;

void NewBackDiff::get_2nd_der( );
float parray[]={1,p+1.6%p*p+18%p+11},
div[}={1,1,12},
ans={};

for(int i=1;i<actual_degree;i++)
ans+=nebla[i]*parray[i-1}/div[i-1];

cout<<"n\n\n\nf “(“<<xp<<") M <<ans/(h*h);
|

void main (void)

{
NewBackDiff obj;
obj.input( J;
obj.result( 1
getch( )i

Computer Output .
FROM NEWTON'S BACKWARD DIFFERENCE FORMULA

How many values you want for X7 6
Upto what power of Nebla: 4

Valveof Xp: .85
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Enter X1: a
EmerF(1: 0
Enter X2: 2
Enter F(2): 0455
Enter X3: A
Enter F(3): 1278
Enter X4: ]
Enter F(4): 3494
Enter X5: B
Enter F(5): 4027
Enter X6: 1

Enter F(6): 4825

X 0 02 0.4 0.6 0.8 1
FX) 0 0.0455 0.1278 0.3494 0.4027 0.4825

Valpe of Pis: 0.25

Nebla Power 1: 0.0455 0.0823 0.2216 0.0533 0.0798
Nebla Power 2: 0.0368 0.1393 -0.1683 0.0265

Nebla Power 3 0.1025 - 0.3076 '0.1948 :

Nebia h;wl.: -0.4101 0.5024

' (0.85): ~2.393843

£7(0.85): —27.383205

46  DERIVATIVES USING CENTRAL DIFFERENCE INTERPOLATION
FORMULAS

The formulas derived in Sections 4.4 and 4.5 are not very accurate. A relatively
mmymhMmemﬁhmmm
Consequently, the l diff is more if the derivatives of an
mmnhmdmwnu p
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46] Derivatives Using Stirling’s Interpolation Formula :
Considering Stirling's fermula (3.5(b)) in a ‘bit different form:

f= fn+p|.|6f,+—;—p’8’f, +-é—l(p’ —p)usf, +%|:p‘—p’:|5‘f° o

The derivatives are computed as follows:

polil
* hdp
=Hpu. +pof, +%{3p‘ —1)p8’r, +%{Zp’ ~p)a*t, +} (D)
£ = %{a*f. +pus, +¥‘5[ap‘ ~1)8*1, +} . (418)
Special Cases
Subﬂimin;ptl)in(l.l?]md(d,ﬂ]m&pe:tively,wegu.
o 1 1
% ,E{,.ar,-Epa’f,+§gn’f,—---} ...{4.:9}
predduy Len s lepc (420)
L] hl L] 12 L] m L] 1o
Example 3 mwmqmﬂmmmden_wm?ﬂmd
curve:
/

U SR [0 IO RS, N7 M . N "I
y | 0710 L5 Lsil 2666 3801 3801 3801

Calculate the radius of cur p using the fi g

ity
p--@:’(‘gL,nlhupdmx-mlﬁ.i £
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Solution: Difference Table

% ¥ 5 8 5 8 &°
00| o710
465
02| 1175 171
636 48
04| 1811 219 13
855 61 2
X, =06 2666 280 L
1135 76 2
08| 3801 356 17 Y
1491 93
10| 5202 449
1940 .
20| 72312

rp=06; h=02 x, =06

(% =) _ (06-08
b

p= Y =0
Substituting the required values in (4.19), we get,
Haaa (uassu.us]_l[o.nluume]+L[mm+ach
¢ 09 2 6 2 0 2

{5
~——{0.995 - 0.011
- o { +0.000})

= Lxllm =492
02
Substituting the required values in (4.20), we have

tn L{m-lxms}

0.2? 12

% E,lcu' X 027875 = 6.969
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i (l+(r,],I.$

fo

)

6.969

462 Derivatives Using Bessel’s Interpolation Formula
Bessel's interpolation formula:

f,=f, +pbf, +£‘:l’—'!11{ﬁ’f.1 +6’f,}+?(%lp—_—ﬂ5’ f;

22

Lt DBE-P=2ser 4507, )4 ...
24! 8o

The above formula can be written in the following simplified form:
=16 "‘Pafi "‘%{Pl _FHs,ro +51{I}+%&, _i'lf + ép}ﬁ’ r%

+;!s-(p‘-?.p‘—p'+2p)(ﬁ‘ £, +840,) + =
The derivatives are computed as follows:

af
Coted
h dp

5 -H sfi+%{zp-1}(a‘f,+s*r,)+%(3p'-3p+§]a' f

+%‘-{3?’ '31’3'1’*1]{" fo+8* fl)"’"'} D
fer %
.il"{';'(*'r. +8 o3 ap-1)8%, 452 lep" -op- 1)1, +l"-J*"'}

o (422)
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Example 4 Consider the following table of values:

] T R LA T T T N Y
f(x) | 00000 0.0096 0089 03456 09216 20000 3.8016 6.5856

Compute the values of fland 7 obtained from Bessel's formula with x = 0.63.
Solution: Difference Table

x f(x) & 5 & 5
00 00000
2SR d
02| 0009 — 04
= e B0 — 1056
04| 0089 s e — 34
— 12560 —— 1440
xo =06 03456 Pl G ] el
TN — 1824
08| 09216 — 5024 YT
, loa4 ey 208
10| 20000 ey ey A
— 18016 2592
12| 38016 7]
—_— 27840
14] 6383

x,=063; x, =060; h=02

P -kl;_"l. 0.630;0.60 = 0.15

A fy = f'(063)= é{o.smq.}{zxms ~1)(0.3200 + 0.5024)
+3ox0 s -3x01s+4)01824)
+ oy (2x0.18° ~3x0.15" + 2)(0.0384 + 0.0384)}
- %{asm-mm-o.am +1(o067s -02250)(0.1824)
+ o (00068 - 006750~ 0.15 + 2) (0.0768)}
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= 0—2{0.5750—0. 1439 - 0.00479 + 0.0062}

= Lx 0.4335 = 2.1676
02

1 % 1
0.3200 + 0.5024 ) + —-{2x0.15-1)0.1824
0.2x0.2 ( % ) 2 ( X }

1= 1(063) =
(%0157 - 6x0.15-1) (00384 + 0.0384))

%gxusm ~0.35x0.1824+ 2L (0.1350 - 09000 - 1)(0_0765)]

= E’:{o.al 12~ 0.0638 - 0.0057} = 7.2600

463 Derivatives Using Evereit's Interpolation Formula

Everet's formula is expressed as follows:

f,=qf, +%q[q' -1)8%1, +$q(q’ ~1)lg* ~4)8* £, +--
+pf, +%p{p’ —1)8%, +$p{p’ —l)[v' —4)84 £, 4o
Substituting (1 - p) for g in the above, we get,
f,=(1-p)fy +%(l-p){(l—r)"l}ﬁ‘fa *;;3{1-9]{{1~p}’ -1ff1-py -4Js*1,
: -
gt I ¢ o gt -

= (1-p)f, +%[—p’ +3p* ~2p)8%f, +-ll—w(-p’ +5p* —5p’ —5p* +6p)B* 1,

4ot pf, +~:-{p' —p}ﬁ’f, q-é’-(p’ -5p’ +4p]8‘ fy b

mmwun we can get the respective derivatives:
14 " i f
i)

--l-l; -fy +%(—3p’ +6p-2)8%1, +ﬁ("5&“ +20p ~15p* 'IDP“ﬁ)" fo

oo +f,_+-;—(3p' -I)G’}, +$(§p“ -15p* + 4)5‘ f, + } o (423)
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w ol ol
= 5 G!’

=;';{1(—6p+s)n‘r.+Lkmp‘+mp‘-wp-1o}a‘r.
¥ +—(6p]8 f, e zop’ Jop)ﬁ‘f 4o }

=h—',{(l -p)a’f, - é{zp’ ot -ty
+-“+pﬂ’fl+$(2p)-3p)5'f,+---} e (4.24)

464 Derivatives Using Gauss Interpolation Formula
Let us consider the Gauss forward and backward formulas one by one.

a) From Gauss Forward Difference Formula
f,= f, +pof, +~(p? ~p)8%f, + 1’ - p)s* ¢
¥ 3 2 6 i

+i(p' -2p’ —p* +2p)8*f, +---
24
Differentiating with respect to p, we can get the respective derivatives:

it

I f,

= |-

dp

%{ -r-{zp- 1)8%, +%_£s|.* --:).s'fi 4% (ap® - 6p - 2p+ 2)8%1, + }
1

“if

+5(ap=108%, + 3 1)t + 1 g 307 - )0t 0|

o (4.25)
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e {5 f,4pb f1+-—{bp ~6p—1)5* f, +

LI{G’I', +pb fl +—{69’ —6p—1)8* £, +-- } ... (4.26)

bl From Gauss Backward Difference Interpolation Formula

1 1
fo=fo+pof +E_{p= +p)B%r, +E[p’ ~p)s’ fy

+%{p‘ -2p'-p’ +2p]8‘fu # o

Differentiating with respect to p, we can get the respective derivatives:

d
b "
= _l l 1, i 2 _ 3 ‘1‘ 3 _ 3 _ 4 L
= ,,{“—k*;(”*m f°+sbp 1)a rJ:+u(4p 6p ~2p+2)8%F, + }
%{afJ ~(zp+|]s'f,+-(3p’—|]5 r 4—[1;. ~3p? —p+1)84f, +- }
. (4.27)
jod,
Gy apt
1 1 -
-F{ﬁ!f.ﬁ-]lﬁ’f_% +E£&p'-ap-i}5‘f.+---} .. (428)

Example 5§ Consider the following table of values obtained from the function,

fix)=

Tear
x| 044 046 o048 050 052 054 056
fx) | 083780 082535 081274 080000 076715 077423 076127
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a) Obtain the first two derivatives, f'(0.5) andf"(0.5), based on Stirling. Bessel,
Everett and Gauss forward and backward formulas.

b) Compute the values of the derivatives using analytical method. Compare the two
results and comment on your observation.

Solution: Difference Table

x fix) & & 5 &

044 | 083780
" 145

046 | 0.82535 — ]G
—* 1261 S

048 | 081274 o L g — -1
— 124 — 2

X, =050 | 080000 et g | pmel S |

R A ) PR

0s2| 078715 e LY o m T ';
—_— 1292 3

054 | 077423 e LRl
S e

056 | 076127

a) x,=05 x, =05 h=002
B ("! %) < 0s-0s) o
h 0.02

.

() Using relation (4.19) due to Stirling:

i %{%[ o1y +5r%J—$[ 1,48 ré]»}---}

& 1
= ﬁ{? (- u.mm—c.mm)—ﬁ(mm +o,oooo4]}

1
——{~0.012795 -
= om{ 2795 Fwooops}

= -0.64
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Substituting values in (4.20), we get:
P 1 el
f; {s fo-138 f,}
1 1
= (= 0.0001 1 - — % 0.00002
0.02x0.02 12
= ;{—'ameu-omomn}
0.0004

=L 000011167 = -02792
0004

i
(i) Using relations (4.21) and (4.22) due 1o Bessel with p =0, we get:

P 1 1
f,--ﬂ{&fi—:(ﬁar,+5‘{1)+E81f1+-(B'f,+8‘ £)+- }

s L{- 0.01285 - L (-0.00011-0.00007 + - 0 00004
0.02 3

“

1
+ 5 (000002~ 0.0nn |
- ﬁ{-ummm.mqs«.o,oooommmm}
= L x_o0ms0
002
= -0.64

» #{%[&'ﬁ +87, }.iilf; -%(ﬁ"t’. 18, )+ }

L

1
002x0.02

{% (~0.00011-0.00007) +~;-xmoou¢ -—;I«l.m-omn}

{~ 0.00009 - 0.00002 - 0.00000042}

%-0.00011042

= -0.27604.
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(iii) Using relations (4.23) and (4.24) due to Everett, with p = 0, we get:

i 3 1 1 1 1
;= K{—r, —ih’f, s B 1, +1, +Ea'f, +Eé‘ f,}

- L{—c.m—lxmu+%xuom+ o.vms-éx-omww

0.02 3
1
—x-0.00001p -
+ g5 x-00001}

- Ego'i{_ 0.80000 + 0.000037 + 0.000001 + 0.78715 + 0.000012 — 0.00000033}

- - G0l —Od
0.02

e 1
fg = "—:{S‘f, -Hﬂ‘fo +}
1

- —{—u.mn-lxo.mm}
0.02%0.02 12

5 {=0.00011 - 0.0000017}
0.0004

= -0.27925

(iv) Using relations (4.25) and (4.26) due to Gauss forward with p = 0, we get:

iy Lo hdpie Ly }
r - nr “_."——.sl .....af ase
. h{ AR e

= —'—{-au:m—%xuo.wou—éxo.mm+ lxum}

0.02 12

= ﬁ{- 0.01285 + 0.000055 - 0.0000067 + 0.0000017}

1
= G *=0,01280

= - 0.640
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ol 1
fy = I|-,—{s'r,, —Ea‘r., +}

= —_'—-{- 0.00011 - - % 0,00002
0.02x0.02 12

0.0004

- %=0.0001117
0004

= —L_{ 0.00011-0.0000017}

=-02792
(v) Using relations (4.27) and (4.28) due to Gauss Forward with p =0, we get:
1 1 1 1
£ = =Bl | =5, — =8 +— By 4
, h{ 472¥0% 1yt 8t }

= L{—u.mm», lx-u,mll-lxu.m+lxl].m}
002 2 6 E

1
= —1{-0.01274-00"" _. Lo = 0.0000017
0.02{ !

= L x—o01z97
002

= - 0.64

1 I
w-grfro-ge)

1 1
" TRon {-D.IIIIII- Exﬂ.m}

=—1_{-0.00011-0,0000017}
0.0004

! 00001117

==02792
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(b)  Analytical Solution
1
fx) = m—f:[l‘r ‘1)'4

fix) = -lx21[1+n’}_' =-2x [l+:']—1
-2x0.5 e |

b v e i

£ = —2(1+ 5 48 (14 x7)”

. =2 sxlos) i
i+22)}  l+os2
=2 2

= 1625 105313
= ~128+1024 = ~0256

The analytical solution for the first derivative is the same but the second
derivative is not correct. It may be due to the rounded numbers used in the data and hence
the second derivative failed to produce the reliable answer.

PROBLEMS

1. (a) (i) Hnwmfotmhs!urlludﬂivauvuofl' ion obtained from i lati

(i) mi;ummammwmmmm
ifthe interval is reduced?
(iii) 'When should numerical differentiation be used?

(iv) What are the sk ings of ical differentiation?

(b) Given the following table of values:

T i N U IR T S R
fix) | 997 1218 1488 1817 2220 2711

Calculate the following derivatives based on Newton's forward differepce
interpolation formula:

T3, T, 1°(2.4) and 1°(2.4).
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1)

®)

b)

5.(0)

Evaluate the first derivative of the function based on Newton's forward
difference formula using the following table of values at the point x,:

sk IS
x, | 084805
x., | 085717 -
x, | 086603
% 0.87462 J
x, | 088295

The above table is a part of a table of sin x at 1° intervals and x = 60°, Check by
analytical consideration the result. What is the error? Take 1° = 0.01745 radians.

Find the value of f '(0.15) based on the forward diff--ence interpolation formula
using the following data:
2] ol oz 0x 04 G5 08
fx)| 0425 0475 0400 0450 0525 0575
1If y=1(x) is a cubic polynomial given by:
3 ]2 e T L e D 8
y |2105 2808 3614 4604 5857 7451 9467 11985

Find y'(4.75) and y”(4.75) based on Newton's backward difference formula.
A funetion is represented by the following table:
PR [ A Al [ T T Rt o L
y | 0000 -0.112 0016 0336 0992 2000
Find, comrect to 3 dp, the values of y, ¥’ and y", when x = 1.45, based on
Stirling's formula for interpolation.
Obtain the first and second derivatives at x = 7 of the function tabulated below:
x5 6 7 8 9 10
| 196 394 686 109 1624 2306
Use derivatives computed from the Stirling's formula.

Evaluate f°(0.25) and f “(0.25) based on Bessel's interpolation formula from the
following tabular values:
% |- a0 0.1 02 0.3 0.4 05
flx) | 11445 10983 10575 10210 09881 09582
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(b) Using derivatives from Bessel's interpolation formula, calculate f ‘(0.8), f *(0.8),
{(0.85) and f *(0.85) from the following table:
x fi(x) 5 & & 5*
0.7 087342 653 15
7621 106
08 0.94963 759 19
8380 125
0.9 1.03343 884 25

6.{a) Starting from Everett's interpolation formula, derive the expressions for the first
two derivatives. Estimate from the following table, the values of ,, fy and £
when x = 1.45.
Xl 12 14 16 18 20
) | 66w 0112 0016  033%6 0992 2000

(b)  Given the following values of J(x), estimate using Everett's formula, the values
of J(x), J'(x) and J"(x) at x = 1.055:

Cully [ 9 1.0 11 1.2 13
J(x) | 368842 405950 440051 477092 498289 522023

(c) Consider the following table of values of f(x) = tan x:

X fx)
136 | 4.67344
L38 | 517744
140 | 5.79788
142" | 658112
144 7.60183

Use Everett's formula to compute f *(1.4). Compute also the exact value and the

error thus created.
7. Consider the following tables:
@ kil -4 1 2 )
e ) Ji=1 0 a} 7

Calculate f{1.5), { °(1.5) and f "(1.5), using Lagrange’s interpolation
formula. ¥

" S e 0.5 K0 VL
|m,4;|n.m 07071  1.0000. 12247
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9.0

Calculate f(.55), '(.55) and f “(.55), using Lagrange’s interpolation

formula. Find also the error in each case.
{¢) Let f(x)=2"sin x. Compute f'(1.05) and f “(1.05), using Lagrange’s

interpolation formula:

*elal T8 1.04 106 110
fix) | 16829 17733 18188 19103 4
Considering a uniform beam of | m long simply supported at both ends, the
bending moment is given by the following relation:
«_ M)
R

where y(x) is the deflection, M(x} is the bending moment and El is the flexural
rigidity.

Calcul.ulc the bendmg mom:m n: mh grid-point including the two end points,
the ds is among the following:

xinm) | 00 02 04 06 08 10
y(x) (inem) | 00 778 1068 837 3197 00

-

Assume, E1 = 1.2 10" N,
Estimate the values of the bending using the following formuk
i)  Forward difference for x, =0.25.
1)  Backward difference for x, =0.90.
ili)  Central difference (all formulas) for x,, =0.55.
Consider the following table of values:
o 0 R - e U, Ve S
f(x) | 27183 33201 40552 49530 60496
Using Stirling's formula, find £‘(1.4) and f “(1.4).

dmmmuhhﬂmﬂldlmmanﬁunﬂbylwnm
mes

] L A i | - e oD * SRR BT L
d [ 000 007 033 160 361 661 1062 1562

40 45 S0
2154 2809 35
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‘What was the acceleration of the car, when t = 0, 2.4 and 4.67 Waork as far as 4*
differences.

10. (a) The distance D = D(1) traveled by an object is given in the table below:

| Tl [ 9 10 11 12
D(t) | 17453 21460 25752  30.301 35.084
(i)  Find the velocity v(10) by Stirling’s formula.

i
(ii) Compare your answer with D(1)= =70+ 7t + 70e 0.
(b)  From the table below, calculate f'(0.4), f "(0.4) and £ “(0.4):

X fix) 5 8 & 8

03 | 0.17835 104 —18
1477 255

04 | 019312 159 =%
1836 232

05 | 021148 591 -30

Use derivatives based on Stirling’s formula,
1L Consider the following table of values:
o0 02 -Gk g5 0B LU0 42 14 M
fix). ‘ 1.000 1102 1207 1.330 1486 1689 1955 2301 2.727
(a) i) Estimate the first two derivatives based on Newton's forward difference
formula when x, =0.2.
il) Estimate the first two derivatives based on Newton's backward differen-e
formula when x, = 1.6,

(b) i) Estimate the first two derivatives based on each of the following forrulas
taking x = 0.6:
(i) Stirling, (ii) Bessel, (iii) Everett, and (iv) Gauss forward and beckward

if) Estimate the first two derivatives based on Newton's backward difference
formula when 1, = 1.6,
(¢) Consider the following table based on the function f(x) = v to 5 dp:

x | 300008 400 HF L300 0138 130
f(x) | 1.00000 102470 104881 1.07238 1.09545 1.11803 1.14018

1) Estimate the values of f (IW]wf'(lw)uMNm'lfmud
difference formula.

i)  Estimate the values of £°(1.30) and £*(l. 30) using Newton's backward
difference formula.
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Chapter 5

Numerical Integration

51 INTRODUCTION

Integration is the process of measuring the area under a function plotted on a
graph. Why would we want to do so7 Among the most common examples are finding the

velocity of a body from 1 and displ of a body from velocity
data. Throughout the engineering fields, there are (what sometimes seems like) countless
applications for integral calculus. i the evaluation of expressions involving

these integrals can become daunting, if not indeterminate. For this reason, a wide variety
of numerical methods have been developed to find the integral.

The purpose of this chapter is to develop the basic principles of numerical
integration, which are used to obtain approximate results for some definite integrals. We
restrict ourselves (o define integrals of the form:

1= [l Aot

where a and b are finite and f(x) is a continuous function of x for a < x < b, Some
examples of definite integrals are,

e

[ixex, frrax, B, [ o

1+sin’ x 1+x?

The fi grals are among the of ordinary differential
equations discussed in Chapter 6. The value of I is interpreted as an area bounded by the
curve y = f(x), the x-axis, and the two ordinates at x =2 and x=b; [ represents a
number which is interpreted as an area, The pumerical integration s often referred 1o as
quadrature (also mechanical quadrature) which simply means working out an area.

The use of numerical integration becomes necessary when either the function f(x)
cannot be integrated analytically or the analytical solution of the integral presents such
difficulties that it is faster to find a numerical solution or when the values of functions are
available only in  tabular form but no information is available about the function itself.

There are several methods available in the literature for numerical integration,
but the most commaonly used methods may be classified into the fallowing two groups:
(a) Newton-Cotes formuilas that employ functional values at equally-spaced data;,
points, and 3
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(b) The Gaussi d f that employ functional values at aqulﬂy

spaced data-points d ined by cénain properties of orthog

‘We shall mostly confine ourselves to the Newton-Cotes formulas. which can be

by Gk e OF the ierpalat 1

We now h the object of i ion: the goal is to approximate
the definite Im:gni of f{x) over the interval [a, b] by miual:r:g f{x) at a definite number
of sample points,

Since integration is the inverse of differentiation, we use the following relation
for evaluating integrals:

[ fodx = nfr1,ap L (52)
] o

Integration formulas are used to derive the predictor-corrector formulas for j
solving differential equations (see Chapter 6). i

52  DERIVATION OF INTEGRATION FORMULA BASED ON NEWTON'S
FORWARD DIFFERENCES

Integrating Newton's forward difference formula (3.2), we get:
» =h(° .'
[ ax= s, 0 |

= j:[f, +pAfy+ %{p’ —p)af, + %(p‘ ~3p* + )8,
l 4 3 2 &,
+;{p ~6p’ +11p* - 6p) A f,+v--]

) 1 4 1
e e i P
Llpt ot up' sl .
*24[5 i 3p? |a'f, + (53
Prom (5.3), we can derive several other well-known formulas, For example,
imposing the limits (0, 1), we get the formula due to Laplace:
] - 1
f toodn = 0 oex
)
R EAY
1 1

1 19
.n{f.+Eu,-ﬁa'r,-—:-‘-n'r.—ma'r +-.} o (84)
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53  THE NEWTON-COTES FORMULAS
‘The Newton-Cotes formulas can be derived from the relations (5.3) and (5.4).

The following fi las are worth studying
(a) Trapezoidal rule
(b) Simpson's %rd rule
(¢) Simpson’s -:—m rule
(d) Booles rule

{e) Weddle's rule.

The above formulas are simple and some of them are widely used in practice.
The use of a particular formula depends upon the nature of the problem to be tackled and
also to some extent upon the accuracy desired in the final answers. These rules basically
replace f(x) to approximate polynomials, which are then integrated analytically. If the
degree of a polynomial is too high, errors due to round-off and local irregularities can
cause problems. That is why it is only the lower-degree Newton-Cotes formulas that are
often used.

Let us describe the above mentioned formulas one by ane,

531 Trapezoidal Rule
Truncating (5.3) after the first-order differences, we get,

L= j:; f(x)dx = n[p(,#;u,l

For fitting a straight line, we use the limits (0, 1), in other words, the integration
is over one interval {or two ordinates or two terms):

fix)
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L= j‘:'. f(x)dx

o on ]
= h[{, +%M,]
= n[r,+%[f, -f,]]

h
= Etfe +1,] ... (5.5)

This is called the idal (or ium) rule. X, and X,, the
ﬁuwﬂx]happ:mmwduiﬂa@tﬂumﬂﬁ:mnndsﬂnmwlhg
fix) is considered to be the area under the straight line.

f n intervals are used, the formula (5.5) is ded as follows to calculate total
area between X =xand x = X_.

X

1= fr oo dx
» I;: f(x)d.uE: fx)dx 4 ...+ E:.. fi(x) dx

h h h
n;[f.-&!‘,] + E[f,ﬂ,] ¥ 3!,,, +f,]
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s %[f.,»fz(f, #E, 46, bt D) +1)

: %[(f°+f,)+ :Er.] - 56)

The above formula is the trapezoidal rule for n intervals. It is also called
multiple-segs ar posite trapezoidal rule. Note that all functional values except
the first and the last are multiplied by 2. The total area under the curve can, therefore, be
approximated by the sum of areas of n trapezia.

Trapezoidal rule is not so accurate, but it is simple and moreover can be used for
any number of intervals. Approximati to the integrals can be improved to some extent
making the step size h, smaller and smaller (in other words, by increasing the number of
intervals). One of the most difficult problems in quadrature is to decide how large n
should be taken 1o achieve the desired accuracy. It is sufficient 1o say at this point that the
ermor tends 1o be zero as n tends 1o infinity.

£32 Simpson's %rﬂmle
If we truncate the expression in (5.3) after the second-order differences and
impose limits (0, 2), we have,

K= J':: f(x) dx

2
Par + AR B g
h{pr,+25f,+3[3 zd’f‘,’

n{zf, + 241, + :-I‘a‘ r,]

h[zr, +2(f, - f,)i%{f, -2, +r.)]
g %[f.+4f, +1,] 5D
The above relation is called Simpson's %rdnhwﬁmply&lpu‘lnhln

wtwuemhM}mmumﬁmh\cmmmﬂ
expression for composite Simpson’s rule:

I, = E: fi(x) dx

& ]:: f(x) dx +]:; f(x)dx «,j:: (0 d8 + ...t E:.’f(x}dr.



130 fumerical Analysis with C++

- %If“ +4f, +r,i+%[f, 4, +f,]+-;[i“ YA ] 4

+ Bl 4t +1,]

| CRTALS (RYARE RY M0 VS (VRS BTN

-% {f,+f_}+4fr.+z Ef, .. (58)
=l =2
Imodd Ieven

It is obvious from (5.8) that with the exception of the first and the last functional
values, all odd functional values are iplied by 4 and all even functional values are
multiplied by 2. The formula is used only when n is even. Simpson's rule gives a more
accurate result than the trapezoidal rule and is easier to program and manipulate as well,

533 Combination of Trapezoidal and Simpson’s Rules

Since Simpson's %ldmleisumdudunniseun.hllf.inmmh
number of intervals n is odd, we can still find the solution.

For example, we have the following data:
% fix)
0 f
1 L
2 £
3 f,
4 £,
5 £
6 £,
7 f,
If we use the values against the points x = 0 to x = 6 (i.e. n = 6) in Simpson's
lnimk.mgunnmlmlm.

3
Iy= %[(f, HE )+ Al + 0, +0,) 4 2(6, +1,))
Ve add to this the result obtained using trapezoidal rule for x=610x = 7.
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b
I, = -__,-[r, +f,]

Result = I; + 1, which is the integral over the entire range.
Consequently, we can also select the first intervil (o infegrate by the Trapezoidal
rule and the inder by Simp 's%ldmle.}‘ , this criterion seems to work for

choosing the end for applying the Trapezoidai rule. There may be a little difference in the
tworesults we obtain but the former is slightly better.

534 Simpson's %Ibkuk

If we truncate the expression in (5.3) after the third-order differences and impose
the fimits (0, 3), we have,

Loom J‘:: fi(x) dx

.j:r,dp

1 1{p* 3 1{p* 4
- [an +EP’Na+E{%—p?}A'f, +3[f;——p’ +p‘]A’fn:L
Simplifying and rearmanging terms, we get,
3h
Iy = "i‘[ru 'I-JU, +h,)+ f,] . (5.9)

mulnallodmpn’c%&nh
Extending the formula (5.9) upto n intervals, we get,

Iy = %[’u +3(6, +6,)+ 26, +3(f, +1,)+ 20, +3(F, +1,)+...

+3(f, 41, )+1,] ... (5.10)

The above formula does not yield more accurate result than the simple Simpson's
rule. One useful application is the calculation of a tabulated function with an odd number

of panels by doing the first (or the last) three with the %mmhwﬂumwimﬂn«;»ﬂ
rule. There may be a little difference, although the former is slightly better,
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535 Boole’s Rule
1f we truncate the expression in (5.3) after fourth-order differences and impose
the limits (0, 4), we have,

I = [ o
= If
[
= %{1f,+32r,+12f,+m,+7f,} e (511)

This is called the Boole's rule.

536 Weddle's Rule
If we truncate the expression in (5.3) after sixth differences and impose the limits
(0, 6), we have,

I.,-j::f{x)ax
.j:r_dp
A e ST, +1, 46, +£, +56, +1,} 512
-ﬁ’ s+, g+l 450 +1, e (5:12)
This is called the Weddle’s rule,
In order to illustrate the above methods, we consider the following simple
example.
1 The ing wable rep the values of sine function:
o T R Y L e SO I |
f(x) [00000 00998 01987 02955 03894 04794 03646
cuquj:'md:man.

() Trapezoidal rule, (b) Simpson's A;-n!ruh. (c) Simpson's %I!I(*.‘
(d) Boole's rule, and (¢) Weddle's rule.

Solution A the number of functional values is seven, the number of intervals, n = 6,
und h=0.1,
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(a) Trapezoidal Rule
L= %[f, +2f, + 1,46, 40, +0,)+6,]

- %{o.owo +2(0.0998 + 01987 + 0.2055 + 0.3894 + 0.4794) + 0.5646}

L °—: 34902 = 0.1745

()  Simpson's %rﬂ Rule
I = 'g'[fﬂ +4{f, +1, +,)+ 2f, +£,)+1,]

E'—U{o.ocmu +4(0.0998 + 0.2955 + 0.4794) + 2(0.1987 +0.3894) + 0.5646}

-%-l-xjﬂ% = 01747

o T Emm
——{r,+3(f 1, )20, +3(f, 41, )+, }

- :x-{n.uooon(u.mw.mm)uxnzssh3(oss94+n4m)
+0.5646}

5 3x% X 46575 = 0.1747

(d)  Boole’s Rule
L% ﬂ{m, FE) 4320, 1, +£) +12(7; +£))

= z><—{7muwu+o.m +32(0.0998 + 0.2955 +0.4794)
+12(0.1987 + 0.3894)}

& E[:.nm+ 27,9904 +7.0572)

= 9‘-53 x38.9998 = 0.1733



134 Numerical Analysis with C++
(e Weddie's Rule

Iy = 3:%}[(0.0|m+ 0.5646) + 5(0.0998 + 0.4794) + (01987 + 0.3894)
+6%0.2055)

= %J"l[amequ 2.8960 + 0.5881+ 1.7730]

= 2‘_3,,( 5.8217 = 01747
10

ple2  Given the following integral:
2 eﬂl
o 1+x?

Use Simpson’s %Mmkmevﬂuunduinmgnlwilhn-!.
Solution n=8 a=0,b=2
b-a 2-0

B s e i (28
n g

Table of Values:
a2
5 i
1+x?
X=0 fy=1.0000

Xg=025 | f,=15500

%, =050 . | f,=21746
%,=075 | f, =28683
Xy= 100 f,=3.6945
x,=125 |f, =475
x,=150 [f,=61802
x,=L75 |'f, =128132
x,=200 |f,=109197
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Using Simpson’s %nﬂ Rule:

I, = %[(r, +6, ) alf, + 6, + 1+, ) 2{f, +5, +6,)]
0.25
= T[(o.om+m9m}+ 4(1.5500 + 2.8683 + 4.7542 +11.8132)
+2(2.1746 + 3.6945 + 6.02)]

= % [11.9197 + 53,9428 + 24.0086] = 9.9968
54  ESTIMATION OF ERRORS IN SOME NEWTON-COTES FORMULAS
In this section, we explain ways of analysing errors in the Trapezoidal and
Simpion rules:

LetFi = [f(x)dx s (303)

+h
Then 1= [° " f(x)dx
L 0
=F(x, +h)=F(x,) < (5.14)

541 Error in Trapezoidal Rule
From (5.5), we have,

I = 210415, +0)]
The error E; in the Trapezoidal rule can be defined by the following relation:
E;=1-1;
= [Flx, +h}-]{x.}]~%[f(x,)+f{:. +h)] (515
Expanding terms  F(x, +h)and f(xo +h)in (5.15) by Taylor series and
setting,
Fxy)= f(x,)
Fixg)= flx,), ete., we get,
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B = [Fen) o) o R o 2o )]

Attt e |
.= h[r[x,)-l-%f’(x,h%f'{x,}-ﬂ----}
-t B ete) -

-h?
= 'Ti“[‘("‘} } e (5.16)

The above error is the error in a single step and is galled the local error. When
using Trapezoidal rule over n intervals, the error is as follows:

o (517(a))

'“’ “’" £(z) . (5170

where a<Z<b, and h= 222 (" 8.

mm«mh:ﬂhﬂﬂnwm.'wuﬂihwemﬂm‘

In order (o obiain the upper bound, choose Z in (a, b) such that £(Z) is the
in magnitude; similarly lower bound can be obtained choosing Z in (a. b) such that
91;) is the smallest in magnitude. It follows from (5.17) that the emor in the

Trapezoidal rule is of the order h” and is conventionally written as “error ()" Its
significance lies in the fact that as h—0, the error falls quadratically with h.

542 nmrhsmgm"-%ﬂm
The error in Simpson’s rule is derived in the following manner:
Let 1= [ 1) dx
=F(a + 20) ~Fa) e (518)
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From (5.7), we have
I = %[f{a} +4f(a+h)+f(a+2h)]
The Error in Simpson’s rule can be defined by,
E,=1-1
E, = [F(a + 2h) - Fa)] - %[f{a]+4f(a+h)+l’(a +2h)] .. (5.19)
Expanding terms f(a + h), f(a + 2h) and F(a + 2h) in (5.19), we get,

2 3 “
E, = [Fa)+ 20F'@) +L2%F'(n) + %—P’m + %—F“”(a)
3 3
+@-’—F"’(.)+ —F(@) | - -'-l—[f(a}+4{ f(a) + hi{a)

+—-—f1a)+—?'{a}+—?“" (a) +-} + {f(a) + 2hf (a)

Ilh)

+-"in.)+ﬂ"—f't-)+ 1@+ ]

= [2hF'(n)+ (2h) F(a) + —r(m-—p“ (a) +—h’F"‘(l)+ 1
—-m —~—f(-] -—f {a) ——ﬁl) ——ﬂ—f Ta) ———f“" (@)

“‘"'i""‘T“"‘T“"“T“"'T"‘"’""

. (5200
Let Fa) = f(a)
F'(a) = fla)
F(a) = f1a), and so on.

Simplifying (5.20), we get,
3 3
E, = 2hf(a)+ m’ﬂm‘“‘Tf'{an%:nn +4:'—5f°“’(a)-2h}m

3 “ 3
~zh‘rm--‘1;—f‘ta)—"‘7fm—-‘}‘§-f”m

h!
--Ef”m--- . (5:21)
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The error in (5.21) is called the local error. If we integrate over n intervals, we
get the global error and is as follows,

_nhj {ivy

B o 1@ w0 (5:22(8))
—({b=ath* =

Ey= %f"’m ... (5:22(b))

where a<Z<h.

The error in Simpson’s im rule of the order of h*, ie., "O(h*)". This is
equivalent to saying that for h (small enough), the error is proportional to h*.
Example3  Evaluate j:’J:Td:. using

(a) Trapezoidal and Simpson's -::-drﬂu,uﬁngh-ozs in each case. Write

computer programs in each case also.

(b) Calculate exact value to 4 dp, Compare the results obtained in (a) above with
the exact value.

{e) Compute the error bounds in each case.
Solution Tabular Values:

x ) =x_
Lo 1.0000
125 1.1180
1.50 12247
LTS 1.3229
200 14142
(a) Trapezoidal Rule
Iy = Px dx
T f x

= 30 410420t 41, 41,)
= %[u.m+ 1.4142) + 2(1.1180 +1.2247 +1.3229)]

= 9’:’—&9.7‘5‘ = L2182
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® Simpson's %um

h
Iy = Slty +£0+4(f, +1,)+26,]
= %{(l.mm-r1.4luj+4{:.l1304-1.3229}+2xl.22¢1]

A %{2.4142 +9.7636+ 2.4494)

= %x 14.6272 = 12189

Computer Program No 7:  Trapezoidal Rule
# include<iostream.h>

#include<conio.h>

# include<math h>

float returnval;

float f{float x);
l
returnval = (;
returnval = sqrt (x);
cout<<"InMX: “cex<iutf(x) : "<< returnval™;
return returnval;
|

void main ()
i
float low, up, interval, sum=0, steplen;

clrser ()
cout<<"\nMENTER THE LOWER LIMIT : "; cin=>low;
cout<<"\nMENTER THE UPPER LIMIT : "; cin>>up;
cout<<"\nMENTER THE INTERVAL : *; cin>>interval;
steplen = (up — low / interval;
sum = f{low) + flup);

<< i THE

for(int i=1; i< interval; i++)
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{
sum +=2 * f{low + i*steplen);
cout<<"WSUM : "<<sum;
|
sum =(sum®steplen) / 2.0;

cout<<"\n\nWFINAL RESULT BY TRAPEZOIDAL RULEIS : °

Computer Output

ENTER THE LOWER LIMIT : 1
ENTER THE UPPER LIMIT : 2
ENTER THE INTERVAL : 4

X: 1 fix): 1
X:2 fix): 1.414214

THE STEPLENGTHIS : 0.25
THE SUM IS : 2414214

X:1.25 (x) : 1.118034 SUM : 4650282
X: 15 fix): 1.224745 SUM : 7.099771
X: 175 f(x): 1322876 SUM : 9.745522

FINAL RESULT BY TRAPEZOIDAL RULE IS : 1.21819

Computer Program No 8: Trapezoidal Rule

Note: This program takes given functional values as input to solve the problem.

# include<iostream.h>
# include<conio.h>

W:dh'lplﬁdll():
clrser( );
coute<" M\ Trapezoidal Rule Inputin\n™;
double *x, *fx, interval start,end;
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int n;

cout<<"Enter total number of elements : ";
cin>>n;

cout<<"Enter interval between the elements : ™;
cinz>interval; :
cout<<"Enter the first value of x : ";
cinv>start; ;

x = new double[n];

fx = new double{n};

for(int i=0; i<n; i++)

{
a[i] = start;
start = start + interval;
cout<< Enter fx “ecie<™ ™
cinz>fx[il;

|

cout<<"\n\n\n\MTable of Values \n\n";
coute<nX =5
for(i=0; i<n; i++)
1
coute<n"<x]i<< "
cout<<fafil;
1

float h = interval;
double result=0,sum=0,

ifin>1)

I
coute<nnnlt = W2 [(f0+f “<<n-l<<) + 2 (7
for(i=1;i<n-15i++)

|
cout<<""e<i;
if(i<n-2)
coute< "+

|

cout<<")J\n\n"™

result = fx[0] + fx[n-1];

for(i=1;i<n-1;i++)
sum = sum + fx[i];
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sum = sum*2;
result = result + sum;
result = h/2 * result;
cout<<nlt = “echec/2 ((“c<fx|0]c<"+"<<lx[n-1]<<") + 2 (™
for{i=1i<n-1i++)
{
cout<<fx[il;
if(i<n-2)
cout<<"4+";
)
cout<<")]";
cout<< “in\n\nResult is : <<result”
}
else

cout<<"\nn't\t¥ou must have more than one elements";

|
void main( )

L75 1.3229
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1 = W2 [(f0s44) + (1 + 2 + 13)]
1= 0252 [(1 + 1.4142) + 21,1180 + 1.2237 + 1,3229)]

Result is 1 1.2182

Program No. 9: Simpson’s % rd Rule
Note: The input functional values are generated using the given function.

# include<iostream h>
i include<conio h>
# include<math.h>

float returnval;

float fifloat x);
{
returnval = 0;
returmval = sqrt (x);
coute< \nX; “cex<AiMi(x) : "<< returnval”;
return returnval;

|
void main ( );

|
float low, up, interval, sum=0, steplen, multi=4;

clrser ()

cout<<"\WWMENTER THE LOWER LIMIT : | cinz=low;
cout<< \nMENTER THE UPPER LIMIT : "} cin>>up;
coute<"\n'MENTER THE INTERVAL : ™ cin>>interval;
steplen = (up - low / interval;

sum = f(low) + f(up);
cout<< \n\nM THE 15 : " >>steplen;
cout<<"\nTHE SUM IS : ", “<csume<™n™;
for(int i=1; i<interval; i++)
{

sum += multy * f{low + i*steplen);

multy =6 - multi;

cout<<"\tsum : "<<sum;

|
sum =(sum*steplen) / 3.0;
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cout<<"W\nFINAL RESULT BY SIMPSON'S RULE IS : "sum;

|

Computer Output
ENTER THE LOWER LIMIT : |
ENTER THE UPFER LIMIT : 2
ENTER THE INTERVAL : 4

X:1 fix): 1
X:2 fix): 1.414214

THE STEPLENGTH IS : 0.25
THESUMIS: 2414214

X: 1.25 fi(x) : 1.118034
X:15 f(x) : 1.224745
X: 175 fix) : 1.322876

FINAL RESULT BY SIMPSON'S RULEIS :

1

Program No. 9: M'I;lllm

SUM : 6.88635
SUM : 9.335839
SUM : 14.627342

1.21819

Note: The program takes the given functional values as input.

# include<iostream.h>
#include<conioh>

wldﬁmpount)'.

clmrt %
double *x, *fx, Iml.m.md
int n;

m«‘\:\mﬂnpm of Simpson Rule";

MWMWMM{MH be even):

cin>>n;

mmmmmmm "
cln>>intervi

al;
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cout<<"Enter the first value of x : ™}
cin>>start;

% = new double[n];

fx = new double[n];

for(int i=0; i<n; i++)

{
afi] = start;
start = start + interval;
cout<<"Enter fx “<<ic<™ "}
cin>>fx[i];

|

cout<<"\n\n\\tuTable of Valuesin\n
coute< nX X"
for(i=0; i<n; i++)
[ -
cout<<n“<ex|ile<™n";
cout<<fx[i];
1

double h = interval;
double result=0,sum=0;
ifin=1)
{
cout<<"\n\nls = h/3 [(f0+f “<<n-le<") + 4 (%}
for(i=1;i<n-1;i=i+2)
{
coute< ]
ifii<n-3)
)
coute<+";
}
coute<™) + 2( "}
for(i=2;l<=n-2;i=i+2)
{
coute< Mexl;

if(i<n-3)
cout<< "+
|

coute)]"
float sum l=0;

result = £x[0] + fx[n-1]; :
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for(i=1;i<n-1ii=i+2)
sum = sum + fx[i];
sum = sum*4;

for(i=2;i<=n-2;i=i+2)

suml = suml + fx[i];
suml = suml*Z;
result = result + sum + suml;
result = h/3 * result;

coute<"\nls = “<<he<"f3 [(“<<fx[0}c<"+" <cix[n-1]<<") + 4 (";

for(i=1;i<n-1;i=i+2}
{
cout<<fx[i];
if{i<n-3)
cout<s 4",

I
coute<") +2( "

for(i=2;i<=n-2;i=i+2)

{
cout<<fx[i];
if(i<n-3)
coute<"+";

|

cout<< “)]"™

cout<< “\n\n\nResult is : "e<result;

cout<<"\n\n\n\\\ You must have more than two elements™;

with C++
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cn-puw-oﬁpnl

Enter total number of elements : 5

Enter interval between the elements : 0.25
Enter first value of x : 1

Enter fx0: 1

Enter fx1 : 1.1180

Enter fx2 : 1.2247

Enter fx3 : 1.3229

Enter fxd : 1.4142

Table of Values
X fx

1 1

L35 1.1180
1.50 1.2247
1.75 1.3229
2 1.4142

L= W3 [(fO+f4) + 4 (1 + {3) + 2 12]
L= 0.25/3 [(1+ 1.4142) + 4(1.1180 + 1.3229 ) + 2 * 1.2247]

Result is : 1.2189

(b)  Exactvalue of the integral:
]:Jx_dx =1219%
This value is closerta the ane obtained from Simpson’s rule.
(e) (0 Error Using Trapezoidal Rule
_—o=an’
P 12 et

fix) = x*
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fix) = %11%

) = :‘—[x%
o 112)= S @)

aiskegd o
T (M= -02s

" min £12)= 'T‘uﬂ = — 00884

(2 1)

Minimum error is, E = x(.25)" x —0.0884

== —xt;zaa‘ x~0.0884 = 0.0005

‘22 Dy (25 x-025

Maximum error is, E_, =
- -éu(ﬁ}'x—ﬂlﬁ =0.0013

Hence, the error bound is : 0.0005 S E; <0.0013
mwmw-.%mm

1) = 2;“1

" (x) = %d
min £%(Z) = :I-:-"fm'; = —09375
max £™(Z) -;—;5{21“} = - 0.0829

- i 4
Minimum error is, E,,, = {bl—;hf’"m
5 -(2-1)x(.25)"

90

* - 0.0829 = 0.000004
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#(.25)" ¥ —0.9375 = 0.000041

3 =2-n
i , B =—
Maximum error is, E

Hence, the error bound is : 0.000004 < E, <0.000041

55  AUTOMATIC SUBDIVISION OF INTERVALS

The most difficult problem in ion lies in choosing the right
number of intervals. It may not be sensible to start solving the problem with & large
number of intervals and then hope for the best. It will not only result in inconvenience but
also in the wastage of computer time. In many cases, accuracy can be improved by the
sub-division of intervals rather than by using high-order Newton-Cotes formulas.

In this section, we shall show how to tackle this problem in & systematic and
efficient manner. Two methods conceming subdivision of intervals will be discussed
which are as follows:

s Repeated use of Trapezoidal rule
* Romberg's integration method

551 Repeated Use of Trapezoidal Rule
Suppose, we wish to evaluate the integral,

1= ["f(x)dx

Let I be an app to I, obtained by using T idal rule with n
intervals. One possible method to decide how large n should be so that 1, approximates
to the desired accuracy would be to evaluate I,, I, I, ... until the two successive
estimates agree close enough to the desired accuracy. This can be done by halving h and
comparing the two results 1, and 1,,. We can continue halving h, and calculating I, .
I+ Ligs - This will, in theory, converge to the true value I and the process is estimated
when two ive esti agree (o the required but this would be very
Iabourious.

The procedure is as follows (with h=b-a):

i Let T, = im.pm:;m I,= hT,,

i) Let T,z'l'l-r(q-i-%];ﬂlen I"%T"

B Tk TimTia [f[. +%)+f(a +%]]; then1,= 2 7,,
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v) Let Ty=T,4 [f(n +J;-J+f[n;s§]+f(l 1-%1]”(. +%‘-)] : then

Iy= %T..mﬂwm.

Because of the relatively large emvor of Trapezoidal rule, it can hardly be
considered as an efficient approach. If we look for an accuracy of 0.00000001, the
method goes as far as n = 2048, and it takes a lot of computer time to obtain the result.

Exampled  Wrie a to impl the Trapezoidal rule with

automatic interval halving. Use the f;lh;ing test data:

]’e'* dx; accuracy, E = 0.000001
1]

Computer Program No. 10: Repeated Use of Trapezoidal Rule

# include<iostream.h>
# include<conio.h>
# include<math.h>

double f{double x);
{
return (exp (-x/2.0));
1

void main { )
l
double i=0, i1, a, b, e, h, t;
int kn=1;
cout<<"\sMINTEGRATION USING REPEATED RULE™;
cout<<"\n\nM\ENTER THE LOWER LIMIT A : *;
cin>>a;
cout<<“\oMENTER THE UPPER LIMIT B : ™;
cin>>b;
cout<<"“wMENTER THE ACCURACY E: *;
cinz>e;

h=b - a;

t=(f{a) + f(b)V2.0;

il=t*h/m;

cout<<"\n\nUNO. OF INTERVALSUESTIMATE OF Na\n";
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while (fabs*il-i) > e}
{
cout<< " cen<s U "<<i 1 <<end];
n=n*1;
isil;
for(k=1;ken; K+=2

[
t=t+{a+k\Sh/n);
} ‘
il=t*hfn;
]
cout<< " <an<< WM <<il<<endl;
cout<<"\nt AFTER"<<n<<" INTERVALS VALUE OF INTEGRAL 1S "=<il;
etch ( );
|

Computer Output

INTEGRATION USING REPEATED RULE
ENTER THELOWER LIMIT A : 1

ENTER THE UPPER LIMIT B : 2

ENTER THE ACCURACY E : 0.000001

NO.OF INTERVALS ESTIMATION OF 1
1 0.487205

2 0.479786

4 0.477924

8 0.477485

16 0.477341

32 0477312

64 0.477305

128 0.477303

256 0.77303

AFTER 256 INTERVALS VALUE OF INTEGRAL IS : 0.77303
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552 Romberg Integration

Although the Trapezoidal mlc is me mmtl NmonCme: formula to apply, it

that

lacks the degree of y reqs ion is a method

has wide i because it imp the imati I’nrly rapidly. Romberg

w:nmllmnlydmw rwumwhwemeﬁumumwbemmmmdmknm

Thhuba:lm ledge of the function permits the evaluati quired for the initial
tions of the Trapezoidal rule.

Let f{x) be known either explicitly or as a tabulation of equispaced data:
X ’ Xy X Xy L1
f(x) | f f, &N

The first step in Romberg’s method is to define a series of sums: | P
Ly oo where

-—(f,+f )b = ”

Ik [1,, +f{.+%’)}
154 [lu +1h +h:)+ f(a %L]]

5 [I.,+r(u1!~)+f(u1|l-]+r(.+!L)+r[.+T]]
From these sums, various other values T,, T,;, Ty, .. - fire computed using the

following relations:
Ta= h* l'||

+ wheren= 1.

W
'i‘lu

Ta=

W
Ty = ':]11

.

T = %I,.. and so on.

Note: b is the difference between consecutive values of x, but h’ is the difference
between the upper and lower limits of the integral.
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Romerg's table is as follows:

Integration Sums Caleulation of A tions
[|1 TII
R
Ta
I; Ta ok . Ty
~—T / —

y / e /
18 T, /

With the values of T,,, T,,. ..., we compute the first-order Romberg integration
as follows:

1
Ty=T, +§[T:1 -Ty)
1
Ty =T, +3(T:;_Tu)
1
Ty =T, *‘B‘(Tu ~Ta)
We now compute the second-order Romberg integration:
1
Ty =Ty +~|—;('r,, -Ty)
Ty =Ty “%(Tu -Ty)
Calculation of third-order Romberg integration:
. 1
T =i, 1-35[1‘,.l =Ty ). etc.
Gmmllmhw_nul:uhuuﬁmmminﬂnubui:.
Txa = Tixu "’ truq +T, u] + (5:37)
mmmwmmmuwmmm

o e oar accurats smber, Traposoidel and Simpeon's rules are sometisses
d for probl mﬂﬂeﬁcwﬂm“mm
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Romberg method is one technique that is designed to obviate these shortcomings. It has
been reported in literature that the error in column k of the Romberg table diminishes by

MIWML as one progresses down its rows. The algorithm is clear, although

4L-I
the justification is quite hard.
Finally, onc might feel that of these i ion fc las can be
increased using higher-order formulas until sufficient is obtained. H
Lhuemlwowumwhyﬁmmnmghfm namely, that the function may not be

d by & pol ial, in which case the truncation error becomes
Iugg.w.ﬂmﬂn!nrmﬂumyhewhjmh:mvetwadmgm One
interesting experience about the usage of formulas with an even number of sirips is that
they not only givewuemfupnlmnﬂnlwmdwnbuu}sornrpclymmhof
degree n + 1. In view of this extra -eeumymem-uder formulas would normally be
used. However, the ption 1o this is the Trap | rule, which is valuable because of
its simplicity. The other point of significance is that the error depends on a derivative of
the function o be integraied.

T summurize there is clearly a major gain in efficiency in using methods which
are higher order than the Trapezoidal rule, such as Simpson's rulr: and especially
Romberg integration. All in all, Romb is a p 1 but guite simple
method, which we recommend nrgmen:uu F«Apvﬂu number of intervals, it is
much more accurate than the Trapezoidal rule, and quite a bit more accurate than
Simpson's rule, but does not need any more function evaluations.

Example § (1) Using Romberg integration method, 1| the integral:

26 dx

[ Len=s

X
{b) Write a computer program to impl the above procedure.

Solution (a)  Tabulated values are as follows:

ha!b 1 =02

8

Since, a=1, b=2.6 and n =8, the functional values are calculated as below:

el A0 K2 Ak aE R ab 23" 24 as
fix) | 1000 0833 0714 0625 0556 0500 0455 0417 0385

Caleulations of I,,, I,;, T, and I,,.

I = %(fl +,)

= éu.m +0.385) = 0.6925




i Tntegration 153

. (b=2a)
n

~1=16[since n=1]

T, =h'I, =16x06925 = 1.1080

4 =[:,, +f(.+%l)]

=1, +f,] =0.6925 + 0,556 = 1.2485

T =y, =28, 1 2aes = 09088
e

[;,,+r(. ) (n—]]

7 [[n + ffo]
= 1.2485 + 0.714 + 9.455 = 24175

h' 1.6
S —;1,, = -x24175 = 0.9670

¥ = [I,, +f(u s)+f[a+;s—]+f[n+ ) ”(HE.)]

= [y 41, + 1, +f, +1,]
=2.4175 + 0.833 + 0.625 + 0.500 + 0417 =4.7925

- '}a"""' L8 az95 = 09588

Calculnting other values in the table:
" |
Ty = Tll +3(rll -TII)
. o.m«;»mm-l.lm
=0.9988 - 0.0364 = 0.9624
1
Ty=T, "‘5(‘: =T)
- o.m\s%mm-n.m;
=0,9670 - 0.0106 = 0.9564
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1
Tu=T, +3(Tu -Ty)

= 09585 +~;-(o.9sss - 0.9670)
= [.9557
1
Ty=Ty "’E(Tn ~Ta)

= 0.9564 -I-‘[l-ft'o.ﬂsﬂﬁ ~0.9624)
=0.9564 - 0.0004 = 0.9560
1
Tu=T, "‘E{Tu ~Ty)

= 0.9557 +ILS (0.9557 - 0.9564) = 0.9557
1
Tu=Ty +E(T" _Ts}
= 0.9557 +é{0.9551 - 0.9560)

=0.9557 - 0.0000 = 0.9557
Displaying these values in tabular form, we have,

Interval | Trapezoidal Romberg Values
Sums First-Order Second-Order Third-Ord: -
1 1.1080 :
X 09624

3 0.9988 0.9560
0.9564 09557

4 09670 0.9557
0.9557

B 0.9585

We note that the final result, 0.9557, is accurate upto 4 dp.

It is often useful 1o have predeiermined a specific value for n and instead modify
the algorithm slightly to allow the procedure to continue until a value of n is found that
satisfied |T,, = T,.,,.,| <€, fora given tolerance &,
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Computer Program No. 11: Romberg Integration

# include<iostream, ho>
# include<conio.h>
# include<math.h>

foat fifloat x);

return (1/x);

void main ()

{
float a, b, h, 1[12][12]=(0}. i=0;
int j, k, p, no;
cout<<"\nMINTEGRATION USING ROMBERG METHOD",
cout<<"\n\sMENETER THE LOWER LIMIT A : ™
cin<< a;
cout<<"\"MENETER THE UPPER LIMIT B : ",
cine< b;
cout<<"\"MENETER N : ;
cin<< no;
h = (b-a);
HO[0] = (fe) + fb))/2; - il
1[01[1] = h * t[0][0); i
k=l; i=0;
while (k<no)
[

e

k=k*2;

1[i}(0] = t{i-1][0;

ﬂu} (p=lip<kip+=2)

Hi1(0] = tEi(0] + f(a+ p * bk);
itl}lll = bk * i)(0};
fﬂ'lﬁ-@-‘.lﬁ-milﬂ)
; for(k=0:k<i+2-jik+-+)
: UK)(] = thk+ 1](j=1+{(elke 1]0=1] ~tIKIG-1D) / (pow(4] -1) =1}
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cout<<"\n\nUTHE BEST ESTIMATE IS : =<[0](j-2]":
1

Computer Output

INTEGRATION USING ROMBERG'S METHOD
ENTER THE LOWER LIMIT A : 1

ENTER THE UPPER LIMIT B : 2.6

ENTERN: 8

THE BEST ESTIMATE 1S : 0.955517

PROBLEMS
L. {a) The values of a certain function f(x) are given in the following table:

ol K e Ll e A R
fix) | L L1649 2718° 4482 7389 1218 2009 3312 4560

By using Trapezoidal and Simpson's %rﬂ rules, compute the integral:
[} twrex.

(b)  Given the following table:
I T o R e R T T
fix) [0.9848 1 0.9848 0.9397 0.86600.7660 0.6428 0.5000 0.3420

Evaluste j:!tx)du using Trapezoidal and Simpson's %mm

() Use Trapezoidal and Simpson's rules to estimate the numbers of square feet of
land in given lots when x and y are measured in feet:
(i
x |0 10 20 30 4 50 e 70 $ 9% 100 LO 120
y |75 81 B4 76 67 68 6 72 68 56 42 4 0
(ii)
x| 0 100 200 300 400 500 600 700 800 O (000
yfizs 125 120 mH2 90 90 95 68 5 B 0O




Buncrical Integration 159
2(:) Evaluate the integral e’ comeet 10 3 dp, using (i) Trapezoidal rule and
(ii) Simpson's rule from the values given below:
| o 1 2 3 4
e"'- I 1 2.7185 - 41132 5.6522 7.3891

Using a suitable substitution to evaluate the integral, determine which of these
numerical answers is nearer to the exact value.
1}
() Compute I‘:’—_‘:—“—: by Simpson's %rd rule with n = 8. Evaluate the function
X
o

Iytically and on the in each case.

(&) Evaluate the integral r x"e™"dx using Simpson's %rd rule withn =8,
-

1
3 Evaluate jlinaing Trapezoidal and Simpson rules, Take n = 8. Compare
P

your results with the exact answer. Compute the error bounds in both cases.

4.(i The function f{x)is well-defined by the following table and is well-behaved in
the given domain:

x | 208 204 2.05 2.06 207 208 209
i{x) | 1013916 1026167 10.34737 1045643 10.56805 10.68331 10.80547

) The value given for f{2.07) is in error by 3 x 107", Find the correct valusand
dwwhylhmslnhelylobnml.

b) Compute the integral jl’(x}dx from the values given above in 4(i} using
Wlmsmm

b
(ii) Evaluate Id'd‘nl.da bySinpm'slrllmk.ul‘-aﬁ intervals.

(iii) Evaluate imnl‘k mmgﬂnTnpmidllmdS‘mms——ldmleA.Findﬂu

emsoluuunmdllnmunnmlved Take n = 6.

(iv) A pin moves along a straight guide so that its velocity v(cm/s) when it is a
distance x(cm) from the beginning of the guide at time t(s) is given in the table
below:

W) |0 05 10 15 20 25 30 35 40
viems) [0 400 794 LL6B 1497 1739 1825 1608 000
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hﬂytﬂ&iw‘l%lﬂml:lﬂﬂnﬂh pproxi total di lled by
the pin between t=0wt=4.
(v) (a) Evaluate the integral:

3 2
el
g l+x

Using Trapezoidal and Simpson's %rdrul.es.wilh n = 10. Round your answers

tod dp.
(b) Evaluate this integral mathematically and compare it with the results already
obtained. Which is  better solution? ¥
5.(a) Use Simpson's and Trapezoidal rules to eval the following integral 1o an
mumycfﬂ.l]ﬂl\i&hh-%.
dx
1=
'L 1+x*
Evalr the integral analytically and find the errors in both cases.
(b) Let 10™ be the largest error which can be tolerated when
| tog1+x)dx
(]
is evaluated by the methods in (a) above, Calculate the number of sub-divisions
required fo obtain this in using the Trapezaidal and Simpson’s rules.
(c) Let 5 x 107 be the largest error which can be folerated when
I‘ xetdx

is evaluated by Trapezoidal and Simpson's rules, Calculate the number of wb-
divisions required to obtain this accuracy in both methods.

: [Hint: ™ (x) = (x-4) ™)

‘(d) () Use Trapezoidal and Simpson's rules to estimate the integral:
[ n(x* +1)dx withn =3.
k .

Ramd.yuu'lﬂwm#ﬂ\.

(i) Compute the error bound in both cases.

(iii) Let 0.001 be the largest error which can be tolerated when the integal in (i)
above is evaluated. Calculate the number of subdivisions required to meet this
accuracy in using Trapezoidal and Simpson®s rules.
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(e}

6.(a)

®)

©

If the composite Trapezoidal rule is to be used to evaluate f' e dx withan
o

error of at most %xic" , how many points should be required?

The table below represents a function y = f{x):
A [ 2 3 4
y |1000 1027 1110 1255 1485

The distance of the centroid x from the axis Oy is given by the equation:
J:xydx
b

Find X to 3 dp using Simpson’s % rd rule to perform the necessary integration,

x=

The root mean square (RMS) value of a function y = fix) in the range x=a to
x =b is given by the expression:

RMS = I'E”:—a dx

Using Simpson’s irdnunwim?udimmuualmuumsmofm

function:
f(n]-(]+:}iinﬂ:r|n;¢ac]mx-3:
x |mu 1.25 130 175 200 225 230 275 300

¥ !2.8284 33750 39928 4.5804 5.1962 5.8590 6.5479 7.2818 8.0000

A solid of revolution is formed by rotating about the x-axis; the area between the
x-axis, the lines x = 0 and x = 1, and a curve through the points with the
following ordinates:

x | 000 o025 o050 075 100

y | 28284 09826 0958 09089 08415

Estimate the volume, V == [* y* dx uﬂusiw-m‘p;-mmem;imnu
L]

answer to 3 dp.

161



162 Mumerical Analysis with C4+
(d) The arc length of the curve y = f{x) over the interval a < x < b is given by the
following formula:

Length = r-.lu[f'(x)]’ dx
Flrmlthemlmgr.hfwl{x)-c.lx[SO-s).!uDstw.usingTr:pemed
Simpson rules withn = 12.

(&) The length of the curve given by y = f{x), a <x <bis

1= r-‘fl-r[f'(x]]’ dx
Calculate the length of the parabalic are: y* =4x2<x <4
using Simpson's %nl rule. withn = 8.

() The solid of revolution obtained by rotating the region under the curve y = f(x), *
a< x< b, about the x-axis has surface area given by,

Arca = an rnx)J1+[f’(;)}’ dx
Find the area of the function f(x) = x*, 0.€ x < 1, using Trapezoidal and
. Simpson rules. Take n = 10.

7.(a) Given the following function tabulated at evenly-spaced intervals:

®)

8. (a)

x 0 el 2 3 4 5 6
f(x) 0 0.5687 0.7909 0.5743 0.1350 -0.1852 -0.1802

T 8 9
0.0811 02917 0.3031

Evaluate [ f(x)dx using some suitable methods.

Given the following d&fa at equally-spaced intervals:
x| 0 01 02 03 04 05 06 07 08 09 10 LI
y |9 8 & 35 @ 35 » 4 5B 51 ¥

The data are feli to be relatively error-free. Evaluate the integral as sccuntely as
possible.

Bvaluste [!e"dx 106 dp, using Romberg's method. Take n =S.
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®)

=)

9.ia)

®)

Evaluate L'{l +x*J" dx 106 dp, using Romberg's method. Take n = 8.

Calculate Eﬂx} dox , for the following table using Romberg's method:
% 0.0 0.1 02 3 0.4 0.5
fix) |1.000000 0990050 0.960789 0913831 0852144 0.778801

0.6 0.7 0.8
0.697676 0.612626 0.527292

Calculate [* j‘é using Romberg’s method. Taking n = 8.
X

15
Calculate je"’ dx , for the fallowing table using Romberg’s method:
1

e Y 1.125 1.250 1375 15
fx) | 03678794 02520629 02096113 0.1509774  0.1053992
Solve the following integrals using Romberg's integration method correct to
4 dp:
1 i
9 | dx; Taken=8
i x
1
B B i Taivn g
P vet +x-1

3

e Iu“dx: Taken=8
°

9 .je"'d:;mm-a
°

e) F Inxcosxdx; Taken=8

grals, correct to 6 dp, using Romberg's integration
mmmmﬂhﬂﬂrmm ‘What can you say about

this comparison?

a) Emd&: Taken=8
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b) Esinxdl; Taken=8§

) _C[u’ +2x* ~1)dxin=8

12 Eval the following i Is, correct to 8 dp, using Romberg’s integration
method.
a) mz":dl:wilhnmt,
1+x

B [ V457 dx; withn=s.
o [ Va=x¥ ax: withn=a,

A | -
d) L‘,_'_n.ldx:wlhnwal.

€) r xcos3xdx; Taken=6.
13.{a) Find approximation of

I e dx

using the Trapezoidal rule with (i) one (ii) two and (iii) four panels of equal

(b) Find approximation of
I x*dx
using (i) the Trapezoidal rule,

(ii) Simpson’s rule
in each case with two, four and cight panels of equal width. By using the exact
result, calculate and compare each of the errors and check with theoretical order
of convergence as h — 0.
(e} (i) It is required to use the Trapezium rule to comp

L]
flin' xdx
to 4 dp accuracy. Use the error bound formula to recommend a panel size 4,

(ii) Find the Trapezium rule to integrate with h = 7/4 and compare with the exact
value. Does this result contradict your part (i) result.




Chapter 6

Ordinary Differential Equations

61  INTRODUCTION
A differential equation is an equation involving functions and their derivatives.
Thus, an equation of the form,

, _ dy
= —= = f(x, veos. 00
Bl 6.1)
subject to an initial condition that y = y, at x = X, is called a differential equation.
Here, y.is called the depend riable and x is the inds ] iable. A
of a differential equation is a relati p b the dependent and indep

variables that satisfies the original differential equation. For example, y = 3%+ x is the
solutionof y* =6x + 1.

swcemulphyﬁalhmd’hdm i y, ecology,
eltc., are expressed in terms of differential equations, ugneedmmlvesuchm
occurs quite often. The predator-prey problem has become a classic example of
differential equations. In this chapter, we shall describe several methods to solve
differential equations.

6.1.1 Classification of Differential Equations
If there is only one independent variable x, the equation is called an ordinary
differential equation (abbreviated as ODE). The equation,
y' =3x%+ sin x; subject 10 y(0) = 2 is an ODE.

If more than one independent variable exists, the derivatives must be partial and
the equation is called the partial differential equation (abbreviated as FDE). The

By by

Tt B
is a PDE with two independent variables x and t and with dependent variable y. This
book deals only with solutions of ODEs.
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6.12 Categories of ODEs
(a) Due to Order

The ODEs can be categorised according to their order. The order of an ODE is
defined as an integer equal to the maximum number of times the dependent variable is

differentiated. Thus, ¥* =x +y* is of order 1, since the highest derivative that appears is
ofﬁmmdu.whcmsx{y')’+y +x =0, is of order 2, despite the power 3 on the second

deri 1ves for the time being to the case in which there is only one
dupend:nlvlrmhl:y.ﬂlenmgmnﬂuﬂmrduﬂDEunbewnmn
Fiayy . ¥, . ..¥")=0 v (6.2)
The nth-order differential eq (6.2) can be replaced by an equivalent system

of n first-order equations as below:

Yimys oy, yomyti eyt

We will first focus our discussion on the solution of first-order differential
equations.

(b)  Linear and Non-linear ODEs

The equation (6.2) is said to be linear, if F is a lincar function of the variables y,
Y. -w ¥™, in a linear ODE—terms such as x*, x*, y, etc., may be present. If it
contains terms such as yy*, ¥ ¥", et., the ODE is called non-linear. The following

Yy =2y-1x

Y =2y 4 e

()  Boundary Conditions

We may also classify the problems in differential equations, according to the
nature of boundary conditions. If all the required values are given simply at one point, the
mmmmhwummmpm-(mmumm
or marching problem as the solution is advanced in steps).

An_initial value problem consists of two pans, the differential equation
¥'(x) = f{x, y), which gives the relationship between y(x) and ¥'(x) and the initial

condition (X, )= ¥,.

lflhemdiuommﬁvcummornmdmmpd mepohhmuhm
as a boundary value (or Jury) p initial-value
pmbknnmmlyomhndhyusingdmmdmmummudmdm
value problems are, in general, determined iteratively.
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A typical boundary-value problem might be of the form,

d:
e +:—:+cr=hm;

¥(0) =y, ¥(L) =y,

This problem could describe the steady state temperature distribution in a one-
dimensional heat transfer problem with temperatures ¥, atx =0and y, at x = L. These
are called the boundary conditions whether or not the points x = 0 and x = L represent
actual typical boundaries. The problem is a boundary value problem if conditions are
specified at two or more different values of the independent variable, thus, .

d'y

x*

d d?
e (81 ) e

+ay =f(x);

dx?

is @ boundary-value problem. In this book, we will discuss only the initial-value

problems. This does not imply that initial-value problems are more important & more
frequently encountered in practice than boundary value problems.

Different methods need to be used to solve boundary-value problems, for

le, the shooting method, multiple shooting or global methods like finite differences

or collocation.

METHODS TO SOLVE ODEs

There are a variety of methods to solve ODEs, for instance,
a)  Analytical methods
b)  Graphical methods
¢)  Numerical methods

If a problem can be solved analytically, it is usually considered to be the most
accurate solution. Most of the ODEs encountered in practice either cannot be solved by
analytical methods or they have too labori ions, b of large
number of integrals involved. Therefore, we look for some other methods to obtain

L ofihe

e

The graphical methods may give very useful insight into the nature of the
solutions of ODEs, but they suffer from several serious disadvantages, a few of them are
as follows: d

i) A y is limited by the draugh 's gt
ii)  The judgment is subjective;
iify  The error is difficult to compute.
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In the ab: of any el Y hods, we attempt to solve ODEs
numerically. %
63  NUMERICAL METHOD TO SOLVE ODEs

By a numerical method for solving the initial value problem (6.1} is meant a
for finding approxi values, Yo, ¥,, ¥3. o ¥, of the exact y(x) at the

points:

- ek e SEIEE,

The first step is to estimate y, , from the initial conditions, and yj = f(x,,y,)
from (6.1). After finding y,, we determine y, and so on. In general, methods that
require only a § ledge of y, o d inc v, are called starting (or single-step)
methods. On the other hand, we make use of «  at more than one previous points, say,
Yar¥auis Yaogr o to determine y_ . ; such v hods are called continuing (or multi-
step) methods.

The success in using an appropriate numerical-method depends primarily on the
skill and insight of the practitioner. One should be very careful in using numerical
mmﬂwymhuiuhemuﬂfﬁaumuhh:km.hwﬁmplmm
is the question of convergence, i.e., as the difference h between the successive poinis,
Xge Xy X34 oo X, approaches zero, do the values of the numerical solutions, ¥,, y,.
- ¥+ Approach the exact solution of the differential equation?

This is generally not a practical concem, since all standard numerical techniques
are convergent, when applied to virally any differential equation, This does not mean
that in practice, the numerical solution will always approach the exact solution o the
differential equation as h—0, since round-off eror will inevitably be present in any real
computation.

There is also a serious question of estimating error, which arises generally from
the following causes:
i)  The fi used in ical methods are only approximate
which introduce truncation error (also called discretization error).
i) It is possible to carry only a limited number of digits in any computation,
error.

which gives rise to rounding
i) Any error that an i scheme introduces at an early step will be
carried along in the computation process till later steps. It is due 1o the
propagation error. -
Type of Numerical Methods

Since the numerical solution of ODEs is of considerable importance to many
ma:mmmummmmmmm.m
thods have been developed for the solution of such i
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Numerical methods, generally, fall into the following three classes:

n) A class of methods which prods i fmy.hmnsoffwu:ums
ofn.fmmwhmhvdmofy.unbe Jbtai d by direct i Under
this, the following methods will be described
* Picard's method
# Taylor series method

b) Another class of methods finds the numerical values of the change in y, due
o @ given increment in x. Under this, the following methods will be
described:

« Euler’s method and its variations
» Runge-Kutta methods 4

¢} Predictor-Corrector Methods H
They make use of two formulas; one is called a predictor, which first
predicts a value for y,,,; and then the second is called a corrector to
improve upon ¥, . Under this, the following methods will be discussed:

*  Milne-Simpson method
*  Adams-Bashforth method
*  Adams-Moulton method
Let us begin our discussion of the above methods one by one.

64  PICARD'S METHOD
‘The ODE (6.1) can be rewritten as:

L y.ﬂ-ﬁ'ﬂx.y)dn .. (6.3)
A solution is obtained in the form of a power series in x to represent y, over a

givea range of values of x. Thus, the numerical values of y can be generated by direct
substitution of the desired values of x.

Rtlﬁ:ﬁntwwﬁmﬁnn.wuhﬂkmﬂnhﬂhlvﬂmdyhﬂny)m
mitbyy = ¥, Then, we have,

¥V =yt l:: fix, y™) dx

I we replace the value of y® by y* in the above relation, we get .the second
approximation,

¥P =y, ﬁ:" fix,y™) dx
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For the third approximation, we have,

Y¥ = yor o fx, y®) dx
0

In general, y™ = y, +E fi(x, y™ ™y dx ... (6.4)

The process is continued till | y*™ - y™| is less than or equal to the pre-assigned
or till the required number of imations is reached. To get a reasonable

accuracy, it is advisable to use more than four approximations. This method is sometimes
also called the successive approximation method.

Picard’s method is of considerable theoretical imerest for solving ODEs. It is also
helpful sometimes (o generate sunins values, whu:h are required in the use of predicator-

hods. It is iployed only when f(x, y) can be integrated, but

breaks down when further integration becomes difficult 1o perform. We thus look for
some other methods, Moreover, Picard's method does not have much practical value for
computer solution.

The following example illustrates the practical details of Picard's method.

Example 1 (2) Use Picard's method to solve y* = x + y°, subject to the initial
condition

¥=Yoat Xp=0.

(b) Tabulate the values of y cormesponding 1o x = 0(0.1)0.5 correct to 5 dp.
() Determine roughly over what range this solution will hold to 5 dp if
terminated at x*.
Solution (a)  Picard’s Method

Initial Approximation
y" = ¥o=0.
First Approximation
y¥ = yot I;‘ flx, ™) dx

=04 i sy )an
nIJ+J:|[x+0]dx "iz:

L5
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Second Approximation
@ f(x, y") dx
y yw]:n x,y™)

X
=0+ J:,[X‘l-—i—]dk
Second Approximation
ll}- 3 m dx
y n+j:° f(x, y™)
‘l l’ £
-f.'l+r:“1 x+[—z—+E) dx

l 7 0
=0+ J: x+‘—+-x—+-§-— dx
o 4 20 400

2 ] & "
L +.§_ AR ... (6.5)

+ i
2 20 160 4400

gl

3
R
2

(b)  Determination of Values for y
We rewrite the expression (6.5) in the nested polynomial form, which is faster

and more efficient computationally:
%2 a? el ) O, 4
y= T[HF[HT[E‘* —;;D] ... (6.6)

Substituting the values of x = 0{0.1)0.5 in (6.6), we get,
0] M JRERY Sy - R e B
y | 00000 00050 002002 004512 0.08052 0.12659

()  Truncating (6.5) at x* gives rise to the following ermor:

n
K—Sixlﬂ"'
4400 2
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i s%xm“x«oo
RN
xS EX]D X4400 | =071

So, the range of values forx: 0Sx<0.71.
65  TAYLOR SERIES METHOD

The Taylor series method is of great general applicability and it is the standard 1o
which we compare the accuracy of various other numerical methods for solving an initial
value problem. It can be devised to have any specified degree of accuracy.

We attempt to develop the relation between y and x, by finding the coefficients
of the Taylor series in which we expand y about the point x = x,:

R e )

where Yo, ¥g. . Yo' are derivatives, and can be calculated from (6.1)
y'=fix,y) ... (6.8)
¥o=1(%5.¥s)
Differentiating (6.8) pantially gives

s =i 5 ;
= =2 f(x, y)+ —f(x,y) -
g (‘T)*ay (xy) -y

= ?E.[(x,yﬁ%f(& v) - flx.y)
=f,(x.y)
Yo = fi(xq. ¥o)
Similarly, =

-

. S g
‘g g fl(“d’)*'sy f:{‘d’) b

- &f.{wb%ﬂ (xy) - £(x.y)

=fi(xy)
ye = fx[‘o' Yl)
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Substituting the expressions for ¥, ¥5. ¥g. . and x — X,=h in (6.7), we
rewrite the series as:

h? h* h*
y= Yo +hflx,, )'n)*’?fl (xa: )’o)""l_!f:{lu- h}"’"""ﬁrn (%01 ¥o) - (69)

An upper bound for the approximate error in the Taylor series is given by:
E= h
n+1)!
_The Taylor series method (like Picard's method) can be easily applied to a higher
arder equation. For example, if we are given: y"= 2% + y' 1 yi0)= 1, y'(0) = -2
We can find the derivative-terms in the Taylor series as follows:
* y(0)and y'(0)are given by initial conditions.

y"'l:Z] where x,SZ<X,.

¢ y"(0) comes from substitution into the differential equation from y(0) and

y'(0).

L | (ﬂ]andht;lluduiuﬂmmfmlﬂbydlﬁuenhmnglheaqummfu
the previous order of derivatives and sub P ly i
values,

Taylor series method can be very effective, but its main disadvantages lie in the

calculation of higher-order es, which are s mddlfﬁcultm

wnmmmw\uul!hum ible to

further. mrw;::::w»mmudmmmmdymumh
the predictor-corrector methods. This method is not very :
However, .it is normal 1o use a series only to find a few values of x, near l, and then to

continue the solution by one of the step-by-step methods given later,

Example 2 (a) Find an exp for y including first six derivatives in the series, given
that y" = 0.1(x” + y*), subject to the initial condition y(0) = 1.

@}Mnﬁmmnﬂlymwhﬂmpmkmmwlhumwddplr
terminated at x*.

{c) Terminate the series at x* and then evaluate the series for x = 0(0.2)1.0.
Solution (s) Given y* =0.1(x” + y)l; y,=1, X, =0
Yo =Ry +y, ) =010+ 1)=0.1
Differentiating the given ODE with respect to x, we have,
¥y =01(3x* +2yy)
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¥ = fi(xa:%0)
=0.1(3%] +2¥, ¥5)
=013x0+2x1x01)=002
¥y =01(6x +2yy" + 2y V)
Yo =0.M6x, +2y, Y5 +2(¥5)")
=0.0(6x0+2x 1 %0.02+2(0.1)")
=0.1(0 + 0.04 + 0.2) = 0.006
Similarly, I
yg" = 06024
¥ =0.12120
you = 0.08472
Also, h=x-%,=x
Subninlﬁn;mpa:ﬂvevﬁulinunhyluseriu(ﬁgl.wﬁ
s s e h*
¥ =)"n"‘h7e"‘_3'n*"_3’:"‘_}' IJDM +EY¢

002 ; 006 , .6024 o 212 4 B4T2 ¢
10401% +=—=x" =X = e k" ek
3 2 6 7 Tl U R -

=1.0+0.1x+0.01x* +0,001x” +0.0251x* +0.00101 x* +0.00012 %"
o (6,10)
(b) If the series (6.10) is terminated at x*, x must be small enough, 5o that

owlza'szlxln*

1
x*s ?xln"x

1
% 5 (0.41667)° =0.86
Thus, the fifth degree polynomial represented by the first six terms of (6.10)
gives y correct to 4 dp over the range: 05 x <0.86.
(¢)  To tabulate y when x = 0(0.2)1.0, we use the truncated series in the nested
polynomial form:
y=140.0x%+0.01x% +0.001x* +0.0251x*
=14+x(0.1+x(0.01+x(0.001 +0.0251 x)))
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Thus, the values of y are calculated below:

x | oo 0.2 0.4 06 08 L0
y | 10000 10204 10423 4.0671 L0972 L1361

6.6 EULER'S METHOD AND ITS VARIATIONS

There are many ways to derive Euler’s method, but the simplest is by using
Taylor series. If we truncate the expression (6.9) after the first derivative term, we get

You =¥, *hy,
=y, +hf(x,, ¥y, ) where h=x— X,. e (6.11)
This is called Euler's method. It works iteratively and does not require the
computation of higher-order derivatives.

The maximum truncation error per step in Euler's method is given by the
following relation:

E-%y'tz]; XoSZExy+h for someZ, o (6.12)

This shows that the local truncation error in Euler's method is O(h%), ie.,
proportional 1o the square of the step-size. This implies that halving the step-size will
reduce the truncation at each step by a factor of 4, Global error at any point in the
computation is the difference between the computed value of the solution and the exact
solution. Thus, the global error for the total lation of error from the start
of the computational process. i

Euler's method is so inaccurate that it is virtwally rarely used in practice.
However, because of its simplicity, it is convenient o use it as an introduction to
numerical techniques for solving ODEs.

To reduce the inherent error in the simple Euler's method, two variations are

The first variation,
You = ¥ +u[n.+-2"—. ya #3100 r.)] - (613)

is called the modified Euler's method.
The second variation,

Your = Yot %[f(l.-h)*f[*. +h ¥, l"M'(“l'}ll)” e (6.14)

is called the improved Euler’s method (also called Heun's method). Both methods
uunmwum.mammmummu
Runge-Kutta method to be studled In section 6.7. The local truncation error for the

Euler's method Is proportional to the cube of the step-size. A major drawback
of s methods s mentioned earller Is that the orders of accuracy are low. This
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disadvantage is two-fold: to maintain a high-accuracy, very small h is essential. It
increases computational-time and causes round-off errors.

Example 3  Solve the differential equation, y* = x +y, subject to the initial condition
¥(0} = 1, on the interval [0, 0.5], using Euler's method. Write a computer program 1o
implement the above method. Also estimate the global error if the exact solution of the
differential equation is y =2e*~(x+ 1). Take h=0.1.

Solution Assume k= f(x,, y,) = x, +y,
Given: x,=0, ¥, =1,and x=0{0.1)0.5

SN e I k=x,+y, You = Yo+ hk,

0 0 10 0+10=10 1401%10=11

1 1 1.1 J+ll=12 LlI+01x12=122
2 et 142 1362

= e DB 1 - i 1.5282

& il 1.5282 1.9282 172102

s .8 4 imig

Y(0.5) = 26"~ (0.5 + 1) = 1.79744 and y(0.5):= 1.77102
Global error = [Y(0.5) - y(0.5) | < | 1.79744 — 1.72102 | = 0.0764

Program No. 12: Euler's Method

# include<iostream.h>
#include<conioh>
# include<math.h>

float f(float x, float y)
(
retum (x +y);
}

vold main ()
{
foat x, y, xup, h, n, ynew;

coul<<"\nUSIMPLE EULER'S METHOD";
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coute<"\n\nUENTER VALUE OF X : "icin>ex;
cout<<"\nMENTER VALUEOF Y : “cin>>y;_
cout<<"\osMENTER UPPER LIMIT OF X : ™, cin >> xup;
coute<"\nMENTER THE INTERVAL tMem>>h;
n = (xup-x) /h;
cout<< MXM Y\ Y (n+1)";
COUE MM e ",
for(int i=0;i<=n:i++)
=i

ynew =y + h * f{x.y);

mm(c"\n\t"«x«"\t"-::yc('\nl“(m:w-,

¥ = ynew;

x=x+h;

I

Computer Output

SIMPLE EULER'S METHOD

ENTER THE VALUEOFX :0.0
ENTER THE VALUEOFY : 1.0
ENTER UPFER LIMIT OF X :0.5
ENTER THE INTERVAL 101

X Yn Y(n+1)
0.0 10 11

0.1 LI 122
02 122 1362

03 1362 1.5282
04 1.5282 172102
0.5 1.72102 1.943122

RUNGE-KUTTA METHODS
The Runge-Kutta methods are a family of methods derived from the Taylor series
The i develop of these methods Is beyond the scope of this
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elementary book, because their derivations involve J algebrai I
Mm}'hfmnﬁmonlylfewadumudlhmmd!ﬂb]utSeelhn'hlhlingnphy;‘am

at the end of this book.
In this section, we shall discuss the second-order Runge-Kutta method to

demonstrate the essential ideas.
Let us write the Taylor series with first three terms:

2
You = ¥, DY, 42T 4O - (615)
8f, 8
= —t 4 f, — + (6.16;
,+hf'+21[5 r'&y] (6.16)
A . _| By
Since, ¥, =|=—=| = (f(x,y)), =1,
ax |,
8f, 5,
[ o ,«;]{ Sx ”'ﬁy
Let us now define the two parameters k, and k; as follows:
k, =hf(x,.y,)=hf, .. (6:17)
k, =hi(x, + ahy, + Bk,)
and form
.- (6.18)

You = ¥t W K+ W kg
mmﬂammmmmu-iamum
w.mwanlﬁmhwﬁdﬁlmwﬁ.lhﬂ
substituting in (6.18) gives the following relation:
8f 8
= Ha—t —L| .. (6
Yo = Yo+ (W + W) Bf + woh [oh +Bl.”] (6.19)

Comparing the coefficients of powers of h in (6.16) and (6.19), we get,

Wirw, =l
wlunzl .+ (6:20)

1
WP ==
Pmz
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T?memlhruequﬁuﬁwkhhwnﬂmnwm:hnimwm
that f = ¢, w,-zlm and w'-l-zlq.. Substituting the values of w, and W, in

(6.18), we get,
1 1
You = ¥, # [l—z-u} kﬁ;dk' .. (621)
If we set cr.= 1, we obtain W, = wagzl,

Substituting these values in (6.18) or (6.21), we get one of the several second-
order Runge-Kutta formulas of the form:

1
Yo =¥, ;(k.ﬂm ; . (6.22)

where K, =hf(x,, y,), and k,uhf[x, +%. y, +—:L}

Other higher-order Runge-Kutta methods can be developed in much the same
way a8 the second-order Runge-Kutta method. However, we shall mention here some of
the higher-order Runge-Kutta methods.

A third-order Runge-Kutta method is given below: 7,
Yoo = Yot g0+ ks 0 Kky) e i
where k,=hf(x,.¥,)
- L
ky hf[n,-rz f y.+2 ]
ky=h(x, +h, y, -k, +2k,)

Since the term containing h* in the Tayler series is ignored, the error is said 10
be of order h*, Another variation of the third-order Runge-Kutta method is as follows:

V= Yt é{lk,-ﬂk,wﬂ,} (628
where k, =hf(x,.y,)

h k
k,-hf[:_ e +3.L]

k= hf[x. +':—h‘ Y +1E-'-]
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None of the above methods are widely used. A well-known fourth-order Rungd
Kutia method often referred 1o as the classic formula is as follows:

y'_‘ay_+—;-(k,+2k,+2k,+k‘} ... (6.25)
where k= hf(x,.¥y,)

h k
k,-hf[n, +2—. Ya 4--;-]

h k
ki= hf[x, ra e +:’—]
k,=hf{x, +h, y, +k;)

In this method, the per-step-error is of the order h®. The classic Runge-Kutia
method is the most popular. It is 4 good choice for common purpose because it is quile

accurate, stable, self-starting and easy (o sputerise. The main disadvantages are the
requirement that the function f{x, y) has 1o be evaluated for different values of x and y inj
every step. This repeated evaluation of functional-values takes much computer fime as

d to other methods of comparabl M local error estimates are

somewhat difficult to obtain,

Most authorities proclaim that it is not necessary 1o use a higher-order methad,
because the increased accuracy is offset by extra computational effort. If more accuracy
ig desired, then a smaller step-size is recommended. It has been suggested in literaturc
that in using the fourth-order method, the step-size used may be based upon the

relationship:
ky—ky
ky =k

When this quantity exceeds a few hundreds for a given h, then h should be decreased so
a5 1o obtain a better result with less truncation error. In general, the step-size can be large
when the solution is slowly varying but should be small when rapidly varying, However,
it has been reported in literature that if the step-size in this method is reduced by a factor

Mli.nmexputﬂm&eomﬂlﬂnu]glnhlmwulbemdwedbyaﬁcmrd]%—.

All Runge-Kutta methods can be shown to be convergent, ie.,
Lim(y, - y(x,)) =o0.

Another criterion for selecting an algorithm for the solution of a differential
equation with given initial conditions is instability. Stability is a somewhat ambiguous
term and appears in the literature with a variety of qualifying adjectives (inherent, partial,
relative, weak, strong, absolute, eic.). In general, a solution is said to be unstable if errors
introduced at some stage in the calculations (for ple, from Initial
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diti or local ion or round-off emors) are propagated without bound

Example 4  Given the ODE, y’ -;;K, subject to initial condition y{0) = 1. Use
unclmutkmgo-lcmmlhndmmlumepmblemtullumgeosxSDS taking h =

0.1. Write also a P program to imp this method.
Solution Given x,=0, y,=1 and h=0.1
First approximation
k, = hf(x,, y.)-h[ﬁ]
YotX,
01“ 9 =01
(1+0)

ki -H{x,+zl. y.+%‘—] = hf (0.5, 1.08)

il (1.05-005) _ 0.1x1 = 0.0000
(1.05 +0.05 L1 ,

& -M‘(x, +2£, Yo +5=?-] = hf(0.5, 1.0455)

(1.0455-0.05) o 0.1x9955

PR =0.0009
(104554005 1.0955 &
Kk, =hf(x,+h, y,+k,)= hf (0.1, 1.0909) '
=g QL0909 -0.1) oo
(1.0909+0.1

¥w E‘-|k,+z(k,+k,)+ k)
-ﬁl[mn{ommm;wm;anmu

ho= ¥ +k
= 1.0+ 0.0911 = 1.0911
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Other values h=0.1, x_ =X +h

L TR k, Ky k, k, Yo =Ya+h
00 1.0 Lo 00909 0.0909 00832 10911=y, =y,+k
1 .1 L0911 00832 00766 00766 00708 LI6T8

2 2 1I678 00708 00656 0.0655 00609 12335

3 3 12335 00609 00566 00566 00527 12902

4 4 12902 0.0527 00491 00490 00456 13393

5.5 13393 s . s

Computer Program No 13: Runge-Kutta Method

# include<iostream. h>

# include<conio.h>

# include<math.h>

float function(float x0, float y0)

l
flot regult;

resuli=(y0-x0)/(y0+x0);

return results;

|
wvoid main(void)

|
float k1,k2.k3,kd k. h.x0,y0,yn;
int m, i, row, col;
clrser( )

coute<"nwCLASSIC RUNGE-KUTTA METHOD™;
coute<"\nMENTER THE VALUE OF X0: "}

cin>>x0;

coute< \nMENTER THE VALUE OF Y0: *;

cin>>y0;

coute<" \WMENTER THE VALUE OF h: ™;

cin>>h;

cout<<"\nMENTER THE VALUE OF n: ";

cinz>n;

coute<™nn xn yn ki k2 K3 k4 y(n+l)=y(npk"
cout<<n 4
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row=12;
col=0;
for(i=0si<n+1; i++)

kl=h*function(x0,y0);
Kk2=h*function(x0+h/2,y0+k1/2);
k3=h*function(x0+h/2,y0+k2/2);
kd=h*function(x0+h,y0+k3);
k=(k1+2%k2+2*k3+k4M6:
yn=y0+k;

gotoxy(eol, row);

cout<<i;

gotoxy(col+4, row),
cout<<x;

gotoxy(col+8, row);
cout<<y(;

gotoxy(col+17, row);
cout<<kl;
gotoxy(col+26,rowlk;
cout<<k?;
gotoxy(col+35,row);
gotoxy(col+44, row);
cout<<kd4;

gotoxy(col+56, row);
cout<<yn;

yO+=k;

x04=h;

row+=2;

I
1

Computer Output

CLASSIC RUNGE-KUTTA METHOD
ENTER THE VALUE OF X0: 0
ENTER THE VALUE OF Y0: 1

ENTER THE VALUE OFh :0.1
ENTER THE VALUE OF n :5
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n Xn Yn Kl K2 K3 K4 Yin+1)=Y(n)+k

0 1 Q.1 0.90909 0090871 0.083206 1.091128
0.1 1091128 0083209 0076612 0076552 0.070753  1.167843
02 1167843 0070757 0065594 0065532 0060871 1.233490
03 123349 (0.060874 0056628 0.05657 0052664 1.200145
04 1.290145 0052667 0.049051 0048999 0.045627 1.339211
05 1339211 0.045629 0042469 0042422 0039444 1.38168]

L P

68  PREDICTOR-CORRECTOR METHODS

The methods di: d in the previous sections are called single-step methods
because they use only the infi fon from one previous point to comp i
point that is only the initial point (x,, ¥, ) is used to compute (x,, ¥, ) and in general
¥, i8 requir (o compute y ., .

The predictor-corrector methods, which are also called multi-step methods, are
not self-starting. They require four initial points, (x,,¥,), (%, Yid (%5, ¥;) and
(%;,¥,), in order to generate the point (x,, ¥, ).

The basic principle behind the multi-step method is to utilize past-values of y to

a pol: ial that approxi the derivatives of the function f(x, y) and 1o
extrapolate this into the next interval. The degree of the polynomial depends on the
nm«mmmuwammmmmwm
polynomial will be of fist-order. If we use three past points, the approximating
polynomial will be a quadratic and if we use four past points, the approximating
polynomial will bembic,ﬂnnmpndnuwuu.mehi@ﬂllthcadunruu
approximating polynomial and the better is the accuracy.

&wewhmimmdwymdmwwﬂm-win
formed giving the values of y as: y,, ¥,, ¥5. ¥i. ..., and thus the comesponding
derivatives are:

Xq Yo fy
X Y f,
X3 ¥ f;
X3 ¥y fy
Xq Ya f,

In order to compute y,, the following two types of formulas are used:

i) A predictor formula which is used to predict (determine an estimate) the
value y, in terms of the values of y's and s already computed. This
formula is used once in an iteration.
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i) A corrector formula which is used to find y, in terms of the values of y's
already known, together with the newly predicted value. This formula is
repeated as many times as necessary to obtain the required level of
accuracy, i.e., until the two successive corrected values in an iteration are
same or in agreement to the required number of decimal places.

In these methods, the accuracy is controlled by the corrector formula, whereas
the predictor formula simply helps to provide an initial approximation. Both formulas
usually depend on values of the function already obtained for prior points. There are
several predictor-comrector methods but we shall discuss those methods, which are easy 1o
develop and are commonly used. They are as follows:

* Milne-Simpson method
*  Adams-Bashforth method and its special cases
*  Adams-Moulton {(or Modified Adams) method

Advantages of the predictor-corrector methods

These methods are widely used for solving ODEs because of the following

reasons:

a) They are faster computaticnally.

b) The difference the di and values provid
measmoflluermrbemgrmdemelchsmpmd henumnb:umdm
control the step-size employed in the integration,

€) Only one or perhaps two evaluations of the derivatives need to be computed
at each step (as compared with the four for the classic Runge-Kutta method)
and on higher-order systems this can save considerable computing effort.

Disadvantages of the predi b
Some disadvantages are that these methods are complex to program and are not
wmmmmmdmmhmmmmmlngm“
as follows:
I)T‘runcmmmmﬂullduﬁmlheﬁnjmwimuﬂwfwlh
derivatives.
b) Propagation errors (instability) that arise from solutions of the
difference equations that do not comespond to solutions of the differential
equations.
) Amplification of round-off errors due 1o cerain combinations of coefficients
in finite difference formulas.

Let us now derive the above F
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6.8.1 Milne-Simpson Predictor-Corrector Method

a) Derivation of Predictor Formula due to Milne
We derive this formula using Newton's forward difference interpolation
formula (3.2) neglecting differences beyond third-order and integration f, between the

limits (0, 4):
1
f,= 1, +paf, + (0" -}, +%{p’ Z3pP 42D+ o (6:26)

Hence,
J:: fix,ydx = h[*r, dp

- h_[: [r, +paf, +%[p’ -pl’f, +—;~{p’ ~3p? +2p}&’f,j[dp

r 4
= 2’. 1 L!_i I ,l_ P_:_ *4pd (A

hl""*z“"'z T i R e |
- h[«, +8Af, + —ZBEA’f, + %a‘f,]

= i;—[sn, +6Af, +54%, + 281, | . (627)
We now express the above relation into simple functions.
Since, Afy=f,-f,
Afy= 1, =2, +1,
Kfy=f, -3, +31, -1,
Substituting these functional values in (6.27), we get,
4h .
[ = SR 606~ 50, =26, +10) 4206, =3, 436, ~1,)]

=t -t 4 21,)

Thus, Milne's predictor formula is as follows:
= * f(x,y) dx
Yo =Yt E' fix, y)

Bk %[zf,—f,+2r,] .. (628)
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More generally,
Voo = Vit =110 +21,] . (629)
for n=0,1,2...

bl Derivation of Corrector Formula due to Simpson

Simpson's corrector formula can be derived by integrating {6.26) between the
Timits (0, 2):

[ fxypax = w1, dp
L] o

2
] I 3 2 l 4
=h[pf,+p?m‘,+—2-[p?—?2— pt, +< pT—p’-l-p’ f,

0

=h[2f,+1&f,f%&'f.:|

=h[zf, +206, —l’,)+§(f, —3F, + r,;]

=Rt +at, +1,]

3
Hence, Simpson’s rule which is used as a corrector formula is as follows:
Y=Yy !:I (x, y)dx
]

h
= Yo+ ‘i{fn +4f, +1,]

o5 Vo =Yg # %&: +af, +1,] 100 (6.30)
More generally,

Your = Yaa* %l‘-‘f... +4f, +f,,] . (631)
for n=0,1,2,...

The need for a carrector formula arises because the predictor alone is numerically
unsable; it gives spurious solutions growing exponentially, Milne's predictor uses four
previous values of y, hence extra starting formulae are needed to find y,, ¥, and Y,
when y, Is given, The starting problem |s a weakness of predicior-carrector methods in
genaral; nevertheless they are serious competitors (o Runge-Kutta methods.
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Starting Values
Since the predictorcorrector formula is not self-starting, we require three
additional values of y to start the process. While solving numerical examples manually or
on the computer, it is advisable to repeat (or iterate) the comrector formula more than
once. In this way, we can get & more accurate value of y. We may iterate to improve the
valuuuam&mnme:mmmst:p-sm mybemducedtonbuinamemmﬁe
value with one or more appli of the F the predictor formula is
used only once.
1f starting values are not given, they can be computed by either of the ways:
(i) Using Picard or Taylor series method to generate a series expansion and
then using this series to compute ¥,, ¥,.and y,; or
(i) Using a self-starting method like Euler's or Runge-Kutta methods. As
already mentioned, the most widely used starting methods are those due to-*

Runge-Kuta.
Stopping Criteria
In a predi orrector method, the ping of iterations may be c

:hhﬂbymﬂwdlﬁ'm:lmwun lwamﬂwvﬂmefysmmpm-
assigned accuracy or by pre-determining the number of iterations or combining both of
them.

Truncation error due 1o predictor formula,

E= %h’ymm; where x,_,<Z<x,,. ... (6.29(a))
Truncation error due to predictor formula,

E= %h’y"’m: where x,_,<Z< x,,. .. (6.31(a))

Example 5  Use of classic Runge-Kutta method to solve the differential equation,
¥ =x =y with initial values (0, 1), gives the following tabular values:
L 0.1 02 0.3
y | L0000 05097 0.8375 0.781
Using Milne-Simpson predictor-corrector formuls, find y(.4) comect to 4 dp. If
m;" +x=1 is the analytical solution of the equation, what can you say about your
Solution The values of x, y and f are given below:
¥ fmx-y
1,0000= y, | =1.0000=f,
09097=y, | ~08097=f,
08375=y, |-06375sf,
0.7816= y, | -04816=1,
07407=y, | ~03407= 1,

o - O
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Using predictor formula (6.28), we get,

A=y + ih[l!, -f,+21,]
.1m+ (21 0.8097 + 0.6375 + 2x — D.4816)

= 10000 +T( - 1.6194 + 0.6375 - 0.9632)
= 10000~ 0.2593 =0.7407
Using predictor formula (6.30), we get,
WA)= ¥, + %[f, +af,+1,]
0l
= 0.8975 4= (~ 06375 4 43 - 04816~ 0.3407)
= 06375 +% X ~09046 = 0.7407

Both the predicted and corrected values agree to 4 dp.
Exactanswer, y(4)=2e™ + .4 1=0.7406.
Obvicusly, the exact answer and the numerical result both agree to 3 dp.

Adams-Bashforth Predictor-Corrector Method

Derivation of Predictor Formula due to Adams
Thiufumﬂalldui\dmm-bukwﬂdiﬁmmhw

3) and using limits (0, 1), we get,
[ yds = nfir, i
0t 90 27 401970, 6% 7wl
+gl;(v‘+24p’+uy'+sp)v‘f,+...}¢,
2 R | .
gl

[L+5p‘+ —p'+3p )v‘r.+---l
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1 5 3 251
= h[r, + EVf, + EV’E, + iv’r,, + Ev‘f‘, o ]
Predictor formula is as follows:
Yi =¥t ﬁ; f(x, y)dx

1 5 3 251
¥, = Yo+ h[r,+5vr,+ﬁv*f,+ v’r,+ﬁv‘f,+---] ... (632)

8
More generally,
1 5 3 251
=y +hlf. +=Vf, + 2V, + 2V, +—Tf, +---| ...(633
Yei 3|l.-+[,+2 f,+lz »*3 "m ,+] (6.33)
for n=0,1,2, ...

b) Derivation of Corrector Formula due to Bashforth
The corrector formula is derived as follows:

f =BT
T {l_v]#_“_fl
Expanding by Binomial Theorem, we get,

=[H(ﬂ—l}V*%P(P"P’+%P(P'IXP+1F1
+%p(?—l]b+llp‘2)v‘]fl _
= f,+(p-1)¥1, +%[p' -pN’, +%b’-9)‘7’h
Lo
As before,
E fix,y)dx = ]I.I: l",ﬂp‘
R R R i

+3 0t 20" -9 - 20)9"1, +~-]¢p




<)

24
1 W 19
= h| f; -=VIf, ——V M ==V -V, = | ...(634
[ 2 12 TR ] 198
Corrector formula is as follows:
o= yo + [ fxy) o
1 Los )
= hi f, ==Vf, =—Vf, =—— V%, ——V'f, + s (635
y°+[212 24‘10‘}{’
More generally,
1 1 1
Yoo = Yut h[f.., =5V -EVlf.u *:_,;V’f.., mv fo= ]
.(6.36)
form=0,12,..

Truncation error for the predictor formula,

E= %h’y""m; X, SZSx,,

Truncation error for the predictor formula, 3
E= _ﬁh’ Y@ X, SZS %,

Special Case
Truneating predictor formula (6.32) after Vf, , we get,

£}t = I:[f, *%vr,]
5 h[l’, +—}(r, =¥ }"
» '.'.‘:'[ul b -I]
Yim¥e® %B‘l "-i]
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More generally,

You = Yt %{N i=tia) .(637)
for n=0,1,2,....
Truncating corrector formula (6.35) after Vf, , we get,

f:'. fi(x, v) dx = n[r, -%w,]

- h[f. —%(.r.—r,}]

h
= E[fg +f|]

h
¥ =YG+E[rD+II]
More generally,
Yeur =Yt %[fu +rn:} ...{6.38)

forn=01,2,....

Example 6  Given the ODE, ¥ =1 + 2xy, with (0, 0).
{a)  Show that the series expansion of y in power of x as far as x*,
y-nlx’+1x‘¢...
3 15

(b) Tabulate y and x to 4 dp for x = 0(0.1)0.3 and apply Adams-Bashforth
method to compute y(0.4).
Solution Given y" =142xy, x=0,y=0,
(a) min;mmwm..nmummmmdm
4

2., 3
LR £ ol W . SR I
AT 15

o]



Substituting values of x in the above series, we get,

y f=1+2xy v v vt 4
00 | .0000=y, 10000=f,
201 :
0.1 | 1007=y., 1.0201=f, 420
621 49
02 | 2084=y, 10822=f, 469 42
1090 91
03 | 3186=y, LI9I2=f, 560 a4
1650 93
04 | 44s3=y,  13562=f, 562
1652
04 | 4as5=y,' 13564=f, ;.

Using predictor formuia (6.32), we get,
1 5 3
¥ = Yot h{r, 1--2-$?f,1 +Ev’f, +§?’f‘,}
= 3186401 {1,1912+‘%x.[[ﬂ0+%x,m09+%xm49}

= 3186+ 0.1{1.1912 + .0545 + .01954 + .00184)
=.3186+ 0.1 x 1.2671 = 0.4453
Using corrector formula (6.35), we get,
19

h=Yes h[f, 3V V-V v, +]

| 1 19
3186+ 0141 .1564—- s m-—x 0049 ~ —
= { *.1650 zx 5 xmﬁ}

= 3186+ 0.1 x 1.2686 = 0.4455
Using corrector formala once again, we get,

1 1
0141 - - - .
Y, = 3186+ {.Hﬂ !x 1652 ukm xm -% oo«}

= 3186+ 0.1 x 1.2686
= (.4455
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Using corrector formula twice, the answer correct to 4 dp is, y(.4) = 0.4455
1f we are interested to extend the solution to x = 0.5 and (1.6, we get

¥(0.5) = 0.5923 and y(0.6) = 0.7671.

683 Adams-Moulton Method

Adams-Moulton formula (also called the modified Adams method) is as
follows:

Predictor

Truncating (6.33) after the third differences and expressing in terms of functional
values, we get,
’ You = Yot %[SSF. —59f,, +37f, ,~9,_,] ...(6.39)

for n=0,1,23, ...
Corrector

Truncating (6.36) after the third differences and expressing in terms of functional
values, we get,

h
Yo = Yot gl +190, =51, +1,,] ~(6:40)
Local truncation error in predictor,
zﬁh’ "(Z); where x, S ZSx,, ...(6.41)

Overall, the Adams-Moulton method seems to exhibit the best features and is
recommended. Milne-Simpson method is fairly sccurate but it has some instabilities.
Small errors introduced earlier bmmmhﬁvelyhrgemwnlnpnmd
steps. So, some multi-step formulas are not of rapid
mmthduwﬂuphummn{mmdmw.fmﬂmomﬂmﬁucr
which is beyond the scope of this book.

The efficiency of predictor-corrector methods is one of the primary reasons for
their current popularity. Thus, it Is good to add something more here regarding the use of
these methods. Some sources recommend that the corrector formulas should be iterated
meﬁlmﬂuﬂuunﬂmmwrwalmhmm
this ¢an occasionally be dangerous, particularl step-size s fairly coarse. In others
mmmlwhnmwlmummumrumnmmw
mumm&mmdmdhqhkhd»mﬂly&dﬂhmm:«m
upper limit on the number of iterations. This number might be y three for
efficlency and more for ensured accuracy, If this limit is exceeded, the result cun either
be flagged or the program terminated if desired.

Example7 R ider Example 4 of this chapter. Solve it using Adams-Moulton
I'maulll‘uywnMmﬁuhmﬂtﬂ;vﬂmﬁmhlwmummmw
classic Runge Kutta method:
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x | ] .1 2 3
y | 10000 1osun L1678 12335
Solution P 1 Xg=0, Y= 1.
x
X -
¥ §o doX
y+x

0.0 1.0000=y_, 1.0000=f_,
01 | 1o91l=y, 08321=f,
02 | 11678=y, 07076=f,
03 | 12335=y, 06087=f,

04 | 12898=y, 0.5266=f,, Predicted value

1.2902=y, 0.5267 = f,, Corrected value

Using predictor formula (6.39), we get,

h
Y1 = Yot —{ssr, ~59f_, +37f_, -9}

-123351- {ijﬂﬁﬂ‘&? 59 % 0.7076 + 37 % 0.8321 - 9 x 1.0000}

= 1.2335 +— {33.4785 - 41.7484 + 30,7877 - 9.0000}

.12335+%|'I1 % 13.5178 = 1.2898

Using corrector formula (6.40), we get,
h
Y =¥+ i{grt+lwl-5f4 +14}

= 1.2335+%{9%0.5166%-19!0.&)8?-5:0.?0?6-&0.8311}

-1m+% X 13.5988 = 1.2902
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Using comector formula once mare, we get,

y, =1.2335 +%‘£ {9%0.5267 + 19 x 0.6087 - 5 x 0.7067 + 0.8321}

=12335+ % {4.7403 + 11.5653 - 3.538 + 0.8321}

-1.13354-% x 135997 = 12902

Using corrector formula twice, answer correct to 4 dp, y(0.4) = 1.2902.

Example8 If ¥ =1+ 2xy and y = 0, when x = 0. Write a computer program to
calculate the values of y correct to 6 dp for x = 0(0.1)0.3, using the classical Runge-Kutta
method and, then solve the differential equation for x = 0.4 by (i) Milne-Simpson
*method, (i) Adams-Bashforth method and (i) Adams-Moulton method.

Solution

Program No. 14: Predictor-Corrector Methods

Given the data: x =0,y =0,h=0.1, ¥ =1 + Iny

# include<iostream.h>
M include<conioh>
# include<process.h>

float ray[S0}{50);
int dg=4, It;

float func(float a, float b)
1

float temp;
temp=1+2%a*b;
return lemp;

1

wvoid initial (float x[ ], flcat y[ ], float [ 1)
{

int p. g
for (p=0; p<50; p++)
|
x[p)=0;
¥ip =0
fp1=0;
for (q=0; g<50; g++)
ray [pllgl=0;
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!

I

entry (float x[ ], float y[ ], float &h, float &xp)
[

clrser ( );

cout<<"\nMIMPLEMENTATION OF PREDICTOR-CORRECTOR METHODS";
cout<<"\nMINITIAL VALUEOF X : ",

cin>>x[0];

cout<<"\nMINITIAL VALUEOF Y : ";

cin>>y[0];

coute< “\nMSTEP LENGTHH. b |

cinssh;

coute<"\nVALUE OF X FOR WHICHn\tY IS TO BE PREDICTED : ",
cinsaxp;

void cale(int n, float h, float x| J, float y[ ], foat T )

i

inti;

float yn.k1,k2.k3 kd k;

far(i=0; i<=n; i++)

[

kl=h*func(x[i], y{i};
k2=h*func(x[i]+/2,y[i}+k 1/2);
K3=h*func(x[i]}+h/2,y[i}+k2/2);
kd=h*func(x[i]+h,y[i]+k3);
k=(k1+2%(k2+k3}+k4 )6,
yn=ylil+k;
Mij=func(x{il.y[i]):
lis1)=x[il+h;
yli+1]=yn;

void table(int m, float xp)

intabeij;
c=m;
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coute< MM Y F(XMuDIFFERENCES™;
for(i=Lii<nyi++)
{

a=l;

gotoxy(a,b);
cout<<raylil[1];
gotoxy{a+= 11,b);
coutceray(i][2];
gotoxy(a+m 12,b);
cout<<ray(i][3];
b+=2;

)
a+=10;
for(i=di<=dg+3;i++)
I
beitl;
for(j=1; j<e-1: j++)
{

gotoxy(abl,
cout<<ray(j] (i};
b=2;
!
a+=ll;
(]
|
gotoxy(5,30);
coute< "RESULTANT - VALUE = "<<ray[m][2];
getch( ),
1
void msimp(int n, float h, float x[ ], float y[ ], Moat xp,float £ [ ])
¢
float ye, yp:
int i
clser( ),
cout<< “\ntMILNE-SIMPSON METHOD™;
coute<" mXu YWMUF(X)",
for (i=0; i<=n;i++)

{
coute< o eaxfile< W <yli]e<Wu e<f [i];
)
ylo+1]=yln-3+4*W3%2% [n-2)-1 [n-1]+2%F [n]):

yp=yln+ll;
ylo#1]=y{n-1]+h3%F [o-1+4*F [n]+f [n+11);
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ye=y[n+l];
while{yc!=yp}
{

yp=ye:
f [n+}]=func(x[n+1].y[n+11%

yln+1]=y[n-11+W3%(f [n-1]+4*f [n]+fn+1]) '
ye=yin+1];

1
cout<<*\n\nWTHE PREDICTED & CORRECTED VALUE OF Y(“<<xp+h<<") is "<<yc;
)

void setting(int m, int n)
{
int i, j, count=0, v=n;
dg=4;
for(j=;j<=dg+3i++)

for(i= Li<=m-j+ Ji++)
1
count++;
iffcount<v)
ray[i)[j]=rayli+11(i-1]-ray(i] (j-11;
elze

ray[i] [j]=rayli+111j-11-ray(¥]-1]:

) i &

void bash(int n.float h,float x[ 1.float y[ Jfloat xpfloat T[ )
|
int t=()
float ye.yp:
setting(n,n);
for( t=1;t<=n;t++)

ray{t{1]=x[t-1]);

ray(t](2]=y[t-1];

ray[t)(3)=f [t-1):
|

1=0;
ray(n+]{1]=xp;



200 Numerical Analysis with C++
ray[n+1][2]=ray[n][2]+h*(ray[n][3]40.5*ray(n-1)[4]+0.416667 *ray[n-2][5]
+0.375*ray[n-3][6];
yp=ray[n+1](2];
ray[n+1](3)=func(xp.ray[n+1)[2]);
setting(n+1,n);
ray[n+2][1]=xp;
ye=ray[n+2][2]=ray[n][2]+h*(ray[n+1][3]-0.5*ray[n][4]-0.083333*ray{n-1][5]

-0.041667*ray[n-2)[6]-0.026389*ray(n-3](7]); -
ray[n+2][3)=func(xp,yc)

setting(n+2,n);

t=n+3;

while(yc!=yp)
|

yP=yc;
ye=ray([2]=ray{n][2]+h*(ray[t-1][3]-0.5*ray{t-2][4]-0.083333*ray[1-3][5)
-0.041667*ray[1-4][6]-0.026389*ray{[t-5) [7]);
ray[t][3]=func(xp,yc);
ray[t][1}=xp;
4
}
table(t-1,xp );
)

void amoulion(int n, float h, float x[ |.float y[ ],foat xp,float £ [ )
{

cout<< inlt “<ex[ifec™t “ceylile< M <<f [il;

)
yin+1]=y(n]+h24*(55*f(n]-59*f [n-] ]+37*f [n-2)-9*f[n-3]);
yp=yln+l];
yin+1}=y[nl+h24%(9*f [n+ 1]+ 191 [n]-5*f [n-1]+f [n-2]);
ye=y[n+l];
while(yc!=yp)

|

Yp=yc.
1 [n+1)=func(x{n+1].y(n+1]);
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yln+ 1 J=y(n-1]+h3*(f [n-1]+4* [n]+f [n+1]);
ye=yn+1];

|
cout<<"\n\n\ITHE PREDICTED & CORRECTED VALUE OF Y(“<<xp+h<<”) is "<<ye;

void main(void)
{
int n,choice;
char opt;
float x[50],y[S0):f [50).h.xp;
cout<<"\nWMPREDICTOR-CORRECTOR METHODS";
cout<<'\nTHIS PROGRAM SOLVES Y’ = 1 + 2XY",
while(l)
|
initial(x,y,0);
elrser( );
cout<<“\ntnMMENU™;

cout<<“\WMnMMILNE-SIMPSON METHOD——-——1",
cout<<"\n\nADAMS-BASHFORTH METHOD———2";
cout<< nnUADAMS-MOULTON METHOD-—-meeeea3™;
cout<<“n\nEXIT- 4"

cout<<n\atYOUR CHOICE";

cin>>choice;

ifichoice!=4)
{
entry(x,yhxp);

xp=xp-h;
n=(xp-x[0])h+0.5;
cale(nhxy. 1)

1
switch{choice)
{
case 1:msimp(n,h.x,y.xp.0:getch( )break;
case 2:bash(n,h.x,yxp+h,f);getch( );break;
case 3:amoulton(nh.x,y.xp.fiigetch( ); break;
case dexit(0);

default:cout<<"\nMENTER CORRECT CHOICE."; getch );
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Computer Output

MENU

MILNE-SIMPSON, METHOD |
ADAMS-BASHFORTH METHOD-———2
ADAMS-MOULTON METHOD-—————3
m 4
YOUR CHOICE :

IMPLEMENTATION OF PREDICTOR-CORRECTOR METHODS
INITIAL VALUEOF X : 0

INITIAL VALUEOF Y : 0
STEPLENGTH K : ol

VALUE OF X FOR WHICH ,
Y IS TO BE PREDICTED : (4

MILNE-SIMPSON METHOD

X Y F(X)

0 0 1

01 0.100669 1020134
02 0205419 1082168
03 0318665  1.191199

THE PREDICTED & CORRECTED VALUE OF Y(0.4) IS 0.445532

ADAMS-MOULTON METHOD
X Y F(X)

o 0 1

0.1 0100669 1.020134
02 0.205419 1.082168
03 0.318665 1.191199

THE PREDICTED & CORRECTED VALUE OF Y(0.4) IS 0.445532
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69  SOLUTION OF SIMULTANEOUS AND HIGHER-ORDER ORDINARY

DIFFERENTIAL EQUATIONS
In the previous sections, various methods 1o solve the first-order ODEs are
discussed. In practice, we often have to solve a set of simull first-arder di
i Such equati oceur ly . in obtaini luti of higher-order

differential equations as part of the solution process. We can solve the present problems,
using one of the methods discussed so far. However, we will describe the use of Runge-
Kutta methods, which are well-suited for the solution of such eg [y as well
a5 on computers.

6.9.1 Solution of First-Order Simult Differential Equati
Let us consider the solution of two simul first-order diff ial eq
of the form:
y' =f(x,y) .. (6.42)
z' =gy 2

with the initial conditions y = ¥, and 2= z, when x = X, are given.

Using the classic Runge-Kutta method, we get,

1
Yau=VYa *E[kl +2(k1 + k;)* kc}

Z,= z,+%[e,+2{z,+e,)+(.]

where :
k,=hf(x,, ¥..2) £, =hg(x,, ¥.. 2,)
!
h k {1 h '3 £
Kky= hf[x_ +~5.‘ Yo +-il" % +_2L] dy= h;[x, +-z—. ¥ +-i?-. z, +_2L]

h k 5 h k £
ky= M[x. 1‘-2-. _y.+-—zl. l.-l-—;-] i,= h‘[;' +;‘ Ye +.§.. z, +_zl.]
k‘-hftn.+h.y.+l:,. I."“]] £,=hg [‘u"’ha !’."kn ‘a"“)]

1 the number of equations s more than two, the method is modified accordingly.

69.2  Solution of Nth-Order Differential Equations

An nth-order differential can be solved by transforming the given
equation for a set of n simultanecus first-order differential equations and applying Runge-
Kutta formula as discussed above.
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Consider the: second-order differential equation,
¥y =fix,y, ¥) ... (6.43)
subject to the initial conditions: y = y,, ¥" = ¥, at x= X,.

Let 2z = y', then (6.43) can be transformed into two first-order differential
equations. Differentinting, we get,

2=y =glx v, 2)
. (6.44)
y=z
The equations in (6.44) can be viewed as,
y =z
2" =ik, ¥, 2)

and can be solved as a pair of first-order equations.

Example 9 (a) Use the classic Runge-Kuita method to solve the following system of
equations for x = 0(0.1)0.5.

Y =x+yz
' =yls 2’
subject to the initial conditions, y =z = 1.0 when x = 0.
(b)  Write also the computer program for the purpose.
Solution () Givenh=0.1, y,= 1.0, z,= 1.0, x,=00.
Values of y and z are required for x = 0{0.1)0.5.
The sequence of computations is given below:
K, =hf(x, y.2) = 0.1 Xg + Yo * Z,)
-0.](04-[)([]-0.'1
& =hgix, i) =01 | x3 +23 |
=00(1x1+1x1)=02

h k {4
= - ot i —
ky hf[“z'”z'"z]

= 0.1[(0 + 0.05) + (1 + 0.05) (1 +0.1)] =0,1205
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h k £
£y =hglx+—, y+—, 24—+
£ s[ il 2:|

=0.0((0+0.05) + (1 + 0.1 ] = 02313

h k ¢
k.= hf o = i
v [”2‘”2‘“2]

-01[(o+us)+[|+ 1205} [1+%'3H=o.1233
h 3 ¢
4= hg[;u;. y+T'.z+——2—]
2 2
=o,.[[.+@] o422 } ~02%

k, =hf{x+h y+k,, z+£,)
=0.0[0.1 +(1.1233) x (1.2369)] = 0.1489
£, =hglx+h, y+ky, z+4,)
=0.1[(1.1233) + (1.2369)* | = 0.2792

k= %um 2k, +2K, + k,)

u %[0,24!{0.12051-0.[233)1-0.14891 = 01228
£ = %(:, 28, 428, + £))

N .:-[o.zumm +0.2369) + 0.2792] = 0.2359

Yi= Yotk
=10+0.1228 = 1.1228
2, =z,+ L
= 1.0 +0.2359 = 1.2359
Tbmmmwmhukulmmuhdhrmﬂnﬂmhﬂu
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x Y z
0.0 1.0000 1.0000
0.1 1.1228 1.2359
02 1.3069 15778
0.3 1.5961 21217
0.4 21021 3.1208

0.5 32249 5.5258

Program No. 15: Runge-Kutta Method for N Equations o

#include<iostream.h>
#include<conio.h>
#include<math h>

float function_f{float x0, float y0, float 20)
{
float result;
result=x04y0*20;
Teturn result;
}
float function-g(float x0, float y0, floar 20)
{
float result;
result=(y0*y0)}+(z0*z0);
return result;
|
void main(void)
{
float k1,k2,03,kd k;
float 11,12,13,14,1;
float h,x0,y0,20;
Int nj;
coute<\n"MRUNGE-KUTTA METHOD FOR HIGHER ORDER DIFFERENTIAL
EQUATIONS";
coute< n\Bnier the value of X0 :
cins>al;
coute<'\n\Enter the value of YO : ™
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cinz>yl;

cout<<\n\tEnter the value of ZD: ";
cinzzall .
cout<<"\nMEnter the value of h : *;
cinssh;

cout<<“\nMEnter the value of n: *;
cinz>n;

cout<<"n\t xn\ yn\tt zn™;
for(i=0i<n+1 ji++)

coute< " <<i;
cout<<™W" <ax;
coute<"W"<<yl;
coui<<"W"c<zl);

kl=h*function_f(x0,y0,z0);
11=h*function_g(x0,y0,20);
k2=h*function_f{x0+h/2,y0+k 1/2,20+11/2);
12=h*function_g(x0+h/2,y0+k1/2,20411/2);
K3=h*function_f(x0+h/2,y0+k2/2,20412/2);
13=h*function_g(x0+h/2,y0+k2/2,20+12/2);
kd=h*function_f{x0+h,y0+k3,20+13);
l4=h*function_g(x0+h,y0+k3,20+13);
k=(k1+2*(k2+k3)+kd )6;
I=(1142%(12+13)+14)/6;

x(+=h;

yOo+=k;

2+al;
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Computer Output
RUNGE-KUTTA METHOD FOR HIGHER ORDER DIFFERENTIAL mUJ\TWNS

Enter The Value Of X0 : 0.0
Enter The Value Of YO : 1L.O
Enter The Value Of Z0: 1.0
Enter The Value Of h: 0.1
Enter The Value Of n: 5

X b z
0.0 1 1
0.1 1122751  1.233902
02 1306859  1.577818
03 1.596055  2.121701
04 2102132 3.120769
0.5 3.224887 5.5258

L P 1

PROBLEMS
1.{a) Show by successive approximation method or otherwise that the differential

y=lexy+x®y?

subject to y(0) = 0,ls
ymx DL U B
15 105

(®) , Prove that the differential equation,
y' = y*=2; subject to y(0) = I, has a series
solution of the form about the initlal point:
rtl—u-:'--;—a' o-:-r.‘¢.,,
2 Given the following differential equation,
¥ = ay=1 .
subject 1o the initial condition y(0) = 2.0,




Ondinary Differential Equat 209

i

(b}

€

5.

{a) Derive the Taylor series expansion as far as the third derivative. Evaluate the
series for y(0.2), correct to 4 dp.

(b) Find the true answer if the solution of the differential equation is,
2
" e G&‘
Compute the error the true and i Juti

(c) Find the maximum truncation error Lo 4 dp.

+1

(d) How small must the step-size be to ensure 4 dp accuracy per step?

Explain how an approximate solution of a differential equation may be obtained
by, (i) the Taylor series, and (ii) Picard's methods.

Stating briefly the advantages and disadvantages of each method.
Explain why one of the methods is inapplicable to the equati

+ 3
»e y+3tinx
for which ¥(0) = 1 and employ the other method to evaluate y(0.1) and y(1.2)
correct to 4 dp.
Explain why one of the methods is not appli ta the
y'wyx“}: y0)=1
Use the other method to evaluate y(1.5).
Consider the initial value problem,
Y = x-y y0)=1
(a) Derive the Taylor series formula as far as third derivatives for the above
problem,

(b) With h = 0.1, use the result to compule an approximate solution to ensurs
4 dp on the initial conditions (0, 1).

(c)  Estimate the maximum truncation ervor per step. How small must the step-
size be in order to ensure 6 dp accuracy per step?

(d) If the amalytical solution to the given problem is y = 2™ + x = I,
calculate y(0.1). What can you say when compared with the result obtained
in (b) above.

Consider the inltial value problem, v/ = x* +x +y; y(0) = 1,

(1)  Use Picard's method to find the solution in the form of a series, including
upto four approximations.

(i) Use the series obtained above to tabulate for x = 0(0.1)1,



210

by ical Analysis with C++

(b)

(e

@

(i)
6. (a)

(k)

(iii} If the exact solution of the given differential equation is,
Y=4e"~ (x% + 3x + 3), compute Y{1)
Obtain the global error [Y(1) - y(1)].

(i)  Derive the Taylor series expansion formula of order 5 using the differential
equation given in (a) above.

(ii) Determine roughly over what range this solution will hold to 4 dp if
terminated at x*. Using the terminated series, tabulate y for x = 0(0.1)1.0.
(iii) Since the exact solution is known, obtain the global error.
Consider the initial value problem,
y =y ¥ =y (0) = 1.
Show by Taylor series method that
y=l+x 1%1’ +%x"+?:)x‘
Obtain the values of y and ¥ for x = — 0.2(02)0.6, correct 1o 5 dp.
Find the numerical solution of the problem,
Y =y+2x-1 y0) =1,

over the interval [0, 1] using Taylor series methods of arders 1, 2, 3, and 4, with
h=01

Find also the exact solution of the given differential equation.
Using Euler's method, solve the differential equation,

y" = x*~y, over the interval [0, 0.2] with y(0) = 1 and h = 0.05.
If the exact solution is,

ym-g" +xl-2m+2
Compare the solution obtained in (a) above with the exact solution,
Find the local and global errors.
Use the simple Euler's method to solve for y(0.1) from:

¥ =x+y +xy, with y(0) = 1; with h = 0,01,
Estimate how small h would need to be to obtain 4 dp accuracy.
Determine y at x = 0(0.2)0.6 by the classic Runge-Kutta method, given that,

1
Hy.y{(ﬂ-!-

¥'=
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(d)

(e)

12.(a

Perform two iterations of second-order Runge-Kutta method for the solution of
the equation:
Y = xy+¥' yl)=2, withh=0.
Find the values of y(2.1) and y(2.2) as a solution of the differential equation:
¥ = x4y y2)=3
Take h=0.
Repeat the problem under (d) above for y(0) = 1 for x = 0.4, Take h=0.2
If y' = x* + xy, subject to y(0) = 1, find a series expansion using Picard's (or

Taylor series) method for y in as far as x°. Calculate the values of ¥, correct to
4 dp for x =0(0.1)0.3,

Using Milne-Simpson predictor-corrector method formula, find y(0.4) correct to
4.dp.

If y' =x+y” andy= 1 when x = 0, use the classical Runge-Kuita method to
calculate the values of y correct to 4 dp for x = 0(0.2)0.6.

Solve the differential equation by Milne-Simpson predictor-corrector method for
ywhenx = 0.8

If y" =1+y* and y(0) = 0, use the classical Runge-Kutta method 1o calculate
values of y correct to 4 dp for x = 0(0.2)0.6.

dehdﬂhwhdaquﬁmbymm&mmdmwmtwmuhudfw
¥ when x = 0.8 and 1.

The differeritial equation y* = x - 0.1y* is to be solved with the initial value
y =1 when x = 0. Assuming that the following starting values have been
obtained:

x | -2 = | A 2
| Loswss 101513 099507 100013
Find the value of y correct to § dp at x = 0.3 using Adams-Bashforth formula.
m‘.lhe following simultaneous equations using Runge-Kutta method of

x'ty-l
y =x+1
with the initial conditions x =0, and y = I, when t = 0,
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Complete the following table considering the answers correct to 4 dp:

t |0 .1 2 3 4
% | 0.0000
y | 1.0000

(b) Consider the second-order differential equation,

y =xy' +x?

with y(0) = 1, y'(0) = 2 and h = 0.2. Write down the equivalent system of two
first-order differential equations. Determine y(0.2) and 2= 0.2,

13. (a) The differential equation,

(®)

14. (a)

¥ =2x(y-1), y(0) =0,
has initial values as follows:
|y f
0 ]

~001005 020201
—004081  -0.41632
—Q09417 - 0.65650
—@N7351  -0.93881

Use Adams-Bashforth method to compute y(0.5). Compare your answer with the
exact answer: - 0.28403.

The differential equation ¥’ + ¥*~ x* =0 with the boundary condition y = 0
when x = 0 is satisfied by the value of x and y in the following table:

x l -04 -02 02 04
¥ [omul 0.00267 -000267 -0.02131

Use Adams-Bashforth formula to obtain correct to 4 dp, the value of y when
x=06.

Given the differential equation,
¥y +y+2x=0, withy(0)= - 1.
The starting values, correct to 7 dp, have been obtained using some method:
- 02 03
y |-oousiz2 -oss61923  -0824547
Use the Adams-Moulton method to the solutions for x = 0.4 and 0.5,

Bolo b= ofn
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(b)  For the differential equation,

€

(d)

(e)

¥y =x'+ ¥, y0)=0,

using x = 0(0.2)0.6, compute three new values comect to 4 dp by the Runge-
Kutts method. Then extend the solution for x = 0.8 and 1.0 using the Adams-

Moulton method.
Given the differential equation y'= x ~ 2y, with y(0) = 0.75. Assume that the
other starting values are given as:

X | 2 4 6

y | s20m 39933 35119
‘Use the Adams-Moulton method to find the value of y at x = 0.8,
Consider the initial value problem:

Yy =x-y+2; y0)=0

(i)  Use Taylor series method or Picard’s method to find the values of y,
correct to 6 dp, for x = 0(0.1)0.3.

(i) Compute the values of y for x = 0.4 and x = (.5 using Adams-Bashforth
method. %

(iii) Check the answers obtained in (b) above using Adams-Moulton method.
Qiven the differential equation:
y’-!yﬂ; with y(1) =0
The following starting uhlumcmmmd- using Runge-Kutta of fourth order:
S 125 1.50 175
Yo s 450 6.13
Estimate y(2) using the Milne-Simpson's predictor-corector method.
Given the following two differential equations:
A =2x+3y
Y =lx+y
with initial conditions x{0) = - 2.7 and y(0) = 2.8.

{a) Solve the system of equations using the Runge-Kutta method for
t=0(0.05)0.20.

(b)  If the analytical solution is given as,
X0 = -%e" +%a" ol
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R i
= e «Ee‘. :
find the exact solutions for x(t) and y(1) for the given interval,
(e) Find also the local and global errors. Comment on your results.
- 16. Consider the system of two first-order differential equations:
] = x+2y
y' =3x+2y
withx=6and y =4, when t=0.
{a) Use the Runge-Kutta method to solve the above problem over the range of values

0.02).2.
Compare the numerical solution with the true solutions:
x()= de* + 2¢™" and
A= Ge' -2¢

Given y'=2 ~ 1 with the initial condition y(1) = 2.
X

a)  Find the series expansion us.ing Taylor series or Picard's method. Tabulate
Mvmuafymupuﬂmgtox—l(ﬂﬂl}lﬂswmmsq
b) (i) Use Adams-Bashforth p formula to find the value of
y(1.10)
(i) If the exact solution of the differential equation is Y = x(2 = In x), find
¥(1.10). Comment on these two results.

€)  Check your answer as obtained in b(i) above with Adams-Moulton method.
d)  Use the computer program to extend the values of y for x = L. 10{002)1.20,
Consider the second-order initial value problem:

x"()+4x'(0) + 5x(t) =0
with the initial conditions: x(0) = 3 and x'(0)= - 5.
a) Write down the equivalent system of two first-order equations.

b) Use the Runge-Kutta method to solve the reformulated problem in (a) above
over the range of values ((0.1)0.5.

¢) Compare the numerical solution with the true solution:
x(t) =3¢ " cos(t) + & M sin(t)
Display your output in the following format:
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tg X Xalt) Emor = [xq = %a(t)]
0.0 | 3.000000- | 3. 000000 | 0.000000

0.1 oos

0.2

5.0

19. (1) Given the following system of equations:

(b)

(5]

dy

— =6x-3z-5
dx

dz
—=(x-y+53
dx

with x,=0, yo=2and z,= - 1, h=0.1.
Solve the equations for x = 0.5 and 1 respectively using Runge-Kutta method.
Convert the following second-order equation to two first-order equations:

2
d—{-}!xﬂ—ay- x*+2, h=01
dx dx

Convert the following second-order equation to two first-order equations:
d'y  dy
it s 7 P x
YL i

with y(1)=1and y'(1)=1.
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Chapter 7

Non-Linear Equations

71 INTRODUCTION

This chapter is concerned with the most commonly used methods for solving
equations of the form,

f(x)=0 v k1)

where f{x) is a given function. The roots of (7.1), which are the require? answers, are
those values of x for which f{x) is true.

For example, if f{x) = X + 4x + 4, the equation x* +4x +4 =0 has two roots,
— 2 and 2. The roots of an equation are also called the zeros of the equation.

The function f{x) can be linear or non-linear.
A linear function is of the form:
fix)=ax+b,
where a and b are constants. In this case, the solution of f(x) = 0, is simple and is given
byax+b=0,0r x= _—‘b.pv\ddadltll
A non-linear function may be one of the following types:

(8) f(x) may be an algebraic function (or a polynomial of degree n)
expressible in the form:

fix)=a, 2" +a,, :5"‘ +a,,x" 4.+,

If n 2 5, the solution cannot be obtained easily by some direct methods, and

we have to use some other methods.

(b) fix)can bea dental function. A dental function is one
which invol ig i p dal, logarithmic functi ete.
Some ples of dental functions are as foll

-x+1=0,
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An algebraic equation of degree n has n (real and/or complex) roots, while a
transcendental equation may have no root, & finite, or an infinité number of (real and/or
complex) roots. It is abvious that many non-linear equations cannot be solved easily by
analytical or direct methods and hence there is & need to use numerical methods for
72  METHODS TO SOLVE NON-LINEAR EQUATIONS

The numerical techniques designed to find roots are powerful, although each has
its own limitations and pitfalls. Therefore, students should learn pros and cons of each
method, particularly its difficulties and become familiar with the methods through
practice using computer,

In this book, we shall consider the following methods for finding the real roots of
ic and dental i

i) Simple iterative method

il)  Newinn Ruphson method

iii}  Hisection method

iv)  Secant method

¥)  Rule of false position

If f(x) is a polynomial in x with real coefficients, it may have both real and
complex roots. Of the various methods available for finding all roots, the following two
are worth mentioning:

i} Synthetic division method

ii)  Bairstow's method

The interested reader is referred to some specialized books (given in the
bibliography at the end of this book) for the description of Bairstow's method.

Let us discuss the above methods one by one.

73  SIMPLE ITERATIVE METHOD

A fund: I pts in computer science is i ion. It means that a process
is repeated until an answer is achieved. An iterative procedure may be defined as the trial
and error method in which the subsequent trials are selected by a systematic technique for
finding the root to a desired accuracy, based on some initial approximation (or

ons) to the real root of (7.1). As already mentioned, finding the roots of an

equation is equivalent to finding the value of x for which f{x) = 0.

Let us proceed to find a real root, say @, of (7.1).

To start with, we need an initial approximation, say x,, to @ . In the simple
iterative procedure, one of the ways is to rewrite (7.1) in the following form:
x=D(x) S )
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Substituting the value of x,, for c in the right hand side of (7.2), we proceed as
follows:

=d(x,)
2= ®(x,)
Xy =P(x,)
w=®(x, ) n20 e (1.3)

What can we learn from this sequence of numbers? If the numbers tend to a limit,
then we say that something has been achieved:

I_.( = d(a)
Hence, x = o satisfies the equalmn (7.2). This does not mean that we mccssmly
have found the root, but under the given conditions we cannot imp

using this process. This procedure of finding successive lppm:ilnaljcms to an initial
nppm:mauun is called an ittl‘lﬂl'! procedure, each use of this procedure is called an

ion and each app i is called an iterate.

731 T of an Ii ive P d
Mimmammmmwwdimpﬂmemwmmm
dure should be i bmmﬂmnmymhmymummuwpnblm

Wemnymtmthe dure by changing the initial ap i if Y-

In case of convergence, cos o the following crieria for sopping compuiat
may be used;

a) Continue the computations for a fixed number of iterations, say n, and then
terminate the process. This is 1o safeguard against slow convergence. The
final value of x, may then be accepted as the walue of the root.

b} Continue the ions till absolute diff b two

values X, and X, is less than a pre-assigned accuracy, say €, .e.,
[:, =R i <€, where € >0.
€) A better criterion for stopping the process is to use the following:

-’-‘4-3-’51 <&, provided x,# 0, and & >0,
L]
idering, whether an rges or not, it may be necessary to

mmhufnw lunﬁmxhutbpmdmm appear to diverge Initially, even
it ultimately may converge.
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An iterative procedure to find the root of an equation consists of three parts:
a)  an initial guess for the solution,
b)  an algorithm for improving the approximate solution, and

c) a for stopping the comp
732 Flowchart for a Simple Iterative Proced
If x,.-€ and n are the initial guess, pre-assigned accuracy and the number of
iterati pectively, then a to find the root X, using a simple iterative
procedure is as follows:
{ Start
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733 Graphical Representation of Convergence

After inventing an iterative f itis ¥ to test it for
This will be shown by the foilowmg graphs drlwn for y = x and y = @ (x) where @ (x)

represents a function of the forms: cosx, logx, « ete.
% & ;Hx

a) Graph for Fast Convergence

The point of intersection of y = x and y = ® (x) gives a solution which is the
desired root o. With an initial guess X, on the curve y = @ (x), we move horizontally to
the line y = x. The next approximation X, is equal to @ (0). Moving vertically to the
curve y = @ (x) gives y = @ (x, ) so that the subsequent horizontal move Lo the line y=x
will give X,. The continuation of this process gives the sequence of approximation X,
Xy Ky, .. and hence shows whether or not the method converges.

y y=x
h d
¥ = #x)
/
* /
1}
1 o
e X X X i |
t mwm-mm b a better approximati

hmuemmmmmu mnmmm

b) Graph for Slow Convergence
‘shows that there is convergence but it is gradual. This
mmhww web convergence.

N

N
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j i
\
1
2 ey ¥ =§{x)
L s T N > X
0 x x a : T B
€) Divergent Behaviour
The following graph shows that there is no B! as at each the
approximate root is going away from the true root @,
¥ ¥=6(x) y=x
N - >
i
i 1}
i i
1
i
P I
I ' :
b e
R ML
e R T e i

734  Localization (Approximation) of Roots

The choice in the selection of an initial guess may lead to a convergent or
divergent situation, There does not exist a universally accepted hard and fast rule to select
a sultsble initial guess (or guesses). If it is not given in the problem, some idea about the

Al
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slarting value is necessary. An initial guess may be found by using the context in which
the problem first arose. The use of a graphical method can be appropriate for the purpose.
We draw roughly the graph of f(x) and then sec how many roots the equation has. These
roots can then be read off and used as initial app ions to solve the problem at hand.

Example 1 Investigme graphically the roots of the equation, cosx - x =0,

Soluti R ging the g X = cosx
Plot: y = x; y = cosx
¥y=x
¥/

i

i

! 2 3n/

: ot

Ta T =

¥ = COsX

The point of intersection of the curve and straight line gives the root of the
equation. It is clear from the graph that the equation has only one root, which is about

a-% = 0.786. It may be possible that the solution lies between 0.7 and 0.8.

Example 2 Investigate the root of the equation, x - sin’ x = 0 graphically.

Solution Rearranging the given equation:
Plot: y=x; y=sin'x
Graph is as follows:



224 ical Analysis with C++
y/\
X=X
y=é(x)
—
0 G

The point of intersection of the straight line and the curve is obviously at x = 0.
Therefare, the required root is x. = (.

Example 3  Investigate the root of the equation, 3 sinx = x 4-1 graphically
X

Solution Plot: y-x+l;y=351nn
x

Graph is as follows:

/
y=x+x

V.

af----

\ y = 3sinx
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It is clear from the graph that the root o lies at the point of intersection of the two
curves and it is 1o the left of x = 1. Hence, it'ls safe to take the approximate root X, = 0.8.

735 Convergence
The following three questions concerning convergence arise:
a)  Does the sequence of iterates X, X,, X3, ... , always converge to some
number o 7
b)  Ifit does, will o be a root of the equation x = @ (x) 7
€} How shall we choose x,, so that the sequence of iterates X, X,, ... %,
converges to the root o 7
Let us briefly answer the above questions,
1) The answer for the first question is no. For example, let us consider the equation:
x=10"+1.
If x, =0,then %, = 10° + 1 =2 and subsequently,
X, =10" +1=101
%y = 10" 41, ete.

It shows that as n increases, x, also increases without limit. Hence, the sequence
Xy, X34 Xy, ... does not always converge.
b) The second question is easy 1o answer.

Let us reconsider X, = @ (x,), which gives the relation between nth and
(n+1)th iterates. As n increases the left hand side 1ends to the root a, and if @ is
continuous, the right hand side tends to @ (). Hence, in the limit, we have & = @ ()

which shows that @ is a root of (7.3). It means that the sequence converges to the true
root.

€) The answer to the third question is contained in the following theorem (stated
without proof):

Theorem:  Let x = o be a root of f(x) = 0 and let | be an interval containing the
point & =a . Let ®(x) and ®"(x) be continuous in I, where & (x) is defined by the
equation x = @ (x) which is equivalent to f(x) = 0,

Then, if [®'(x)] < I for all x in 1, the sequence of iterales X, X, ..., X,
converges (o the root ., provided that the initial approximation x,, is chosen in L Thus
the error decreases.
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As | ®(x)| increases toward 1, the rate of convergence decreases. GradudTly,
we do get divergence in the interval where |®'(x)| > L Thus, the error grows. If
F@'(:H = 1, the error remains constant.

Exampled  Find a root correct to 4 dp of the equation, x”+x — 1 = 0. Suppose that
the actual root lies in the interval (0, 1).

Solution (i)  Let us first find whether or not the iterative method is applicable.
Letus nwritl:ﬂlx}=0inlllefwm x= dx).
From x*+x* = 1, we get,

r(xi4l)=h x'=—1-

i+x
i
or =
I+x
|
so that @ (x) = . There may be other choices for ®lx ).
m y be many ()

@(x) = --;-(n;]'%

Since, | ®(x)| <1 forall x < 1, the iterative method is applicable.
(ii) Assume that X 4= 0.75. We, therefore, set up the scheme:

1
K= P(x,)=
1 ( ) m‘

Putting n =0, we get,

X .T&r.m-wso

:,.ﬁ-.m-umv
;,.Uul_h_.m-mm
x.-:{“_“.:-.:,l.mﬂ_m--mm

The root, cormect to 4 dp, is % = 0.7549,
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Example 5 Find the root of the equation 2x — cosx - 3 = 0 correct to 3 dp. Check
alse if the simple iterative method is applicable. Take Aym E Write a computer

program to implement the method.
Solution (a)  Rewriting f{x) = 0 in the form x = ®(x ), we gei,

Kté(:m +3)
50 that ¢{1) = %(cm; +3)
@(x) = - %s’m:
|@(x)| <. :
Hence, the iterative method can be applied. We, therefore, set up the formula:
X, =0(x,) = -i-(:ou,-i-]j.

Putting n = 0, we get,
X =P(x,)

1
= 5 (cosno+3)= %(ms §+ 3=1s
Xy = %{m:.s +3) =1.535
Xy = -;(cml.ﬂs-l-.!} =1518
X %(wlslan}-uz?
Xy = %tm 1527+ 3)= 1.522
X = %(mlmu}-uu
X, = %tcu 1.524 +3)= 1.523

Xy = ‘;(uu 1523+ 3)= 1.524

Hence, the required root x = 1.524, which is correct to 3 dp.
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Program No. 16: Simple Iterative Method

#include<iostream h>
#include<math.h>
finclude<conio.h>

#include<process,h>
# define f{x) 0.5%cos(x}+3)

intn;
float e,x0x1;

void main(void)
{
int i,n.flag=1;
float x2;
char ch:

cout<<"\n\nuSIMPLE ITERATIVE METHOD"; .
cout<<"n\n\tEnter The Value Of X0W";
cinz>xl;
cout<<"\n\n\Enter The Value Of Nu™;
cinz>n;
cout<<"“\n\nMEnter The Value Of EW";
cine>e; |
x1 =f{(x0)
for(i=0ii<n && flagii++)
{
x2=x1-x0;
if (x2<0)
x2=x2%(-1);
if{(x2<e)
flag=0;
else
{
xl=xl;
x1=f(x0);

if(Mag==1)
{
coute<"\n\n\{No convergence™;
getch( ),
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else

l
cout<<"n\nAftert"<<i<<"tlterations,Root Isit"<<x1;

getch( );
|

Computer Output

SIMPLE ITERATIVE METHOD
Enter The Value Of XO 1.5
Ener The Value Of N 30

Ener The Value OF E 0.0005

Afer |1 lerations, Root is 1.523604

736 Th Study of C B
Let us now d i ically. Let x, be an approximation
to the real root @. Therefore, e, = %, — a mﬂmmlﬂﬂmwﬂnmﬂm&c

Ky=¢€,+ 0.
From (7.3). x,,,= ®(x,)
o, €, +0=>0(e +a)
Expanding @ (e, + @) in the Taylor series, we get,
e, +a=0a)re, 0"(1:)1-%:: O (a)+ %=: DT (a)+...
Since o is a root of the equation x = ® (x), therefore, o = ®(a)

e=e, D(a)+ %e: " (a)+ %e: BT (@) b (T

‘We shall now consider the result (7.4) in some detail.
Case 1 When @'(a)# 0 (Simple or First-order Iteration)
1f @(a)# 0, neglecting squares and higher powers of ¢, in (7.4), we have,
e,.=¢, da)
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If follows that if’ i@'(ﬂ]l( 1, then the sequence X, X,, X,, ... will tend to be
@. Since, we do not, in general, know that what the value of a is, we usually replace a
in the above condition by X, and hence, the practical criterion for simple iteration to lead

toarootis | ®(x, )| < 1. Note also that since e, = €, @'(x, ). the closer @(x,) isto
zero the more quickly the sequence X X,, X5, ... will converge, This is a sufficient but
not a necessary condition for convergence.
Case2 When @'(1) =0 but ®"(a)= 0, (Second-order Iteration)

if ®°(a)# 0, neglecting cubes and higher powers of e in (7.4), we get.

¢u= 5 ®la)el

It means that each error in this case is pmpoﬂ]onll to the square of the previous
one. It shows that convergence in the d is ly very rapid.

Case 3 When®'(a) = ®*(a) =0 but ®7(a)# 0, (Third-order Iteration)

If ®fa) = ®*(a) = 0. then e,,,= l ®"(a) el and there is a very rapid

Hi ., this ad Iendsmheuﬁ’mbymefmmumghﬁd\ewdm

of the hml.wlpmuth: mzmuﬂmlled @(x) tends to be, so that time saved by the
speed of convergence is lost again in evaluating ®(x ) at each stage.

74  ACCELERATION OF CONVERGENCE

The slow rate of convergence of a first-order iterative-process can be accelerated,
by using Aitken’s A”-process, which is described below:

Let x,,, %, and x,, be three successive approximations to the desired root
x=a of the equation x = ®{x ).

For any first-order process, we can write: ¢,,,=®(a) ¢, = ke, e (7.5)

where €, = a-Xx

& =0a-X;
ey =0- X,

Setting n = 0 and 1 respectively in the relation (7.5) and simplifying, we get:
a-x; =k(a-x,_,) < (T

a-x, =k(a=x;) ; .. (152)
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Subtracting (7.5.2) from (7.5.1), we obtain,

K= %y = KX - X))

R =%
or et S
LRt

Substituting k in (7.5.1), we obtain,

Simplifying, we obtain,
|
2 o ek =K
iy =20 Xy
org
RjuRis =) 80 ~ K 2%+ 2K Ry
Ky = 20 + Xy

(Note the above step)

2 1 2
KRy = I, R = (K 2R R )

Rigy = 2%, +35,

2
Xjg = ?f?_ﬂzﬁ s (T46)
Let us define Ax; and A% x, , by the relations:
A%, = R-X
£x = Alax,y)
=A(x=%x)
=Ax-Ax,
= (X, =% —(x-%,)
=Ry — 2K Xy
Substituting in (7.6), we get,
a =Xy -(A;‘::%: foralli = 0. o ¢ )

which explains the term A’ -process. It should be noted that Aitken's method cannot be
applied 1o second- or higher-order iterative processes. It can only be used to accelerale
the convergence of any sequence that is lincarly convergence. d
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Example 7 Three jons to a root of jon = x¥-x+1=0,

23 3 !

btained by a linearly B ive process, are: x,= 0.6, x, = 05435 and %, =
0,5582. Use Aitken's delta procedure to obtain a better approximation,

Solution Difference Table

A Al
% = 06000
- 565
x, = 05435 71
147

SRAL go . ]

Putting i = 1 in Aitken’s delta process (7.7). we get the accelerated root as,

(Ax,)*
Alxg

Xy =

0.0147%
0.0712
It means that we have jumped ahead about two iterations, using Aitkeri's process.

=0.5582 - =0.55

Example 8 Find the root of the equation 2x = easx + 3 comect to 3 dp, using Aitken’s
delta process. Take x = 1.5. 5

luti R ging the equati ln%{méhlndlhmcl]ﬂhtilg(huuf
its roots, we get:
A A
- = 1.5
35
% = 1.535 -52
=17

Yy cmi o LSTS

Substituting the required values in (7.7), we get,
(=0.017)°
“(-0052)
= 1.518 + 0.006
=1.524
The process can be itersted up to the desired degree of accuracy.

a=1518-
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7.5  NEWTON-RAPHSON METHOD

The Newton-Raphson (or simply Newton's) method is one of the most powerful
and well-known method, used for finding a root of f(x) = 0. There are many ways to
derive Newton-Raphson method. The simplest way to derive this formula is by using the
first two terms in the Taylor series expansion of the form,

(X )= (X )+ (K =%, ) 17 (X,)
Setting ﬁx",l)-l)givu.

fix, )+ (%,=-%,) fix,) =0
Thus, on simplification, we get,

=X, —ﬁiL). forn=0,1, .. . (1:8)

fix,

751 Geometrical Interpretation

The ical intery ion of Newton-Raphson method is quize simple and is
given in the following figure:
A
fix) | y=1x)
‘Tangent line
fixg)
0 [ x Xo e

Thma.:ﬁvnbyhpﬁmdmdhmy-ﬂn}mﬂﬂum
axis. If an i is being d d to approxi real root @, one simple
wwhmumuplmmecmhyumldnﬂuhmnmofmmﬂn
x-axis can easily be found. Starting with an arbitrary initial approximation X, we then
calculate & sequence of iterates, X, X5, Xy, ...

Now the question is how to select the direction of the straight line. In Newton-
Raphson method, the direction of the straight line is that of the tangent to the curve at the
given point. That is why this method is also known as Newton's method of tangents.

Let an initial guess be x,. Move vertically a tangent line from that paint to the
curve. The point X, where the tangent line crosses the x-axis will be the new iterate, i.e.,
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the improvement over X, . The point x, is then used as the next starting point. We repeat
this process several times until our solution is sufficiently accurate.

7.52 Order of Newton-Raphson Method
Now we shall establish the relationship between e, and e,,,. We know that
e, =a-X,.
The Taylor series expansion about X, gives:
f(u-x,)ar{x,:+:u-x,)rtx,)+§(u-a,}’fh,;
Setting the above relation equal to 0, we get,
f(X.Ji-(u—vl.)fh.h-;(u—x_)’r'{x.)-0
Diviamg both sides by f{x,) we get,

—'—f(x ) +(a-x,)+ i‘.(u_.;.)‘ —l—f (x )nl)

'(x,) 'ix,)
It follows that
fix,) 1 s Fix)
.1 e = 79
& (o=x,)+ 2[ﬂ X,) o) 7.9
From (7.8) and (7.9), we get,
1 '(x,)
e i, el
1 £"(x,)
Setting x,,, -2 =¢,, and X, —@ =€, weget,
1F%x) ,
WS Ty
. .
- is a constant quantity (say k), we can write,
2A'(x,)
e, =ke} - (7.10)

It is obvious from (7.10) that the error at (n + 1)st step is proporticnal 1o the
square of 1 error of the nth step. Hence, we say that Newton-Raphson method has
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quadrati B order. In practical terms, this means that the number of accurate

i figures is approxi y doubled with each iteration. For example, if we start
with one correct digit for an approximation, then afier one iteration we should have iwo
correct digits; after three iterations, eight correct digits. So, if proper care has been
observed, we need to use Newton-Raphson process only three or four times.

Several problems may arise using Newton-Raphson method:

i X must often be chosen very close to a root for convergence to the resull.

i) {x) must not be very easy to compute. This is a major difficulty in this
method.

i) If Iftx)l is very small compared to [I'(x)|. there could be slow
or even di

Despite some of the difficulties mentioned above, Newton-Raphson method is
still the most popular method for finding a root of the equation. The attraction of this
method is that it converges very rapidly.

To illustrate Newton-Raphson procedure, consider the following examples.
These examples do not involve any specific stopping criteria.

Example 9 (a) Find the real root of f{x) = x* — 2x — 2, comect to 3 dp. using Newton-
Raphson method.

(b} Writea
Solution (a) Let x, =2

to impl the method.

fix)= x*-2x-2
(x,)=f(2)= -2
f'lx)= 2x-2
f(xg)=1"2)= 2
Using Newton-Raphson method:

Koo = X, -:'_((:.l}
L]

Putting n = 0, we get,
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fix,) = xj—2x,-2
=9-6-2=1

f'(x,) = 2x, -2

=2x3-2=4
Xy = l.—m]—f’(; )
(x,)
=3- L 275
4
‘The subsequent iterates are as follows:
n X,
0 (20
1 |30
2 {275
3 2.7321
4 |2730
5 |2

Hence, x = 2.7321 is the root correct to 3 dp.

ProgramNo.17:  Newton-Raphson Method

#include<conio.h>
#include<iostream h>

#include<math.h>
# define f{x) (pow(x.2) -2*x -2)
# define fily) (2°y-2)

void main ( )
{
Inti,flag=1;
cout<< I\ ANEWTON RAPHSON METHOD: "
cout<<"\n\nMENTER THE VALUE OF X0: "

cin>>x0;
mmm THE VALUEOFN: ™
Mvmmm VALUEOQFE: "
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for (i=0:i<n && Mag;i++)
{
f=Hx0);
fd =l (x0);
xl= x0-fifd;
a2 = xl-x0;
if (x2<0)
x2=x2%(-1)%
if (x2<e)
flag=0;
else
x0=x1;
|
if(flag==1)
|
cout<<"n\n\n\MNO CONVERGENCEWn™;
getch ();
I

else

{
cout<<“\n\n\nMAFTER “<<i<<"TTERATIONS, THEROOT IS : "x1
getch ( );

1

Computer Output
NEWTON RAPHSON METHOD:
ENTER THE VALUE OF X0: 2.0

ENTER THE VALUE OF N : 20
ENTER THE VALUE OF E ; 0.0005

AFTER 7 ITERATIONS, THE ROOT IS : 2.732051

753 Special Cases of Newton-Raphson Method
a) Determination of Square and Cube Roots

Let us compute the square root of & number, say a (a > 0), by Newton-Raphson
method. In other words, we thall obiain a recurrence to evaluate ¥/ .
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Consider, x = +/a .
fx)= x* -a
fix,)=2xl-a
fix) = 2x
flx,)=2x,
Using Newton-Raphson method:
fix,)
f(x,)

Xy =Ky =

2%,

=l[:. +‘£-]'. for n="0, 1,2, ...
2 %5

AT

The above formula is widely used, as the basis for evaluating square roots on all
digital as well as on calcul which include square root capability.

Similarly, we can determine the cube root of a number, using the following

formula: 3
1 [
Koo ™ 3 [h,*;—:*-]: forn=0,1,2,...
b)  Determination of pth root of & Number

i
Letx = 2", where a > 0 and p is any positive integer.

.

.[ A
[

l-l]: »-x""
P
1

1= ]u,¢ —x"7
{ |

o (112)

W (7.13)
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o ™ Satton of procal of a Numt
Given a number a (a > 0), we would like to find its reciprocal.

Lot x= L, then ()= -, and Sy = =
a X X

ﬁg.}=L_.

Xs
=1
fix ==
,) o
Applying Newton-Raphson method (7.8), we get,

fi(x,)
O B et
f'(x,)

e

=%, (2-ax,); forn=0,12..

X

. (7.14)

LR

In the same-way, we can find the formula for JLW:}!isufotlm:
a
X -%:,a-u:: o (1.15)

Example 10 Use the iterative formula for ¥a 10 evaluate +/3 correct 10 6 dp, taking
] xg =1

Solution Given: X =1, a=3. ¥
Putting n = 0 in the formula (7.1.), we get,
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=1.732143

Tl
o

3-[1.?31143+— - -J=:.13m61
2 1779143

True valie of 43 = 1.732050¢ e numerical solution and the truc value agree
10 6 dp.

Exumple 11 (a)By applying Newton-Raph metlmdlallufum:timﬂ:)=l-—!-—.
x

devise an (ierative ;. ozedure 1or evaluating 5.

(b)  If the initial appreximation is 2, calculeic 5 comectto 2dp.

(e)  Show that if x,, is in error by a small quanity, €, , then the next approtimation
X, 1810 error by about 0.67¢] .

Solution (1) ﬂx:-l-;"‘,—
m.:-:-:’!-
f'(x) -%‘,’-
r’t:.)--}%

Applying Newton-Raphson method, we get,
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}-5x
e

x

=4l

3
. 10x, —x; +5x,
10

o |
o !ISn. :.!

10
(b)  Let x;=2. Putting n=0inthe above formula; we get,
. o !lSlE"SII 1
; 10

3
!2!]5-—8! —22

10

X, [15:, -x:!

3
5 sx:.lz—z.z 22352

Writing subsequent iterates in the tabular form:

ﬂ““ﬁuﬂﬂlﬂ
i

ao|u,-s.|<%‘i0" we may accept X, = 2.2373 as the required root,
whichis very close to ¥/ = 2.24,
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(c) If e, isthe errorin x,, we have,

X, =@ +e,
=45 +e,

Using the iterative formula derived in part (a} shove, we get,

X =£I51.-::1

10
o Iiv;§+=! !— !Jg‘re‘ l

10

10\5—1\523 —e’!
10

Ignoring higher powers of e? being small, we get,
_ 1045 -345¢1
& 10

Thus, e,, =067e].

7.6  THE BISECTION METHOD

The bisection method (also called the binary-search method) is probably the
most primitive procedure for finding a real root of (7.1) and is described as follows:

It requires two starting values X, and X, for the solution such that fix, ) f{ x, }<0.
Then, the equation (7.1) has at least one real root in the interval (x,.%, ). We shall
illustrate bisection method graphically by the following figure in which x,, Xy, ...
denote successive midpoints:

,.T
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The basic procedure for the bisection method relies on repeated application of the
following:

I. Find x,, the new iterate, using x, = 1‘%5-'— and evaluate f{x, ).
2 If f{x,)=0,then x, isa root of f(x).
3 If f(x,)#0, two things are possible:

a) If f{x,) f(X,) <0, we compute the new iterate . 2

+
Xy= 1?2—"1 and evaluate f( x, ).

b) If fix,) f{x;) <0, we compute the new iterate X, as

X
Ry=

2R and evaluste (x, ).

The process is then repeated with new points until it is felt that the root is
determined with sufficient accuracy. We note, however, that this method uses litle
information about the function, but only its sign. In other words, the heart of bisection
method is the assumption that an interval X, S X <X, has been found, such that

fi x, (x; ) <0 and the method undertakes to decrease the size of the interval.

This method is very simple, very slow to converge, always works for real roots
when there is an odd number of roots in an interval [a, b], but the convergence is
. For this reason, this method is often used for solving non-linear equations.
This method is particularly useful when we have to find the roots using » computer
mmcmnmﬁﬂgmﬁmmawmdmmm
Raph and the bi hods. If ane fails to converge, the routines switch to the
mmuhnd:oabmnlmmufuumhmmmwuﬁuuwﬁlhd
Mewton-Raphson method is to use this ibi ‘We can use b ion to obtain an
estimate of the root and then use Newton-Raphson method 10 find a more exact solution.
Bisection method is also known as the half-interval method and the Bolzano method.

It is necessary to know that this method does not work for double roots.

Example 12 (a) Use the bisection method to find, correct to 4 dp, the root between 0.4
and 0.6 of the equation sinx -5x + 2=0.

(b) Writea 10 imp the method.
Solution (a) Let f{x) = sinx -5x + 2 =0
X, =04, x, =06

f(xy) = f(0.4) = sin{0.4) - 5% 0.4 + 2 = 0.3894
f(x,) = f(0.6) = 5in(0.6) - $ x 0.6 + 2 = —0.4354
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Applying the bisection algorithm:
fix,) f(x,)=03894 x-04354 = -0.1695<0

05

50, X, = x,;—;l o Da+06

fix,) =5in(0.5) -5 x0.5+2 = -0.0206

Since, f(x,) f(x,)<0, », = %& =045

f{xy) =sin(0.5)-5x045+2 = 0.1850
x, =0475, f{x,)=0.0823
Ay = 04875, f{x,)=00309
We continue in this manner until the required accuracy is achieved.

b) Program No. 18: BISECTION METHOD

#include<iostream h>
#includé<math h>
#include<conio.h>

- #define fi(x) (sin(x) -5*x +2)

float e,x1,x2;

void main(void)
{
intixlx2;

cout<<"\n\MEnter The Value Of X1: "}
cin>>xl;

cout<<"\nMEnter The Value Of X2: ™
cin>>x;

cout<<*\nMEnter The Value OfE : ";
cinz>e;

i x1=f(x1);
for(i=0;i<50 && flagii++)
|
temp=x2-x1;
if(temp<0)
temp®= (-1
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if(temp<e)
|

flag=0;
break;

I
fl=f(x1);
2=f(x2);
f3=f1*f2;
x3=(x1+x2)/2;
B=f(x3);
if{{3==0)

1 .
cout<<"\m\nMAFTE" “<<i<<" [TERATIONS, ROOT IS "<<x3;
break;

}
f=f1°13;
if(f<0)

x2=x3;
else

{

f=f2*f3;
ifif<0)
xl=x3;

!

]
if{flag==1)
cout<<"\n\ntSOLUTION DOES NOT EXIST™;
else
cout<<"n\nMAFTER “<<i<<" ITERATIONS, ROOT IS "<<xl:
ch() |
1

Computer Output H

BISECTION METHOD

Entes The Value Of X1 : 0.4
Ente: The Value Of X2: 0.6
Entes The Value OfE : 0.0005

AFTER 9 ITERATIONS, ROOT IS 0.494922
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7 msﬁcmmon
The secamt method is a modified form of Newton-Raphson method. If in
Newton-Raphson method, we replace the derivative f{x,) By the following difference
ratio, i.e.,
l’(x.} " !'(x!}‘—l'(:! !'_I
X =g
where x,, and X, are two approximations of the root, we get.
O e flxa)(x,-%,)
fix, ) =fix,,)
o X ) = X000 = £, ) (X}
. fx, )~ fx,.,),.
f(x )-xfx_.)
R\ ) TRV g v (7.16)
f(x,)-fx,)
provided f(x J=f(x ).

The secant method requires two starting values X, and X, ; values of f{ X ) and
f(%,) are calculated which give two paints on the curve. The new point X, is obtained
using (7.16). We can continue this process to get better estimates of the root. So, in this
formula, we do not need f{x_).

Geometric Interpretation

Geometrically, the secant method comresponds to drawing secants rather than
tangents 1o obtain various approximations (o the root @ ; hence the name.
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To obtain X, we find the intersection between the secant through the points
(xg.f{ o)) and (x, f{x,)) and the x-axis.

It is experienced that the secant method converges rather quickly. Then: is a
possibility of divergence if the two roots lie on the same side or the curve. The order of

;H-Js_!

convergence of secant method is equal to e 1.61803, which shows that this

method has the order of convergence slightly inferior to that of Newton-Raphson method.
In this method, f{x} is not required to change signs between the estimates.

Example 14 (a) Find the root of 2 cos hx sin x = 1, using the secant method, with an
‘accuracy of 4 dp. Take 0.4 and 0.5 as the two starting values.

(b) Reconsider Example: 12 and wrile computer program using secant
method.

Solution (a) Let x,=04and x, =0.5
f(x) =2 cos hx sinx - |
f(xg)=2coshx, sinx, 1
=2x 1081 x 0:3894 - 1 = ~0.1580
fix,)=2coshx, sinx, -1
=2x 11276 % 04794 — | = —0.0811
Putting n = 1 in the secant formula, we get,

x!f{n,)—n,ﬁ:.}

Xy, =
T )~ flxg)
_ 04x00811-0.5%-0.1580
0.0811~0.1580
= w = 0.4661
0.2391

f(X;)=2coshx, sinx; -1
=2x 11106 x 04494 - | = - 0.0018
e x,f(x5) = x,f(x,)
f(x;) - filx,)
= 0.5x-0.0018 - 0.4661x0.0811
-0.0018-0.0811

_ 0009-00378
= —0.0828

0.4668
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f(x,)=2coshx, sinx, -1 = -0.00009

i xaf(x;) = x,1(x,)
? fix,)=fix,)

- 0.4661x —0.00009 - 0.4668 x -0.0018

- 0.00009 +0.0018

_ =0.000042 + 0.00048
-0.00171

The root, correct to 3 dp, is 0.467.

= 0.4667

(b) Program No. 19:  Secant Method

# include<iostream h>

# include<math.h=

# include<conio h>

# define fx) (sin(x) -5*x+2)

int n;
float e.x0,x1;

void main{void)
{

int i,Mag;
float x2,f1 ,0,x3,1emp.denom;
char ch;

coute<"\n\nMSLCANT METHOD™;
cout<<"\n\nMENTER THE VALUE OF X0: ";
cinz>>x0;
cout<<"\n\nMENTER THE VALUE OF X1: ";
cinz>xl;
cout<<"\n\nMENTER THE VALUE OF N: ™
cin>>n;
cout<<"\n\nlEENTER T'!E VALUE OFE: ",
cinz>e;
for(i=0ii<n && flagii++)

l

Me=f(x0); fl=f(x1);
denom=f1-f0); temp=denom;

if(temp=<0)
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temp=temp*(-1 );
iff{temp<e)
{
cout<<"in\nUDENOMINATOR TOO SMALL"™;
flag=0; break;

1
x2={(x0*11)-(x 1 *f0))¥denom;
®3=x2-x1;
if{x3<0)

x3=x3%(-1);
if{x3<e)

{

cout<<"\n\nMAFTER “<<i<<" [TERATIONS, ROOT IS : "<<x2;
flag=0;

1l
xl=xl;
xl=x2;

)
ififlag=1)
cout<<n\sNO CONVERGENCE™;

gewch( );
)

Computer Output
SECANT METHOD

ENTER THE VALUE OF X0: 0.4

ENTER THE VALUE OF X1:06

ENTER THE VALUE OF N : 20

ENTER THE VALUE OF E : 0.0005

AFTER 2 ITERATIONS, ROOT IS : 0.495008

78  METHOD OF FALSE POSITION AND ITS MODIFIED FORM

A simple modification of the secant method produces a method which usually
converges. The new method is called regula falsi (false position) and also linear
interpolation.

It needs two initial approximations x, and x, so hat f{x,) f{x,) <0, i.e, the
mfmﬂi&umhamwimﬁns.mwmd:, is found as the intersection
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between the chord joining f{ x;) and f( X, ) and the x-axis. It is illustrated graphically
below:

y/‘\
y=fix)

_"’L‘
ol
The formula for the regula falsi is as follows:
fix )—-x fix, )
x.y = Bl )X, AR, ) 1l
- o) —Txas) (7.17)
provided f(x ) fix, ) <0.

The regula falsi method is the same as the secant method, except that the
condition f{ x, ) f(x, ) <0 should meet at each step.

Convergence may be more rapid than by the bisection method, but there is no
assurance that this will always be the case. The number of iterations required for
satisfactory convergence will depend on the shape of the graph of the function in the
interval that has been found to contain a root.

The fact that the replacement of the curve by a straight-line gives a false position
of the root, is the origin of the name method of false position or in Latin, regala falsi. The
main weakness in (7.17) is that it is slow,

One pitfall of this method is stagnation of an end point.

1t means that one end of successive intervals does not move from the original end
point, 5o that the approximations for the root denoted by X, X,, X, ... converge tothe
exact root a from one side only. Stagnation is not desirable because it slows down
convergence, particularly when the initial interval is very large or when the function
deviates significantly from a straight line in the interval. The difficulty is avoided by the
modified false position method, which is explained below:
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The Modified False Position Method

In this method, the f(x) value of a stagnant end point is halved, if that point has
repeated twice or more. The end point that repeats is called a stagnant point. The
exception to this rule is that for i = 2, the f(x) value at one end is divided by 2
immediately, if it does not move.

The algorithm is illustrated in the figure below:

The effect of halving the y value is that the solution of the linear interpolation
becomes closer to the true root a.

Example 16 (a) Use the method of false position for finding the root correct 1o 4 dp
between 0.4 and 0.6 of the equation sinx = 5x - 2.
(b) Write also the computer program to img the method,
Solution (a) fix)=sinx -Sx+2; x, =04, x, = 0.6
fixg)=5sin(0.4)-5x04+2 = 0.389 &
fix,) =sin(0.6) -5 x 06 +2 = —0435
Since f{x,)f(x,) <0, therefore,
Xy "l“"l]""l.‘!&)
(x,)—![l.)
o 4% -0.435-0.6x0.389
=0435-0.389
fix,) =sin 0.494 - 5x0.494 + 2 = 0.0042

-W
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Since f( %, ) fi x,) <0, therefore,

g X, (x,)=x,f(x,)
fixy) = f(x,)

_ 0.6x0.0042 - 0,494 x —0.435

i 0.0042 — (—-0.435)

(%, ) =0.00003

3

= 0.4950

Since f(x,) f(x,) <0, therefore,
xf (%) - x,fx;)
flxy)=fx,)
_ 0.6x0.00003 - 0.4950% 0435
0.00003 - (-0.435)
5 0.00008 +0.2153 — 04949
0.43503

Therefore, the root is 0.4949,

(b) Program No. 20:  Rule of False Position

# include<iostream.h>

# include<math.h>

# include<conio.h>

# include<processing.h>

# define f(x) (sin(x) -5*x+2)

int n;
float e,40,x1;

void main{void)
{
int i, flags1;

Noat x2,71 ,10,x3,temp.dencm,xd,f12;
char ch;

cout<<"n\n\iReguln Falsl Method";
coute<"n\n\ (Bnter The Value Of XOM";
clnaal;

cout<<™n\n\ tEnter The Value Of X1: "
cin>>xly

cout<<"\n\n\ (Enter The Value Of N : ™}
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cin>>n;
cout<<"\n\n\ tEnter The Value OFE: ™,
sins>e;

for(i=0ii<n &4& flagii++)
{
fO=f{x0);
fi=f(x1);
denom=f1-10;
temp=denom;
if(temp=<0}
temp=temp*(-l );
if{temp<e)
{
cout<<"in'n\ tDenominator Too Small™;
flag=0;
break;
|
f=10*11;
iftf=0)
{
cout<<"\n\nuThere is no root™;
Tlag=0;
break;

|
x2=((x0*1)-(x 1*f0))Mdenom;
%
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if{xd<e)

{ :
cout<<"\n'\nNo Convergence™;,
geteh( )i
flag=(x

)

1
ififMlag=1)

cout<<"\n\n\tValue of root : “e<x2;

getch( );
|
)
Computer Output
Regula Falsi Method
Enter The Value Of X0 04
Enter The Value Of X1 0.6 5
Enter The Value Of N 10
Enter The Value Of E 0.0005

Value Of Root : (01.495008

79  DETERMINATION OF MULTIPLE ROOTS

Root-finding methods are widely known to have problems with muliple and
Mymdﬂphin..olmmamiphmcmmnﬂwlpuémwm:fumﬂm
is tangential to the x-axis. For example, a double root results from,

fix)= x> -5x% +7x-3
=(=3NE=-1Dx-1)

Graphically, this corresponds to the curve touchi the x-axis tangentially a the
double root (See figures below):

e

Double root at x: X x* =,
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Xy x‘\_/ ;s Xy

0 If f(xy) =0, then (x - x, ) is & factor of f(x) and conversely, and

Twoclose roots:

Mathematically,

i) I f{x—=x,)" is a factor, then x is a zero of multiplicity k.

It has been pointed out in the literature that for single roots the rate of
c gence of Newton-Raphson method is g but for multiple roots it is linear;
unless the method is modified. Thus, a slight modification in Newton-Raphson method
can be made to handle this situation when the multiplicity is known. Instead of the usual
pmummmmwshwmlwmwﬁmmimﬂmhllwlug
formula:

. mi(x,)
=y I Ag]
Rasi = %y flx,) s (7.18)

wtmumhthemlﬂpuclwdmmnnlhhmﬂﬁuﬁmmmmquﬂuﬂt
convergence. Obviously, this may be an unsatisfactory formulation because in sctual
mwdon«uuﬂymmmlﬁpﬂckydhmhm.WamW
vallufwmmmmeMﬁmmemmmM.mdﬂu
estimate m from the successive iterates, but the labour seems of a questionable value, so
difficulty remains. However, if m is known before the above formula can accelerate
wion's method. e

Ancther formuls due to Newton-Raphson has been suggested to deal with
Itiple roots:

1x)ftx,)
Sl ol
Ko R P e 0, v

Halley's method is another way to deal with multiple roots:
oy deo [ )]
Bl o & i;t-.;FJ
21(x,)-
=X, - i (b
T WP - ) £y VI




256 Numerical Analysis with C++

The term in brackets is the modification of the Newton-Raphson method.
Halley's method yields cubic convergence at simple zeros of f(x). In these formulas,
multiplicity has been removed.

These formulas are more attractive for speeding up rate of convergence and
improving accuracy of the roots. Theoretically, drawbacks to these methods are the
additional ca/ ulation of £1x) and the more labarious p dure of calculating iterates.
In fact, the presence of a multiple root can cause severe round-off problems

710 ZEROS OF POLYNOMIALS

Polynomial equations are frequently used in p ice and a vast literature is
available 1o find their roots. The methods discussed so far in this chapter are used to find
amofapolynominl.hnnnpmsemm:mindevued 1o find all zeros of a
polynomial. We shall confine our treatment anly to polynomials with real coefficients;
thus, we propose o find real linear and real quadratic factors. If the complex zeros are
required they are easily found from the real quadratic factors by using quadratic formula
for the zeros.

A polynomial of degree n is a function of the form,

pixd=a,x" +a, %" o ta i, 250 (7.20)
where the coefficients a; are real constants and a, #0.

This method is merely the Newton-Raphson method applied to the polynomial
quation with the synthetic division method.

7.10.1 Evaluation of a Polynomial (Birga-Vieta
We use the nested polynomial hetic division) scheme, which is more
e AR B RSN

efficient and faster, because it takes only n add and n
ub«peepolynouﬂnl.lliuhoknmaﬂm‘uclm

mpnlymnialﬂm)ismwrimhmm
plxy=((la,x+a, )a+a, )5+ 0, )5+3, (12D
and a particular value of x is evaluated from the i bracket 1

When we perform hand calculations using Homer's method, we first construct
the synthetic division table:

Input x By W Sl e N oy
xb, xby = &by xby xb,
b, Bei By v B b, = p(x)
Output (remainder term
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b, =a,

b, = a,, +xb,
byy=8,,;+xb,

by=a,+b,, ; ksn-Ln-2,..,L10 }

b, =a; +xb,

by=a, +xb;

J

<o (T 22)

If input is ot and it is not a root of the polynomial, the remainder term due to the
synthetic division is the value of p(x) for x = o. When p(x) is of degree n and is divided

by (x — &), we obtain, after one synthetic division,
Palx) =(x=a)p, (x)+r

T=EE)

where p,, is the quotient and r is the remainder term which is a constant. The above
process of division is called deflation. If & is an actual root of p, (x), then the remainder

is sero.
Thus, p,(x) =(x~a)p,.(x) voe (7.24)
7.10.2 Evaluation of Dy ives of Polynomial
Continuing the synthetic division once more, we get,
Input x B By Ry v By Ll 3y
xb, xby - xb, xb; &b
B, b b o By b, by =pix)
RE, K€y v Xey K6y
-SR-S - ST ¢, = Remainder

=ptx)
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The value of the derivative, p{x), of a polynomial, for x = @ is equal 1o the
inder obtained in the first synthetic division. Continuing the process, it is possible to
compute higher-order derivatives.
Dif‘imlilllng (7.23) w.r..x, we have,
palx) = (x—a)pl (X} +1-p, (1} +0

= x-a) Py () Py () ... (.29

When x = ¢, pL{x) = p,,(x), which is a polynomial of degree (n — 1). Since we have
computed p(x) and p'(x) at o, using Homer's method, we can now use Newton-Raphson
method to evaluate a root of this polynomial.
A problem with applying Newton-Raphson method to polynomials concsms the

possibility of the polynomial having complex roots even when all the coefficients are real

bers. If the initial approximation using Newton-Raph method is a real number, all
subsequent approximatibns will also be real numbers. One way 1o overcome this
difficulty is 1o begin with a non-real initial approximation and do all the computations
using complex arithmetic.
Example 9 Consider the polynomial, x + x* = 10x + 8.
(8)  Evaluate p(0.5) and p'(0.5).
®) s“m;whhwdnmuwdmx,-ﬂs{w&eudmdmm

polynomial, use Homer's scheme and Newt aphson method to compute all
its roots, comrect to 3 dp.
(a) Evaluation of the polynomial and its derivative at x = 0.5.
First Iteration:
Input 1 -10 8 '@—— coefficients of the poynomisl
g 0.5 05 075 -4625

1 L5 -92513375=plx,)

05 10
T 20 |-825 =px,)

plx,)=3.375; plxg)= -8.25
accuracy, ¢ = 0,0005
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(b Computation of roots using Newton-Raphson method:

pix,)
plxg)

=05=3375 _ o009
ST

Xy Wilkg T

| %= xg|=|0909-05]ze.

Continue the process
Second Iteration:
x=0009 |1 1 -10 8

0909 1735 -7513
1 1909 -8.265 0:437.“,‘)
0909 2563
PO 17 ]-s.m =)

pix,) = 0.487
p(x,)= - 5703
pix,)
- X =
2 1 94(‘0

= O.M-ﬁ =099 =
-5.703

X

| x;=x,|=|0.994-0909 te.

Continue the process -
Third lteration:

2;=0994 |1 1 10 8
it 0,994 1982 -7970
L 1994 8018 [0030=px;)
0994 2970
i 2988 |-5048 = p'(x;)

plx,) =0.0307
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pllx,) = =5.048

p(x;)
P s ot
Xym2g P',)

= 0994 L =0.0999

~5.048
| x5 —x,|=| 09999 -0.994| ¢ e.
Continue the process
Fourth Iteration:
xy=0994 |1 1 -10 8
0.9999 1.9997 -7.9994
1 19999 - 8.0003 | 0.0005 =p(x,)
0.9999 2.9995
1 29998 | -5.0008 = p'(x,)

pix)= 00005
plx,)= —5.0008
e )

Xy =Xy p'(l,]

0.0005
= 0.9999 - =0.9999
5.0008

| x4 =, =] 0.9999 - 0.9999 | < 0.0005 .
(x—0.9999) (x* + 1.9999x — 8.0003) =0

Apy ly, the above equation may be as:
(x-1)(x* +2x-8)=0
Factorising, we get:

(x=-1(x+4)(x-2)=0
Thus, the possible roots are 1, 2, and - 4.
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PROBLEMS

L Use graphical method to find the approxi root of the following
@ x’-x+1=0, (" +I-1=0 (€)e*=3x=0

2.7a) The cubic equation x* = 2x = § = 0 has one real root that is near 1o x-= 2. The
equation can be rewritten in the following manner:

(0] x-%[r‘ -5) () x= 1,5_

ity x= (x? +5)

Choose the form which satisfies the condition | ®'(x)|< 1 and find the root
correct (o 4 dp.

{b) The cubic equation x* - 3x — 20 =0, has ane real root that is near to x, =03.
The ion can be itten in.the following manner:

g 1 s 20 i {
(i) x-E(x’—‘ZD] (i) x=?~_—3 (ilii)x= 3+T

Choose the form which satisfies the condition | @'(x)]| < I and find the root
correct 1o 4 dp. Which of them gives rise to very rlpld convergence?

(¢) Given the followi i of the 2t + x*-80=0,

(iJ.n-(m)—u‘}i (i) x= VB0—x* (im::“lﬁ,

Which of them gives rise 1o a convergent sequence? Find the real root of the
equation correct to 4 dp. Take x, =3.

@v) x= (3x + 208

4.(a) To locate the root of ™ - cosx = 0 that is near 1o 1.29, using iteration, we could
rewrite the equation as,

mxucos"[a"] (i) % = - log cosx = log secx

(iii} x = x — 0.01(e ™" - cosx)

Which of these three forms (if any) would yield a convergence iteration scheme?
Which would converge the fastest?

() Starting with x, = 6, perform ten iterations using each of the recurrence
relations

WXy = 55,4 () x,= ?:!-1_‘—’ ;

which of (i) and (ii) has the higher rate of convergence?
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(e)

)

(e)

Determine which of the following iterative functions, ®(x), can be used 1o
locate the zeros of the equation x* +2x - 1 = 0 on the'interval [i—%]
| Ty R :
) -2—{1-1’] R e e (iv) (1-2x)}
Y-l
—-02(x* +2m =1 R b
V) x-02(x" + ) (v v T

(i)  Starting at x, = 0, use the simple iterative method to find the first five
approximations for the solution of x*-x 4 0.12 =0.

(ii) Starting at X, = I, use the simple iterative method o find the first five
approximations for the solution of x*~x+/x -4 =0.

(iii) Compute a solution, correct to 6 dp, of e ™ —cot x =0 by Newton's method
starting at x, = 1.

(iv) Compute a solution, correct to 6 dp, of 1" x sinx =0 by Newion's method
starting at x, = 1.

(v) Find a rearrange of the equation e - 3x — 1 =0, which will converge to the
unique positive root when the simple iterative method is applied. Takex =2,
The cubic equation 22" +3%* -3 x~5=0 has a rool near x = 1.25,

Show that the equation can be rearranged into any of the following three forms
suitable for the simple (fixed-point) iterative method:

= Lachnd
P o {{s 3x-3x )}
2
Gy x= ((5+32)(22+3))}
& (2’ +3x*-5)
3
Use simple iterative method on the rearranged equation (i) with an initial guess
of X, =1.2 in order to find the root to 4 dp.
Repeat part (b) for the rearrangement (i) using X, = 1.2 . Which method
converges faster? Why?
Try a few iterations using rearrangement(iii). What goes wrong?

(i) x
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4 Use Newton-Raphson method to obtain a root of each of the following equations
correct to 3 dp:

(a) x-2x42=0; with x,= 02
(b) x'=3x-3=0; withx =2

() xlax= 120 with X, =0.5
{d) sinx=5x+2=0; with x; =0.4
(&) cosx = x =0; with X, =0.74
H eT-x=0 with x, =0
® e*-3x'a=0; with X, =1
(h) sink-x+1=0; with x, = 1.5
i tanx = 0.5x = 0; with x, =4.0
1] xl=e"; with x, =-1
(k) x*4x? =80; with x, =3
m xsink = 1; with 2, =1.11
(m) xlinx=3 with x, =2
(n) x'-2xt 4x-3; with x, =4

5.(a) By applying Newton-Raphson method to the function defined by f(x) =l-—l—2,
x

develop an iterative formula for calculating 10 . Hence, using 2 as an initial
pproxi 10410 , calculate V10 correct to 2 dp. Shaw that if x,, the nth
leuﬁ.h-mﬂms,.mhwm
e,,, has an error of magnitude sbout 0.5¢? .

SR 1 1
(b)  Use the foll terative formula for to find to 4 dp:
g Rl e i
X = 3 Ra3-axD)
(c)  Show that the curve f{x) = %~ 2x — | crosses the x-axis between x = 1 and
x =1 Use a recurence relation of the form,
fix, )

Koyt = Xp= ":‘

where (i) m =5 and (i) m = f ‘(x) = 3x*~ 2, 1o find the value of the root 10 3 dp.
Take x, =2 in both cases.
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@

6.(2)

()

Given f{x) = x” - a, use Newton's method to establish the recurrence relation,

Konr = -;-[2 X +‘—'3-]
1

for the cubic root of a number a. With a = 9 and x,= 3, perform the iterations
6 times to find the cubic root of 9.
Starting with X, = 8, perform 10 iterations using the following iterative formula:

Xon

Use Aitken's iterative method with X,, X, and X,, to improve the rate of
convergence.
Use Aitken's iterative method to find the root of e'= 5x near to X,= 03.

Compare thie result with iteration X, ,, = %a‘mﬂ.tng with x,=0.3.

Use bisection method to find correct to 4 dp, the solutions of the following
equations:

(a) xinx-%n-l): inﬂuinmd[%. x).

®)  x'-90x+10=0; x,=2,x;=4

{c) Ox'+dx? +5x-8 =0; X, ==5, %, =5,

@ 8x'+Bx-5=0; 2,=03, x, =06

(€  xsinx—-1=0; X,=0, x; =20

Use secant method to find, correct to 4 dp, the solutions of the following
equations:

()  x-9%x+1=0; Xo=3,and X, =4

) sinx-5x+2=0; Xo=04,and x; =05

©) x5 =0; Xo=0,and x; =3.0

@ x’=x-2 xg=26and X, =-24

(&) x*=323x? -554x+9.84=0; xy=09and x, = 1.0

Use Regula Falsi method to find, comect to 4 dp, the solutions of the following
equations:

@ x*=x+1; X=Lx =12



Non-Linear Equations 265

102}

®)

11.4a)

(b,

(€)

1243}

(®)

B x'-9n+1=0;x,=20,x% =40
€ 2x'+Tx-1=0; Xy=0, %, =1
) &' -2=0; xg=0, %, =1
(&) Find V7 ; x,=0,%, =1
) xsink-1=0; x,=0,x, =2
Let x,=05and x,=0.8be the initial approximations to a root of the equation
x- %sinx- -;—. = 0. Compute the next three approximations correct to 5 dp to
the root using the following iterative methods:
i) Linear iteration
ii)  Newton-Raphson method
iii)  Secant method
iv)  Bisection method and
v)  Regula falsi method

Consider the equation 230x*+ 18x® + 927~ 22x -9=0 has two real roots,
one in [-1, 0] and the other in the interval [0, 1]. Anempt to approximate these
roots to within 107 using (i) Method of false position, (ii) Secant method and (jii)
Newton's method. Use the end points of each interval as the initial
approximations in (i) and (ii}; the midpoints as the initial approximation in (iii).

Find the value of the polynomial 5x*~ 2x® + x - | and its derivative at the
point X, =2, using the der th and the synthetic division process,

Find the value of the polynomial, 4x* - 2x + $x — 3 at the paint x = -2 by the
rested multiplication method.

Find the value of the polynomial 3x*~ x* + 2x*+ x - 7 and its first two
derivatives at x =-2.

Consider the polynomial,
pix)= x*—6x*+8x" +8x” +4x-40
Starting with initial approximation x,= 3, evaluate p(3) and p'(3). Using

Homer's scheme with Newton-Raph method, p the next two
approximations correct to 2 dp.

Find the real roots of the polynomial equation x*- §x* + 5x*+ 52 -7=0,
correct to 4 dp, given that the equation has roots near 3 and -1.
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13.4a)

(b)

©

14.(2)

®)

Show that the polynomial, p(x) =x*'~ 3x" = 7x* + 15x + 18, has a root of
multiplicity 2 at x = 3. Find the iterates and the values of p(x) and p'(x) at each
iterate.

Given the function, f{x) = x"-3x+ 2. Ifm=2and x, = 1.5, find the roots x,,
%, and x, using Newton-Raphson formula (7.18).

Use formula (7 .19(a)) and find the roots X, X and X, of fx)= x* +4x*-

10.Let x,=15.

(i) Perform three iterations of Newton's method to obtain the double roct of
x - 2x*- 0.75x + 225 = 0 which is close to 1, such that iterations
converge quadratically,

(1i) Compare your results with Newton's method without modification which
converges linearly.

Stare with fix) = x* - a and find Halley's iterative formula for ing va .

Taking a=5,and x,=2, compute x,, X; and x,.

Start with f(x) = x*~ 3% + 2 and use Halley's formula to compute X, X, and

X,y.Let xy=-24.
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Chapter 8

Linear Systems of Equations -

8.1 BASIC CONCEPTS
Consider a set of m simul linear algebraic eg in n unk Xy
Ky o Xt
B K Hap Ky ag Kkt @ R = by
Ry X+ By Xa+ By Xyt +ay X, =b,
Ry Xy F 2y KXo+ Ay Xy + o+ 8y, X, = by . (Bi1)

By Kyt B g gt By Xyt

B X, = by

In & more compact notation, the above equations can be rewritten as:

tnu:,-b.:fwi-l.hm.m
=]

Three type of quantities occur here:

(a)

(b)  The coefficients a,

The unknowns, X,, Xy, ...,

wherei=1,2,...m

and j=l,2,...0

(a)

The right hand sides, by, by, ..., b, .

Equations (8.1) can also be written in the matrix notation, as,

Axsb

w0 (8.2)
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By 8, o By Xy b,
By By o Ay, Xy b,
e Ao By 2y a5, e X e b,
Ay By B *a b,

A is a rectangular matrix having m rows and n columns, x and b are column
VEClors.

Problems of this type occur in almost all disciplines. Our aim is to develop
methods, which can solve such problems and are easily implemented on a digital
computer.

82 METHODS TO SOLVE A SYSTEM OF LINEAR EQUATIONS

Various methods have been devised to solve systems of linear equations. This
shows that no single method is best suited to all situations. These methods should be
judged on the basis of their speed and . Speed is of imp in solving large
systems because of the large volume of computations involved and accuracy is necessary
because of the round off errors involved in performing these computations.

The methods for solving sysiems of linear equations can be classified as:

i) Direct methods

i)  Indirect (iterative) methods

By a direct method, we mean a method which calculates the required sclu ‘on
without any initial or intermediate nppmnmm in a finite number of steps. Amongst

the direct methods, we will describe the g
a)  Cramer's rule and its modified form
b)  Gaussian elimination method and its variations
¢)  Triangular decomposition method

) lution of tridiagonal system of equati
Anlndlreﬂmnﬁoﬂmwithm!nlmlwwcrwuhmﬂmwd
ds by a seq of further af ions, which y gives the

uﬂuuouumumdyudﬂhed ‘The most Iy used methods in this category are:

a)  Jacobi's method
b)  Gauss-Seidel method

“Even when a direct method does exist, an iterative method may be preferable because it is
more efficient or more stable.
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83  CRAMER'S RULE AND ITS MODIFIED FORM
According to Cramer’s rule, the system (8.2) can be solved using,
det(A, )
= ! e )
x, “ae{A) (8.3)

where the determinant det(A ) is exactly the same as det(A), except the rth column of
detiA), has been replaced by the column of constants by, by, ..., b, .

Let us illustrate this method using the following example.
Example 1 Solve the following system of equations:
TR +6X,+ 3%, =19

Ix +2xy3—~ ;=7
X +4x,+ 2x,=-2

Solution  From the given system of equations, we obtain,

i x, 19

A=13 2 -1]; x=|x;[i b=|T7

1 4 2 X, -2
&
det(A)=det | 3 2 -
1 4 2

IR FIE

=T +4)-6(6+1)+3(12-2)
=7xB-6xT+3x10
=56-42+30 = 44

19 6 3
det(A) = det 7 2 -1 [=176
14

7 19
det(Ay)=det | (3 7 =Y = -8B
1 -2
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B
S
£l &

hi=reaes
The solution of the equations:
X =4 X, =-2, x,=1
Alternative Method
Pre-multiplying both sides of (8.2) by the inverse of matrix A (Le, A™), we get,
AMAx =A'Db
1ax  wmAD
x =A"b w0 (84)

dﬂ: and adj(A) is the adjoint of the matrix A, Cramer's e, ¢

course, is identical 1o the formula (8.4).

The adjoint (or adjugate) of & square matrix A is the transpose of the matrix
cbtained by replacing each element of A by its cofactor. It Is wrinien as,

wiare (o] = [a, )
Example 2  Given the following system of equations:

K+ Xy~ % =10

where A™ =

Xy =2x;+ Ix; m=4
X+ X+ 2x, =10

2) Find the determinant, adjolnt and Inverse of A.
b) Sclve also the system of equations
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Solution
2 1 -1 %, 10
A=11 =2 3|: xs|x;|i b=|-4
| R Tl Xy 10
2 =
a) detfA)=det|ll -2 3||=-16
| -

-2
Minor M,, of a,, =det H - ;l] =-7

Cofactor A, of a,, = (=1)"'M,, =-7

mm,,.,f.,,m[f: :”.

Cofactor Aj, of 8, = (-1)"*M,, = 1

Similarly, other cofactors are computed and written as below:

Ay =3
Ay=-3; A, =5; Ay=-1
Ay=1i Ap=-7; A,;=-5

o A S | b A R |
adit)=1-3 5 -1|=|1 5 -7
L =¥ = 3 -1 =5
) [-7 -3 |
3*-%3-:—: S & 5 =7
| 3 -1 -3
g
16 16 16
“ =3 7
oo — —
16 16 16
2 b
16 16 16
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b)  Solution of Equations
Using the formula, x = A™'b, we get,

el

x] |16 16 6| rio

X, |= e Llwlaflals
16 16 16

Xy S g8 10 1
16 16 16

On simplification, we get,

X =3 Xy, =5 %, =1
Some remarks on the above methods:

If the number of equations in a problem is small (i.e., three or four), we may use
Cramer's rule safely, but if the problem involves more equations and unknowns, we have
to be careful. Suppose a problem has n equations and the same number of unknowns and,
if we have 1o use determinants, then [(n® - I)n! + n] multiplications are required to solve
the system of equations by Cramer's rule. For large n, n* x n! isa good estimate of the
number of multiplications.

We regard determinants as a useful tool in developing theory, but in practical,
solving ical analysis, we should disregard them. Some other methods, which are
better than Cramer's rule, should be used. They do not require computation of
. g and.co I are di i the xoh e ik

g

can be used for any number of equations,

84  GAUSSIAN ELIMINATION METHODS

The Gaussian elimination method reduces a system of lincar equations to a
simpler form. The method works in two stages:

+ Forward stage
This stage is d with the manipulation of equations in order to eliminate
some un from the equations and produce an upper triangular system.

+  Backward (or Back substitution) stage
nllmeilmmwhmmdunﬂmduaqmwmﬂu
back substitution process on the reduced upper triangular system.

We shall describe this method by comsidering the following system of four
equations, for the sake of convenlence and simplicity:
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By K tap X+ 8 Xy +a, X, =b

JBu Xt B Xo b Ay X Ay X, =

1
»ﬂ'

By Xph By Xa+ Ry Xyt X, = by <+ (8.5)
Bk b Xt a Ry tag X, =8,

Let us describe these stages.

Forvard Stage
Step1 Operations on the equation

The first equation in (8.5) is called the pivotal equation and the coefficient of

x, iscalled the pivet.

5

b)

Divide the pivotal equation by its pivot a,,. This gives a new equation with | as
the coefficient of x,:
X+ ay xy +ag x, vail s, =)

For convenience, the coefficients calculated in the first siep are denoted by a

P ipt (1), those calculated in the second step are denoted by a superscript
(2), and 50 on.
Eliminate x, from the remaining equations:
i) x, from the second equation can be eliminated by adding to it — &, times

the new first equation. This gives a new second equation in which X, is
climinated:

0+ xy b 2l xs +a0 % =0
i) x, from the third equation can be eliminated by adding to it -4, times

the new first equation. This gives a new third equation in which x, is
eliminated:

0+ af) x, + afy x, +all x, =b}"

iif)  Similarly, the new fourth equation in which x, Is eliminated is obtained,
040 x, + alf x, +allx, = by

Iv)  In general, the new ith equation is obtained by adding to it —a;, times
the new first equation, So, X, s eliminated:
o+ af x; + o x, +a x, =bf™
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Afier the completion of first step, the new set of equations with X, climinated
(except the pivot equation) is written below:
Al x,+ al x;+all x, = b
aly xy + al x, +all x, = by’ : ... (86)
nf,'_x, a2l x, ¥al z; =by
Step 2
The first equation in the new set of equations in (8.6) is the new pivot equation
with a,, as its pivot.
a)  Divide the new pivot equation by its pivot. This gives a new first equation in the
set with 1 as the coefficient of X ,:
x;+ 8% x, +al x, =bf
b)  Eliminate x, from the remaining equations:
i} %, from the second equation of (8.6) can be eliminated by adding o it —a,,
times the current first equation: This gives a new second equation in which
X, is eliminated:
-0+al x,+all x, =bf
ii) Similarly, x, from the third equation is eliminated which is as below:
0+all x, +afl x, = g
After the completion of second step, the set of new equations with x ; sliminated
(except the pivotal equation) is written below:

a%x, ¥alx, =1
« (&7
aly x,+af x, =bf
Step 3
The first equation in (8.7) is the pivotal equation and af] s its pivot:

1)  Divide the pivot equation by its pivot. This gives the new first equation in (8.8)
with | as the coefficient of x,:

x,+alx, =bf
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b}  Eliminate x, from the remaining qﬁuim:

allx, =P ... (8.8)
Divide the final equation (8.8) by its pivot, we get,
x, = bl
Rewriting all pivotal equations together, we have the following set:
X, + al x;+ all x, +all x, = p@
X+ ag x;+al x, =bP .+ (8.9)
i +ellx, =69

x, =bf

So, the equations under (8.9) have been reduced to an upper triangular matrix.

Backvard (Back Substitution) Stage
The values of X,, %,, X, and X, can be obtained from (8.9) by back
Let us illustrate the method by means of an example.

Example 3 Salve the following system of equations using iah elimination process:
x-dx, ~3x, + Tx, =13 4 5/ 1F)
8x, - 3;,‘- Bx, +17x, =66 wa (D)
12, = 12x; = 16x;, + 29x, = =21 e (i)
~8x, 4 33x,- 25x, +36x, =104 we (V) .

Write also the computer program to impl: the method.

Solutien

Forward Stage

Step 1 Dividing equation (i) by 4, we get,

Xy~ X3= 0.75x, +1.75x, = 0325 R

Multiplying equation (i)' by & and subtracting from (ii), we get,
Sx,—2x,+3x, =4 ¢ o (i)



276 ical Analysis with C++
Multiplying equation (i)’ by 12 and subtracting from (iii), we get
0-7x,+8x, = -6 L. (Y
Itiplying equati (i)’ by 8 and sut ing from (iv), we get
25x,-31x,+50x, =13 e (VY

After the completion of Step-1, the new set of equations (except equation (i)'),
with x, eliminated iz as

5%, — Ixy, ¥ 3%, =4 e (H)

0 -7x, + 8x, =~-6 Lan (Y

25x,-3x,+50x, =13 v (VY
Step 2 Dividing equation (ii)’ by 5, we get, d

X, - 04x,+06x, =08 L (i)

Multiplying equation (ii)” by 25 and subtracting from (iv)’, we get,
- 21x,+ 35x, =-7 e (V)"

After tile completion of Step-2, the new set of equations (except equation (ii)"),
with x, and X, eliminated as:

~7x,+8%, = -6 o Gy
= 21x,+ 35x, =-7 e (V)"
Step 3 Dividing equation (iii)’ by 7, we get,
—x,+1.143x, = -0857 won (Y
Multiplying equation (iii)” by 21 and subtracting from equation (iv)", we get,
10997 x, = 10.997 B
or, M-i:%:: ()R
Rewriting the pivot equations, we get,
X, - X;- 0.75x, + L.75x, = 0325 s Y
%y - 04x, + 06x, =08 L. (i)
- X, + 1.143x, = -0.857 oo (HiR)

x, =1 o (V)P
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Backward Substitution
Substituting the value of x, in (iii)", we get,
X, =0857+1.143=2
Substituting the values of x, and x, in (ii)", we, get,
%; -04%x2406x1=08
X, =08+08-06=1
Substituting the values of x,, X, and x, in (i)', we get,
X =1-075%2+1.75x1=0325
X, =0.325+ 1+ 150~ 1.75 = 1.075
The solution is as follows:
%, =1.075 %, =1, x,=2and x, =1
Solution in Tabular Form:
(a) Forward Step
Action X Xy Xy b g":::ﬂ &
4 -4 -3 7 13 (i)
8 -3 -8 17 66 | (i)
12 -12 -16 29 =21 (i)
-8 33 -25 36 104 | (iv)
(i)/4 % -1 -0.75 175 0325 |Gy
(i) - &) 0 5 -2 - 4 (i)
(i) - 126y 0 0 =7 8 -6 | ()
(iv) = 8i) 0 25 -3l 50 13 |Gwy
5 = 3 4 |y
] -7 e -6 |y
25 -31 50 13 (i)’
iy /5 1 -04 06 08 |G
] =7 8 -6 | qii)
(iv) - 25(ii)" 0 =21 35 e
o 8 -6 |y
=21 33 =7 (iv)”
i)’ 17 1 -1.143 | 0.857 | (i)™
()™ +21 (i)™ 0 10.997 | 10.997 |(iv)"
10997 | 10997 | (iv)™
V)" 710997 1 1 T
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b) 'n.ms«mm
%, - X;~ 075x,+1.75x, = 0325
%, = 04x, + 06x, =08
%, - 1.143x, = 0.857

= X, =1
Salving by backward substitution, we get,
x, = 1.075,
X, = 10000
Xy =2.000
x, = 1000

Program No. 21: Gmuilu Elimination Method
# include<iostream. h> .
# include<conioh>

float temp,arr{ 10](6),ansiver] 6];

int noofeq; -

void readata( )
l
short i,j,k=8,1=20;

cout<<
cout<<\nMHOW MANY EQUATIONS: "
cin=>noofeq;

cout<<"\oMENTER DATA FOR EQUATIONS"™;

coutt<<"n)
for({i=0;i<=noofeg-1;i++)
for(j=0:j<=noofeqj++)
{

gotony(Lk)

cin>>arri](j};

I+=8;

if(j=noofec)

e Oy
FRL )
OO (1) 4
e ()™
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void print_result( )
{ .
intiJ=1;
coutc<"\nMFINAL RESULT 7%
coutt<<"in\
for(i=noofeq- 1;i>=(;i-)
|
coute< UX <<j++<<" " "<<answer(i]<<end 1;
1
|
void main( )
{
intijkl=lp=l;
clrser(
readata( );
for(i=]i<=noofeq;i++)
(
for(j=i-1j
arr[noofeq+i-1] lll-wﬁi—llliifl!ﬂl—i} li-1%
for(j=i\i<noofeqii++)
\ 1
tempe=art{j][i-1);
for(k=i-1;k<=noofeq:k++
arrjjik]- Wl’lw 1)k *temp;

|
temp=0; k=1;
answer|0]=arr(2*noofeq-1][noofeq];
follﬁ-!"‘nouﬁq-l;jﬁ!ﬂufﬂ\l—)

for(k=1ke=p;k++)
temp+=answer(k-1]*arr(j-1][noofeq-k];
me‘]y-l—l-hn‘“-l J(noofeq]-temp;

]
print_result( );
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Computer Output

GAUSSIAN ELIMINATION METHOD

HOW MANY EQUATIONS: 4

ENTER DATA FOR EQUATIONS
4 -4 -3 2 1.3
8 -3 -8 17 6.6
12 =12 =16 29 =21
-8 33 -25 36 104

FINAL RESULT

e

X1 1075

X I

X3 2

X4 1

84.1 Pivot Strategy

There are two difficulties in using the simple Gaussian elimination method. They
are as follows: A

i) One of the pivot elements may be zero.

ii)  If any pivot element is very small (very close to zero) divisios by this

element tends to magnify the round-off error.

These difficulties can easily be avoided. It is not necessary to use the first
available equation as the pivotal equation, It is quite safe to interchange the row having
zero pivot with any other row which does not have a zero element in that positon. This
raises the question of whether there is any preference as to which row is exchanged with
the one having zero pivot. Greater accuracy can be achieved if the pivot has the greatest

In other words, the row with a zero pivot should be exchanged with any row,
which has the largest (in absolute value) element in the same column.

The above dure will not only eliminate zero pivots, but will also imcrease
overall computing accuracy.

In practice, we select the pivots by either of the following two ways:

= Panial pivoting

+« Complete pivoting
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8.4.2 Partial Pivoting Scheme
In this scheme, we climinate the unknowns in order starting with X, but at each
stage, we select the pivotal equation as the one with the largest pivot (in absolute value)
of the unknowns being eliminated. The reason for this is that, when calculations are
performed using finite-digit arithmetic, as would be the case for calculator or, even
computer-generated solutions, a pivet that is small compared 10 the entries below it in the
same column can lead to suk ial d-off error. G Ily, partial pivoting scheme
improves the accuracy of the solution.
Let us solve the previous example using partial pivoting scheme.
Example 4  Solve the following system of equations using partial pivoting technigue:
4x,— 4x;-3x,+ Tx, =13
Bx,~ 3x,-8x, + 17x, =66
12x,- 12x,- 16x,+ 29x, =-2.1
-8x,+ 33x, - 25, + 36x, =10+

Solution Forward Stage
Let us rewrite equations in the following form:

Action X | x; Xy Xy b

& =l =3 7 13

8| -3| -8 17 6.6

12 12 -16 29 =21

-8 33| -25 36 10.4

i) - 4diii)’ o] 2332 2668 20

i) = By’ 5 2664 | -2.336| 8.0
i) 112 1] =-1] =133 2417 | 0175

iv) + Biii)" 25| -35.664| 55336| 9.0

0| 2332| -2668| 20

5| 2664 -2336| 80

25| -35.664 | 55336| 9.0

2332| -2668( 20

i) = S(iv)" 9.799 | -13.401 | 6.2
iv) /125 1| -1427| 2213 | 036

2332| -2668| 20

9.799 | 13401 | 62

(i) -2.332¢i)™ 0.523| 0.524
(i) 19.799 1 -1.368 | 0.633

()" /0.523 1 1
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Rewriting pivot equation (iii)’, (iv)", (ii)" and (i)™, we get,

X = Xy - 133x, +2417x, =-0175 oo Gy
Xy = L427x, +2213%, =036 ()
x,—1.368x, =0633 von, 1)
Xy il g
Back Substitution

Substituting the value of x, from (i)" in (i)™, we get,
x;-1368x1 = 0633
X; =063+ 1.368= 2.0
Substituting the values of x, and x, in (iv)", we get,
: X, ~1427Tx2+2213x1 = 036
%, =03642854-2213 = 1.0
Substituting the values of x,, x; and x, in (iii)’, we get,
X, —1.0 ~1.333x2.0+241Tx1 = -0.175
X, =-0.175+ 1.0 4+ 2.666 - 2.417 = 1.074
The solution is,
X =1074, xy =10, x,=20and x, =1
843 Complete Pivoting Scheme

In complete pivoting scheme, we select the equation with the largest coefficient
(in absolute value) as the pivot equation; it can be anywhere in the body of the table.

Let us solve the previous example using the complete pivoting sirategy.

Hs Solve the following system of ions using complete pivoting strategy:
il T Ll R T B
x| = By - B, ¥ A¥x, ® 606
2x, - BBz, - 16x; + Wx, = -l

=BXy. ¥, 33%; = 25x; + x, = 104
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Solution Forward Stage

Action X, Xq Xy %) b No.

4 -4 =3 [7 13 (0]

8 -3 -8 |17]. 66 (i)

2 12| -16 |29| -21 (i)

-8 33| -25 |36]| 104 (iv)

i) = (i)’ 5.554 -10.419| 1.858 -0.723 iy

iy = 170iv) " 11.774 -18.589 | 3.798 1.687 iy

i) - 29(v) 18438 -38.593 | 4.126 -10.481 | (i)

i)/ 36 0222 0917 -0.694| 1| 0289 (ivy

5554 -10419| 1858 -0723 iy

11,774 -18.589 | 3.798 1.687 iy

18438 -38.593 | 4.126 ~10481 | (i)’

i) + 10.419¢ii)" 0.57 0.743 2111 "

iy + 18.589¢i)" | 288 1809 6734 ()"

iii)’ / -38.593 0.4 1| 0107 0272 | (i)

0.57 0.743 2111 [

2. 1.809 6.734 (ii)”

i) ~0.574(y™ 0.384 0771 W™

i)/ 12.888 1 0.626 2335 iy

i) 10.384 1 20 ™
Back Substitution

Rewriting pivot equations (iv)', (iii)", ()" and (i)™, we get,

-0222x, * 0817x; - OoMx, + x, = 0289

-0487x, + Xy TR = 02712

% + 0626%, = 2335

X, = 20

Substituting the value of x, in (ii)™, we get,
%, +0.626%2 = 2335
X, =2335~1.252 = 1.083

Substituting the values of x, and x, in (iii)", we get,
~0487 x 1,083+ %, -0.107x2 = 0272
Xy =0.272+0214 40518 =1

vy
(iiiy”

™
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Substituting the values of x,, %, and %, in (iv)’, we get,
~0.222%1.083+0917x1-0.604 x 2+ x, = 0.289
. =0289-0917+0240+ 1.388 =1

The solution is,
=1083, x, =10, x;=20and x, =1

g5 TRIANGULAR DECOMPOSITION (FACTORIZATION) METHOD

This method is based on the fact, that a non-singular square matrix A can be
replaced by the product of lower and upper triangular matrices. That is why this process
is also known as LU-decomposition method.

Consider the following lincar system of equations,
B, K4 B Xyt A%, = by
By Xt B Kty X, = b,

By X+ By Nyt By Xy = b,

which can be written in the form,
Ax=b 3 ... (8.10)
Then, A takes the form,
A=LU o (B
) R . |
whereL=|1;, | 0
III ]ll I
LITHNL T )
andUs= [0 Uy Uy
0 0 uy
Liilhwlmiumllbﬂhll'lmmmd)MUIluuw
jangular matrix (with Hence, (8,10) becomes:
LUx=b o (81D
This method can be used both for salving a system of equations and computing
the inverse of the given matrix,
85,1 Solution of Systems of Equations
o (B13)

Wweset Uxmy,
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then (B.12) may be rewritten as:
Ly=b ... (B.14)
which is equivalent to the system,
1 0 0|n b,
fa F B vy | =1bs
Ly ol b L b,

On simplification, we get,
¥y =b
ly ¥y + ¥, =b,
ly¥ +lay;+y, =D
Solve the above for y,, ¥, and y, using forward substitution,
Now, we compute the values of x's as:
Ux=y
Uy Uy By X b,
Up Uy |[%;]|=|b,
Uy J1% b,
On multiplying, we get,
LTS R TR Y
UpXy+UpKy ™ ¥,
Uy Xy = Yy
which can be solved for x,, X, and x; by backward substitution.
852  Inverse of a Matrix A using L and U

In order to compute the inverse of A using L and U, .the following steps are used:
i} A=LU

i AT e(LU) - UL
fil)  Multiplying both sides of (if) by U



286 Numerical Analysis with C++

Scheme for Computing L and U

We shall now describe the scheme for computing the matrices L and U and
iltustrate the procedure with a matrix of order 3. From (8.11), we get,

170 0fjluy, u, by A 3, 8y
Iy 1 0}10 uy uy|=la, 35 dy
hy lp 1][0 0 uy, Ay Ry Ay

Multiplying the matrices on the left-hand side and equating the coresponding
elements of both sides, we get, -

Uy =y, gy =il Uy =8y,
by oy =8y, by -y =2y,
or, or,
1 moat i T
By g by 8y,
Ly g =ay by uy =ay
or, or,
a a
By = Ay~ y ly=-2 =3
% el uy, 8,
Lyug+uy =ay lyuyt oy =ay
or, ar,
i Ry o
u,,-a,,—iﬂ—!li- |n=.u-_1|_‘n_
a, i,
ly oty +ly Uy =ay by ooy . Uy =ay
1 iy .8 .
N s | S |
Iy = un [ln ay, ] Uy =8y= by« Uy = by Uy
The above is a sy ic procedure to compute the el of Land U. We can
easily generalize the scheme.

Let us iliustrate the procedure by means of the following example.
Example 6 (a) Solve the following system of equations,
UM B PEE SR
A R TR A
ax, ¥ dx, + dx, = 05

using the decomposition method,
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4 5 -2
k) Invet A=|2 3 1
2 4 4

using the decomposition method.

) Using A™', solve the system of equations given in (a) above. Compare the two
results. *

Solution (2) Solution of Equations using L and U.
We know that LU= A
1 0 of|u, u, v, 4 5 -2
S0, [ly 1 0)10 ug ogf=i2 30 ]
hi s K9 8 Uy 24 4

Multiplying, we get:

uy L Uy 4 5 =2
Lyuy lyug+uy Ly uytuy L T
by lyug+lyug by uptl; ugsuy, 24 4
Cmvnﬂngooaﬂklllﬂl.wpt,
u, =4 uy, =5 Uy =-2
lyu, =2 ly g +uy, =3 lyuy+uy =1
O TP e e e
WG i b
lyw, =2 Lyt g =4 1 u,+l, uy+uy, =4
o bl U
$ iy 4 3 n= Sy & =1
It follows that A = LU h
100 4 5 =2
=1 0(x[0 ¢ 2 ¥
$31 00 -1
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(®)

Since Ly = b, we have
1001y 56
A1 0|y, |=1|13
13 1]lys 95
Multiplying the matrices on the left-hand side, we get,
y, =56

1
Eyl-ﬁy,:l,!

b |
5 h #3034 =95

Solving the above system, we get,
y; =56, yy3= — 1.6 and y, =112

Using Ux = y, we get,
4.0 -2][x 5.6
04 2|x;]|=|-15
00 -2|[x, 112

Multiplying the matrices on the lefi-hand side, we get.

4x, + 5x; - 2x; = 56
%x, * d%;, = =13

SORE P YL

Solving the above system of equations by backward substitution, we get,
Xy= =112, Xy= 418 and X, = -56.5
The matrices L and U have already been computed in (a) above.
Now,LL" =1 ;
B
Let L' =1} 1

IR

0
0
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Lol 0. o 100
Therefore, (4 1 0 f15 1 0 |=|0 1 0
33 v R 0 0.1

Multiplying both matrices and comparing like terms, we get:

1 0 0 100
141, 1 of=lo10
L4300, 415, 3+15 1 001

=0 1 =-1
L4315 +15, =0 1, =1
I+l =0 1y = -3

Sub:s:ilming values in L™, we get,

1 0.0
L'=|-+ 10
I =31
Also, UA™ = L
4.5 A@illeg 4 & 1 00
04 Of[af oy af|=l=% 10
00 =1I1al a% wf 1 -31
Multiplying and comparing coefficients, we get
aym-1; ay=3; Ay =-1

Ay=3; ahp==10; am=4
g m-4; aj=l4; l{,-—%
Substituting values in A™, we get, K
-4 14 -4
A'=| 3 =10 4
=1 =3 -1
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The system of equations can be solved using: x=A""b

x] [-4 14 -#7[ 56] [-565
X =] 3 -10 4[| 13[=]| 418
%] |1 -3 =1 |{nz] |-n2

The solution is as follows:
X, =-56.5, X,= 41.8 and x; =-11.2

Both results are the same.

86  TRIANGULAR DECOMPOSITION FOR SYMMETRIC MATRICES

‘When the given matrix A is real symmetric and positive definite, then we may
decompose A as:

A =LL' .
At =)= () 1)
=) ) ... (8.15)

In this case, we have to perform only one inversion of a triangular matrix and one
multiplication. This method is due to Choleski and is also known as the square-root
method. It is possible that this method may give a zero or imaginary diagonal element 1,
even though the matrix A is real. This is the major disadvantage of Choleski's methed.
Positive Definite Matrix

A real matrix A is said 1o be positive definite if x"Ax > 0, for all non-zero
vector x.

1 1 @
Thematrix A=|1 2 =1 | is positive definite because
o -1 1
1 1 0}x
xTAx=[x, XKy 1 2 =1]|=%,
0 -1 1])]x,

mxl 4+ 2% 4 x) #2x, %, =25, %,

= (% +5,) # (xy=x,)
The right-hand side of the sbove relation will be positive for all values of X, %
and x5, Hence, the matrix A s positive definite.
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If the matrix A is not positive definite, there are two possibilities:
i) at some stage, |, =0, if this happens the method fails, for example.,

AOI'ID
)G ol b

ii) at some stage, 1] <0, and this results in imaginary numbers,
Let us illustrate Choleski's method by means of an example.
256
Example 7 &) Given the matrix, A= | 2 5§ 15
6 15 46

Find A™' using Choleski’s method
B Using A™ computed in (a) above, solve the following system of equations:
1+ 2%, + 6x, = 13
2%, + 5x; + 15z, = 15
6x, + I5x; + 46x, = 19

Ly B LD
Solution 2) LetA=|1, 1, 0
]II Iﬂ lll

lJl o D ]ll ln

A=LL =]l 1y 0|0 1

S TR 1 1

lIll

L U™ Ly ¥ R )
55 T - LA e o R B L BT
lyly Byly+ly 1?.'3:“?; B ising
Computing elements, we get,
=1 ly=1
Iy ly =2 ly=2

Iy ly =6 Iy, =6
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+1} =5 1, =1
Iy dyy 1y lyy =18 Iy =3
1+ 13 + 1, =46, Iy =1

100
So,L= |2 10
; 53 1

1
Let L' = '21 ]'u 0
Iy

LL? =1
1 0 ls 0D 100
So,f210[[15 1, O|=(010
R R e 001
ltiplying the above matrices and evaluating the el of the matrix L™,
we get,

1 -2 0]fr1o00
=10 1 =-3(|-210
00 | k=3 81

g =20 B
=|=2 10 -3
0 =3 1
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Solution of equations: x= A™.b
% ¥ =27 011 35
X ={-2 10 -3 ||15(=| 67
X1 D=3 <X 9 -26

The solution is as follows:
X, =35 x,;= 67 and x, = -26

87  SOLUTION OF TRIDIAGONAL SYSTEMS OF EQUATIONS

A system of equations is said to be tridiagonal, if and only if all elements of
matrix A are zeroexcept 2, 8, and a;, o wherei=12, .. nandj=12, ....n-1

The following system,
4x, + L = 1
5 o+ 3x, ¢ = 0
Xy 4 33Xy = X, = -l
Xy + X, = Ry = o
X, = 2% = 1
is tridiagonal.
Tridi 1 ices occur i ly in a variety of applications:

i) Inthe solution of certain partial differential equations.
i) In approximation theory, i.e., where cubic spline functions are used to fit
data.

Diagonal Dominance
An n x n matrix A is said to be diagonally dominant if and only if,

2, Ztl iforalli=12,...n
DS

The matrix A is said to be strictly diagonally dominant if,
fau]> Tay: foralli=12,...,n.

' The system,
4%, ¥ 2x; + 2%; = 1
l X = 3x; - X, = 0

XL + A + Ixy = O



fained below:

A computational procedure to solve tridiagonal system is exp

When the system of ions is tridi | arid di i its
mmmmnmmmhnMWmummwm
on a digital computer because it uses less memory.

‘The following steps are used to implement the procedure:

i) Generate the quantities: W, Wy, .... W

and I
i) From w,=a,
di=a,,, -‘lf—j-. i=12,..,n-1
wy=a -8 d i=02,...,m.
iii)  MNext generate the quantities: Z,, Z,, Z;,... 2,
From z, --l-'l-
)
G L
w
i
iv)  Finally, generate the solution:
Xys X34 en X, from
X, =,

Ry =2,- X, 08,; k=n-lLn-2,..,1

The working of this method is illustrated below:



X, - 2%
Solution
By =y =Ry =, sl =-=2
8, =i, = =]
by=1b= b= =0
W, =8, =~2
i

d',.'.ﬂ_,__%
Wy 2 4
4 3
Wy ===y i
Similarly, w, = 34,- 3
8 4
*l'”Iid‘-_;

Wy
1
3 3
2

o 00O =
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1
Finally, x,-z,--;

Xy m2,~Xs d,

Xy 2 Zy=- Xy 0y ==

e

‘ni
FERLE

The solution is as follows:
x, = -0.8333
Xy = ~0.6667
Xy = - 0.5000
x, = -03333
Xy = - 01667

Program No. 22: Tridiagonal System of Equation

# include<conio.h>
# include<stdio.h>
# include<iostream.h>

float a[ 10][10], w[10],d[10],zeta[ 10],x[10].b[10];

void main( )
|
int n,i bl m, ver=10,hor=9; -
clrser( )i
cout<<\n\n TRIDIAGONAL SYSTEM OF EQUATIONS"™;
cout<<"\nV M
cout<<"\n\nMSIZE OF MATRIX: ™, .
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cin>>n; .
Hlcoefficients of A
cout<<"\nMENTER THE VALVES: ";
for(i =1;i<n;i++)

i

Jeil;
gotoxy(hor,ver); cin>>ali]li]; hor+=6;
gotoxy(hor, ver); cin>>ali][j}; ver++; hor=9+6*%(i-1»
gotoxy(hor,ver); cin>>alj][i}; hor+=6;
}
gotoxy(hor,ver); cinzali][i];
fivalues of B
hor+=4; ver=10;
for(j=1j<mn:j++)
{

gotoxy(hor, ver);
coute<'s ™
cin==b{jl;
vers+;
1
Healculation of w, d & zeta
wil=a(1](1};
zeta[ ]=b{/w] 1];
for(j=1; je=n-1ij++)
{

k=j+1;

dil=aljliklwijl;

wik]=alk](k]-a[k][j1*dLil;

zetafkj=(b{k]-alk] (i) zetali ]V wik]:
|

Healculation of x
x[n}=zeta[n];
for{l=1; le=n-1; 1++)
{

m=n-1;
X x[m]=zeta[m}-x[m+1]*d[m];

{fprinting values of x on screen
for(m=1,m<=n;m++)

1
cout<<"\nX “c<me<" = "<<x[m];
I
geteh( )i
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Computer Output

TRIDIAGONAL SYSTEM OF EQUATIONS

NO. OF EQUATIONS: §
ENTER THE VALUES:
= | il

R | | =0

1 -2 1 =0

1 -2 =0
X1=-0.833333
X2 =~ 0.666657

X3=-05

X4=-0333333
X5 =-0.166667

88 ITERATIVE METHODS

The direct methods we have discussed so far are not suitable when the nunber of
W.n:-ymi-mwuwmmmmmsmug,m
most of the elements in a matrix are zero). lierati larly suitible for

mwmmdemwmmw

arise in the solution of partial differential equations. The coefficient mauix for these
systems is sparse, i.e., the non-zero entries form a pattern. An iterative process povides
an efficient method for solving these large systems.

Some of the advantages of iterative methods are as follows:

a) Fewer multiplications are required for large systems.

b) They have less round-off errors than elimination methods.

€} They are self-correcting if an error is made.

d) They use less computer memory when programmed.

€) They are quicker and easier to use when the coefficient matrix is parse.

‘We consider here two classical iterative method:

U] Jacobi's method.

i) Gauss-Seidel method
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Before we discuss the iterative methods for a system of equations, let us study
the general concept of these methods:

Let Ax=b,
Assume that the equations are scaled so that a, = I.
(where i=1,2,...n)

X, + ApX, + o+ Emgx, = b
Ay X, + X, + PR a,Xx, = by
By X + BgX; + X3 o+ . 4+ A x, = b ~..(816)
By X + A% + PR x, = b

The equations (8.16) can be rewritten as follows:

X o= b - ApXxy - - A
Ry =™ byl miE e il S 1, X,
o= b= oayx = = B Ry B = R X (BT
%, = B = EIX W o= R X fi
We gart with some initial imations to the unk iables. Substituting

these approximations into the right-hand side of (8.17), we get new approximations. The
new approximations are then substituted into the right-hand side of (8.17). We get a
second set of approxi and the p is repeated until

‘each of the variables are sufficiently comrect.

These i hods will not ge for all sets of equations, nor for all

B.8.1 Jecobl's Method
Trcobi's method is valld only if all the ;'8 are non-zero or if the equations can

be sultably rearranged 1o make this so. This can always be done if A is invertible, Faster
<an be achleved if we rearrange the rows so that the diagonal elements have

B®
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magnitudes as large as possible relative to the magnitudes of other coefficients in the
same row. If this is not done sometimes Jacobi's method may not converge.

To solve the system of equations by Jacobi's method, the following steps are
used:

a) Choose initial guesses:

2 = x" =...= 2" =0 if no better initial guesses are available.
b) Setr=0
c) Foreach i=1,2,...,n, compute

—in‘;}" ... (8.18)
"

Assumingall a, #0; i=12,...m r20

d) I solution vector x* is sufficiently accurate, then go to the last step. If x*
is not sufficiently accurate, then add 1 to r and go to Step ¢

¢) Termination of the process: .
The ing two possible stopping criteria are used:

i) Use a fixed number of iterations.
ii) Use pre-assigned accuracy € as: lx""’-x"‘| <E.
We can combine both of them as well.

lﬂ‘lﬂﬂhmmuuuﬂddhﬂmw
because each of the equations is si ly changed, by using the most recent set of
x-values available,

Example9  Solve the following system of equations using Jacobi's method:
L Y e L)
- X + Ax; = x =13
+ 4x; - x, = 10
- Ry - Xy + 4x, = 1B

Use 2% = 3P = 2" = 2 =0.
Wrlia also the computer program to implement the method.
mmmmummmumqmumumm
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x, - 025x,
= 025x, =+ Xy
- 025x, + Xy
- 025x, - 0325x,

- 025x,
- 025x,
- 025x,

+ Xy

Rewriting the above equations as follows:

X = 0125 +
X, = 0325 +
Xy, = 025 +
X, = 045 +

A 201254 025 (x + X0
x4 = 0.325 + 025 (x{? + x
0 2025+ 025 +x7)
x4 =045+ 025(x ¥ +x7)
Seting r = 0, we get,
X 20.125+025(x® +x2)
FHY I-M:Li +025(x +xP)
x{ =0254+025(x +x7)
x{? =045+ 025 (x 4 xP)

0.25(x,+%,)
025(x,+x,)
025(x,+X,)
025(X,+x,)

)
)

0.125
0.325
0.25
045

Substituting the values of & = x® = x = x =0, we get,

x =012
) =0.328
x§! =025
x{" =045
" Second approximation:
P =0.1254+025(x{ +x{")

= 0.125 + 0.25 (0.325 + 0.25) = 0.2688
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@ =0325+025(x” + )
=(0.325 + 0.25 (0.125 + 0.25) = 0. 4688
xP =025 +D,Z§{:‘["fx'.":]
= 0.25 + 0.25 (0.125 + 0.45) = 0.3938
) =OA$+0,25|::',“+1§“) .
= (.45 + 0.25 (0.325 + 0.25) = 0.5938

The process is repeated several times and the results are represented in the
following table:

Tterations x; Xy Xy Xy
0 0 0 0 o
1 0125 0325 025 045
2 0.2688 04688 03938 05938
3 0.3406 04506 04656 06656
i 04103 06103 05353 07353
9 04114 06114 05364 0.7364

10 04120 06120 05370 07370
True answer | 0.4125  0.6125 05375  0.7375

It is obvious from the above results that the new values are better than the valuer
bisined n the previous iterals

Program No. 23: Jacobl’s Method

# define size 8
static float temp,datalsize][size] x[10].x1 [10];
short no_eq,itr;
varl main(void)
short ij k=B, 120 ,counts1;

elrser( );
gotoxy(24,1);cout<<"JACOBI METHOD";
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gotoxy(17,2);

coute< n";
cout<<"\nHOW MANY EQUATIONS : ™;

cin >>n0_eq; k
cout<<"\nENTER DATA FOR EQUATIONS™;

cout<<™ "

for{i={;i<no_eg-l;i++)
for(j=0;j<=no_eq;j++)
{

gotoxy(Lk);
cins>datali]{j];
I+8;
Ifj==no_eq)

|

ket
20,
}
)
cout<<"nHOW MANY ITERATIONS YOU WANT TO DO: ™;
cin >itr;
for(i=0:i<=no_eq-I; i++)
|
temps=datafi][i];
for(j=0ij<=no_eq:;j++)
data[i]{j}/=temp;
| =
cout<<"\n\n[TERATIONS * RESULTwin";
while(count<=itr) :

{
for(i=0ii<==no_eq-1;i++)
f

x1(i)- =datafi](no_eq):
fo:ﬁ-nmlai’-ﬂal-ﬂ i
if{im=) - : :
= :
: 21[i]- =datal{}(J)*x[j1;
|
coute<” "ec<count;
fol(ﬂnﬂ:hm-l;kﬂ; »
x[kj=x1(k);
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printf(** %9.41 " x[K]);
|
cout<<n”;
count++;
|
getch( ),
1
Computer Output p
JACOBI METHOD

m-m-&t.

HOW MANY EQUATIONS : 4

ENTER DATA FOR EQUATIONS
4 = -1 0 05
=1 4 0 =1 13
=1 0 4 -1 1
0 -1 -1 4 1.8

HOW MANY ITERATIONS YOU WANT TODO: 12

ITERATIONS

G -3 O U B W R e

0.1250
0.2688
0.3406
03766
0.3945
0.4035
0.4080
0.4103
04114
04119
04122
04124

RESULTS

02500
03938
0.4656
05016
0.5195
0.5285
0.5330
05353
0.5364
0.5369
053712
05374

BEE

0.7016
0.7195
0.7285
0.7330
'0.7353
0.7364
0.7369
07IM2
0.7374
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88.2 Gauss-Seidel Method

Jacobi’'s method is modified so that new approximations to the unk are used
as soon as they are available,

Formula (8.18) for x{™*" is then modified as follows:

o) o) ] " w
x5 =b _an R e B R = A Xy e Bu Xy o (B19)

ety

o, A= a.stJ Za i ... (B.20)

Gauss-Seidel method will always converge if Jacobi's method converges and will
do so more rapidly. If Jacobi’s method diverges, so does Gauss-Seidel. Since the most *
recently values of x are used in the subsequent iterations, this makes the
method more realistic and converges faster. This is generally the case but is not always
true. In fact, there are linear systems for which Jacobi’s method converges and the Gauss-
Seidel method does not and conversely. On the whole, we can say that Gauss-Seidel
method converges faster than Jacobi’s method.

As already mentioned that the solutions are quickly reached if a,,, a. ..., a
are numerically larger compared with other coefficients. If necessary, the equations are
rearranged so that the bigger coefficients are on the main diagonal.

The following steps are used to solve the system of equations by Gauss-Seidel

a) Choose the initial guess
b) Set r=0
] Foreach i=1,2,...,n, compute

1
o o ;—:[u,-ia.xr"—gl‘.ar] o (821)

d)  IHfithe solution vector
) %" is sufficiently accurate, go to step (e),

ii) Otherwise, add 1 tor and go to Step (c).
€) Stop the process. Stopping criteria are the same as mentioned under Jacobi's

Example 10 Solve the previous example using Gauss-Seidel method,
Solution Initial approximation: x™ = x" = x = x =0,
The equations are now rewritien as follows:
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X 20325 +0.25 (x " +x
0 =028 10.15{&:"'" +:""}
x§™" =0454+025 [s‘,"" +l;““}
Setting r = 0 and substituting the required values in the right-hand side, we get,
M =0.125 +l].2.5[x?‘ +1§"“}
=0.125+0.25 (0 +0) = 0.125
x{ =0.325+0.25(x{" +xP)
=0.325 4+ 0.25 (0.125 + 0) = 0.3563
il -Il25+0‘25(l:” + :?] =
=0.25 +0.25 (0.125+ 0) = 0.2813
x) =045 +025 [:5" + x',”}
=045 + 0.25 (0.3563 + 0.2813) = 0,6094
The subsequent iterations are given as below:

Iterations Xy . Xy Xy
0 0 0 0 0
1 0125 03563 02813 0609
2 0.2844 05484 04734 07055
3

0.3805 0.5965 05215 07295

04124 06124 05374 07375
8 04125 06125 05374 07375

True answer 04125 06125 05375 07375

This example shows that Gauss-Seidel method is faster and gives more sccunite
results than the previous method.

e

Program No. 24: Gauss-Seldel Method

# include<conio.h>
# include<stdio.h>
# include<iostream.h>

Int noofeq, iteration;
float temp,arr{8](8).x( 10];
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void main(void)
{
int i,j, k=8, count=1,noofeq, iteration xpos=10,ypos=8§;
float temp,arr{8][8].x[10];

clrser( J;
cout<< "\n\nGAUSS-SEIDEL METHOD
cout<<"\n\
cout<<"\n\tNo Of Equations: "
cinx: ]
cout<<"\n\tPlease Enter Data Of Equations :\n";
for(i=0;i<= noofeg-1;i++)
[
xpos=10; ypos+=2;
for(j=0j<=npofeq;j++ )
1
gotoxy(xpos.ypos);
cin>>arr{i][jl;
xpos+=8;
|
)
cout<<“\ntHow Many Iterations: ",
cin>>iteration; £
for(i=0;i<=noofeq-1;i++)
|
temp=arrfi][i};
for(j=0;

nﬂilu‘v-m
!
cout<< I TERATIONSWWRESULTS\n\n™;

while{count<=iterations)
{
for(i=0;i<=noofeq-l;i++)
|
x[il=arr[i][noofeq];
for(j=noofeq;j>=0;j—;

ifi==j)j—
: xfi=(i)(j1*(i;
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i=0;
for(k=0; k<=noofeg-1:k++)
|
printf(* %941 " x[k];
count<<n",
count++;
|
getch( );
|
Computer Output
GUASS-SEIDEL METHOD
SRt e
No Of Equations: 4
Please Enter Data Of Equations:
4 -1 -1 1] 0.5
=1 4 ] -1 13
=1 0 4 = 10
0 -1 -1 4 18
How Many lterations : 9
ITERATIONS RESULTS
1 0.1250 0.3562 0.2812 0.6094
2 0.2844 0.5484 04734 0.7055
3 0.3805 0.5965 0.5215 0.7295
4 0.4045 0.6085 0.5335 0.7355
5 0.4105 06115 0.5365 0.7370
6 0.4120 0.6122 (L_S!T! 073714
T 0.4124 0.6124 0.5374 0.7375
] 0.4125 0.6125 0.5379 0.7375
9 04125 0.6125 0.5357 0.7375
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Example 11 Given the following linear system of eqy
4x 4+ ¥ o+ g = 11
X 4+ 4y «+ 2! = 1B
X+ Y. & JAZ .= .15
Solve this system of equations using Gauss-Seidel method.
Solution
Certain linear systems of equation can be solved easily by Gauss-Seidel method.
After a simple generalization, this method can also be used for solving some non-linear
systems.
Amluummﬂ:prublzmnhmdmhnhmmdhymngﬂ:wl&lddw
ging the system in diagonally d form:

Thus,
%= %I:ll—vy' —z)

y= —:—{ls—x-z‘)
2= %[ls-y-x’]
Let the initial guessbe x™ = y™ = 2™ = |,

Tterative Form:
L. _:_hl_,m‘ —z“l)

¥ o -}(ls-x"" _,‘u’)
o) %&s_,,mn _Ktnn’)
Putting n = 0, we get
W = -:-Gl-y“! —z"]

Y= %(ﬂ-l“’ _zn‘]

[ %65, y -x‘"')
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Substituting the values in the above form, we get

A0 = -:-[11—(1)' ~1] =225

Yo = 41[13-2.25-(13’] = 36875

2 = i[ls—a.&s?s-(ns;‘] = 15625

’Wﬁ?iMWplhemn:
x = 1000112 = 1.
: y'= 1999962 - 2
z = 2999953 ~ 3.
Ilnmubeemphuimim_uw:hﬁnommnmmisimﬁm would

verge despitc the diagonal d
b Gl e M

Solve the following systems of equations using Cramer's rule:

a) Xy
Ix;
4x,

b) 4x,
2x,

€) 6x,

d) x,

=3x,

+

+

is not yet
' PROBLEMS

Xy + Xy
Xy +  2xy
2x; + Xy
Ry + Xy
5x; - Xy
2x, + 6x,
2x; + Xy
5x; - 2x,
Ry + Xy
Tx; +  4x,
9%, - 6x,
8x; + 5%5

-2
4
-8

of the system, since a general theory for the
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3. (a)

(b)

e) 03a + 052b + c = =001

05a + b + 19 = 0.67

0la + 03b + 05¢c = -044
f X+ ¥y - = 1

2x 4 ¥ 4+ ‘22w '3

3x -y » z = =2
Given the matrix,

T

A= N s
1 1 1

a)  Compute adj(A) and then find A™.

b)  Hence or otherwise, solve the following system of eq
X, + Ix; + Xy = 3
3x, e x5 = -l
X+ X; + Xy = 3
Find the inverse of the matrix,

11 i
A= |3 -9 5
1 <& 3

Hence or otherwise salve the system of equations:

X - : gt R E el |
Iy, - Wyi¥ 35 = B
o= 3+ 3z =13
Find the inverse of the foliowing matrices:
2 =3 =8 2 13 4 6
il 1 -4 7 4 if) 8§ -1 13
U SR R | 5 B
R 1 9 5 18
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ity

a) (i)

%,

4x,
Ix,

(i) 0.5x,

b)

€)

02x,
04 x,

ey

-%

- %

*

o+ o+

2x,
L5

04x,
20.1x,
03x,;

L3
L |
4xy
L

X3

L]
2x,
g

8x,
9x,
2x,
Sk,
Xy
X3
X
2x,

+

%

* % 4+ 3 %

+

+ + +

%y
Ix,

+ 02x,
+ 04x,
+ 06x,

Xy
X3
3Ix,
X3

Xy
%y
L

2y

4%y
15x,
17x,
4%,

Ry
Xy
3Ix,

+ + %

8 15 0 4

6 11 iv) 3 1

10 19 E 2

1 19 38, 2 5
5 of eqs using

o7

02

X4
X
Sxy

xy

*a
“
Xy
$x,

10x,

2lx,

ix,
L |
2x,

L

e
2 0
3 -1
B

-2
-2

o

16
-8.1
9.4
14.1
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f : T SR R Xy o+ 4x,
2x, + 4xy + 3x,

4x, + 2x; + 2%y, + X,

-3x;, + X, + 3%, + 2x,

B X o+ Xy + X + X,
Az, % 3y # o Ty o= Ry

Ix, - Tky + 5x; = 3x,

4%, - 5%, = 2% - 3x,

h) X o+ 2xy - 12x; + 8x,
5% + 4x; % Txy = 2Ix,

3%, + Txg + 9x; + 53,

6x, - 12x;, - 8x, + 3x,

i) 10x, - 7x; + 3% + 5x,
-6x; + Xy = Xy 4x,

3x, + Xy + 4x; + llx,

6x; - 9z, - 2x, + 4x,

] 2x, + 10x, - 6%, + 42,
=3x, - 12z, - 9x; + 6x,
- + 2y - Mz, + 152,
4x, + 18z, +  4x,
5x; + 2Wxy - 19%, + 25x,
)
=3 b R
IR R e e 5 |=
e T Xy
THE - x5, J
- EECT RS %0 ~19
n | -6 4 1 -8 %y | =
6 -2 2 4 Xy
12 -8 6 x4

+ + + + +
ENGU

-
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5. Find the inverse of the following matrices using triangular decomposition

method:
1 2 .| 50 107

a) A= 4 2 1 b) B= 25 54 20
1 1 31 66 21

¢} Solve the following system of equations,
4%, + 3x; - Xy, = -2
=2% - 4x; + 5x; = 20
X + 2x; + 6x; = 7
using the triangular decomposition method.

d) S:zlve the following system of equations using triangs
method:
X, + 2x; + 3x;, = 14
2%, -+ Sx; + 2x, = 18
3, + % + Sxy = 20
¢} Salve the following system of equations using triang)
method:
2x, + X, + 4x, = 12
Bx, - 3x; + 2x, = W
4x, + 11x; - X, = 33
f) Sclve the following system of equations using
method:
X + 3%, + B8x; = 4
X o+ Axy + 3%, = -2
X + 3Ix; + 4x; = 1

6.(2) Find the inverse of the given matrix using Choleski's method,

4« & B
A= | 6 10 17
4 17 25
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Hence, solve the following system of equations:

4% + 6x; + 8x, = §
6x;, + 10x; + 17x, = §
Bxy .+ 175, +. 2xy = F

Hence or otherwise solve the system of equations:

A%, = 2y o+ 2y = 15
2% o+ 5y - Ix, o= 40
By = ARy + Thy = &5

7.(a) Using Chaleski's method, find the inverse of A:

5 7 6 5
A= 7 0 8 7
6 8 10 9
5 7 9 1o

Hence or otherwise solve the following system of equations:

52 + 7b + 6c + Sd = 21
Ta + 10b + Bec + 7d = 32
6a + Bb + 10e + 94 = 33
S + Th + 9c¢ + 10d = 2

(b) mmquammmmw'um

1

I b 2 3
5 - Ak 0
) 1

A= b8 3=

- i 2

1

1 =2 7=

2

(b} Find the inverse of the following matrix using Choleski's method,
e 1
A= 2 5 -2
1 -2 7
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find the inveme of the

a6 .
(c) Using d position method for sy
following matrix:
e oy
2 3
| P T
2 3 4
TR
3 4 5
(d) Find the Choleski's decomposition of matrix:

2.~1 0. @

A=|-1 2 =1 0

0 -1 2 -1

a 0 -1 2

Find also the inverse of the matrix.

Find the following systems of eq using tradi
1) 2%, - Xy = 1
e o By =¥y = 0
-% + Ixy - x4 = ]
=%+ 2x = 1
ST TR PSR
-% + 2y - By = 2
S L R P
-% + Ix, = 4
€) x = %3 T
-x + 23 - % 0= ]
-k + 1% - X, = 1
- X o+ 2z, = Ny = 1
%y + A% - ¥ 0= 1
-ny o+ 2R, . T



8

7

of tions
\ rll '—17‘
-4 1 X, -15
1 -4 1 Xy - 15
1 -4 1 X, -15
T S | L R
S X ~15
1 =4 1 (' ~15
1 -4 1 % s
1 -4 1 %y -15
L ;‘“4 t._lsJ
Let A be the 50 x 50 tridiagonal matrix:
5 -
=1 5 -1
-1 5 -
} ark a-
=1 3
Consider the problem Ax =b for 50 different vectors b of the form:
(L2 49.50]", [2,3,.50.], .4 50,0.2]" ..
Solve this problem using the computer.
Solve the following systems of equations using Jacobi's method:
10x + y * = 24
=% + 2y + = 2
-x = 2y + 100z = 300
Take starting values as (0, 0, 0).
Bx, = Ix; + 2z, = 20
i % R = m e
6x, + Ix;, + Iz, = 36

Take the Initial guess as (0, 0, 0),
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5x,
bt 1.
=

Tike x, =

d) 10x,
Ll
2x,

= Xy
+ Bx,
+ - 1
Xy =X, =0
+ Xy
+ 10x,
+ 22x,

+

+

Bx,
x5
10x,

51

e} Consider the following systems of equations:

i) 5x,
dx,

i) x
2x
20x

0 10%,
iy
2x,

+

+

+

3x;
ix,

%3
Sxy

X3

2y +
By +

Yy +
Can Jacobi’s method be used to solve them? Why?

X3
1xy
X3
I,

+

4

0z =
z =

2z =

n,

Xa
10x,
4%y

Take x, = x; = x, = x, =0,

B 10x,
L]

=2x,

Ay
10%,
X
Ing

+

n,
X
By
L3

Take x, = %; = x, = x, =0,

10,

Initlal guess as: (0,0,0,0,0,0)

+

14

5
=
74

3x,
LT
Bx,

Ix,
LT
Sx,

= 6
= 25
= =1l
= 15
= 6
= 25
= =1l
= =l

Solve the following systems of equations using Gauss-Seidel's method taking the
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a)

b)

)

i d)

11.

1)

11.84x,
4.26x,
6.30x,

X
2x,
6x,

16,
x
3x,

10x,

-16x,
12x,
2x,
.

+

e jwre [ e =

ERE S N R T
+ +

+ % + +

+ + o+ o+ o+

+
*
+
+

+

+

+

+ 915x,
+ 1536x,

10x,
20x,
10x,
gl

2x,
10x,

L S BS ERE B

2%, *
I
x; +

By -

+ 215x, =
= 2B9x; =
- 588x, + 3485z, =

L5

1
30
2x,

4xy
15x,
15x,
14x,

15%,

3
- w ES
z
|
e = =18
z
4
= = 28
z

+ o+ o+ o+

=13

6.88
-8.61
12.95

-

Using an iterative method solve the following nonlinear systems of equations:
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R T 0 B AN T
¥ y z
E+H-I-+ﬁ = 360
x y z
4 x :

s 0w e L,
x ¥ ]
1

+ % y' +—xy=12
d) Sx; # x5 + X3 o+ %, = 87
X 6x; + 2x; - 2 = 73
Rpoom N e x; = 1729
Ix, + %y + Xy W iy = 37
) 4x o+ ¥ 4 r = .11

X + 4y + z* = 18
i ¥y + 4z = 15

Assume all initial values to be 1.
12.(a) Solve the following system of equations,
a) 8%+ 4x, + W o= -l
Xy -5 2x; - ox; = 14
% By = 4

using Jacobi's and Gauss-Seidel methods. Which one is faster?

Usé x,= x,= x,=0.
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(b} Solve the following systems of equations using Jacobi's and Seidel methods.

32] -

Let x%=xP = x® =0

i

ii)

i)

iv)

v)

vi)

9x,
=k

2x,

5%,

2x,

10x,

14x,

5x,

- 2x;
Xy
Xy

+

X3
10x,
2x,

2x,
10x,
2x,

X3
10x,
x

3x,
1x,

3x,
5x,
13x,

Xa
2x,
2%,

x5

2%;
2x,
1lx,

X =
Ky =

Xy =

= 9
= 15
= -2
= 70
= 60
=" ‘40
= 15
= 24
= 33
= 20
= 33
= 36
= 5
L
= 8
-1
0
o
o



Analysis with C++

p prog to solve the ng system of equations by an
iterative inethod:
X, 10x, + 5, = 10
2x, + 2Wxy, + x, = 10
3Ix, 30x; + X, =

+ 0
10x, + Xy 5
2x, - 2x; + Wx, = 35

0

By o+ 10xy - Xy =

R, =

Take x@ = x® = xP < xP e xP =xP =0
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Chapter 9

Eigenvalues and Eigenvectors

9.1 INTRODUCTION
In this chapter, we study some basics of computing eigenvalues and
i . They play a | i role in the study of differential equations and in
many applications in eng ing and physical sci
Let A be a square matrix, [a,],., . We sh=!" ‘nvestigate the problem of finding, .
A, and non-trivial vector X, (A vector is non-trivial if its all components are not equal
. to zero), such that,

Ax= Ax ()]
or (Ax- Ax)=0
or (A=ADx=0 - (i)
It is known that a solution x (# 0) exists provided
det (A= 1) =0 . (i)
More explicitly, i
a4y e
ay a,,
Surk e A =0 V)
Y e W=k

" If we are to expand the above determinant, we obtain an nth degree polynomial
mA:

det (A= AD= (1) &* 42 A" 42, A" 4.k, hta,



- h

=
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The above polynomial called the characteristic pobrluull.l of A. Each value of A which
satisfies (iv), yields a system of | i of equation (ii). Thus the
problem, of finding the values of A for which (if) possesses non-trivial solutions is the
same as finding the roots of the characteristic polynomial:
(=1 A" +a, 2" +a, A" 4o ka Aty =0 ¥

Here, (v) is called the ck ristl ion (also imes called the
secular equation) whose roots are A, h, ..., A, and are called the eigenvalues (or
latent roots) of A and x is called the eigenvector (or latent vector) of A corresponding
to A . These roots can be distinct (i.e, A, # &, # ... # &), or complex or repeated. [n
the case of multiple roots, say a p-fold root A, the problem is more involved.

92 METHODS TO SOLVE EIGENVALUE PROBLEMS

" The eigenvalue problem reduces to the problem of finding the roots of the
characteristic equation, det (A — A I) = 0. This can be done directly by expanding the
determinant in power of & if A is of order 3 x 3 or less. As the size of the given matrix
grows; this method rapidly becomes inefficient and ti time-consuming. However, for
particiilar cases, for instance, for sparse matrices, it may still be quite useful.

If the given matrix is a real symmetric matrix, all its roots are real and Newton's
method may be used to find the roots of the characteristic equation (See Sectien 255). If
the given matrix is real but not symmetric, there may be complex rocts of the
Mi:eqmnn Ifh= a+lbhlrw|.lheui.---|b is also a mot of the

and hmmmhmllmmqu&m

factor A7 -2ak+a’+b* =0.lis y therefore to first seck g e factor, if
dnp‘vumn-ixisrulmimn-wm-h
Yo & . o . G ook P TR

MNW}mmwnmmﬁm“dm

hods develop ‘Mmmmmﬂnhmmw
duuhﬂilmnuhymerxm hensively in this book. To
bwwmwnmmbhum“mwmwmmwm
methods:

«  (Ceneral method

* Leverrier-Faddeev method

* Power method

Let us describe the above methods one buy one.

92.1 General Method
This is  fimple method and we illustrate it by the following two examples:
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Example |  Find the eig and the ponding eigen of the following
matrix:
2 1 -1
A= 0 -2 -2
1 1 0
o Characteristic Pok
2-4 1 =1
det (A=A T)=det 0 -2=A -2
1 1 o
Expanding the determinant:
-2=A -2

det(A-AD=(2-1) *1

e

1 -2

1 -1’
1 =% -2-i -2
=@2-MRA+A +2]40+[=2-2-4)
=4A+2A% 4420222 —4-2
o=k
Roots of the Characteristic Equation
-2 +A=0
or A -d=0
or MA-1) =0
l.I-D.I.,-Ilndl,--l
So the eigenvalues are 0, 1, 1.

The set of all eigenvalues of marix A, usually denoted by the symbol a(A), is
called the spectrum of A.

The eige sponding 1o the above eigenvalues may now be calculated.
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X
(i) When A, =0, eigenvector, x") = [?}

z

2 9 =1

H(A=Al)=|0 -2 -2

U (R
2 1 =11 0
(A-Alx=|0 -2 -2||y|=|0
1551 Blks] 19

Solving:

2x + ¢ Sl i o
M R o
. - e ¥ - o

Thus, from the last two equations, we get
x=-y=z

o]

Since eig are of arbil ,m“nﬂuwdmum;mmh“
may choose any mon-zero value of x.
Let us use x = | and we get

1
Whea A, =0, xt"-H- bo-1 1)
. 1

x
(i)  When ), =1, cigenvestor, a”'[r]
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3 1 ¥ =k
SH(A=-Al)=|0 -3 -2

11 -1][x
(A-Alx=[0 -3 -2 |y|=
1 1 -1}z

Solving:

A=-y+Z

2 5
= 4+=z4z2= =2
3

i

Letting z = 1, we get

Lot |
N

When &, =0, x@ =~

— |
n
[eri—
I
II
(=]

x
(iii)  When X, = - I, eigenvector, x™ =y

:
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-
A(A=Al)=|0 -1 -
11 1
2 31 -1]|* []
(A-Alx=|0 -1 -2||y|=]|0
11 1]z 0
ix + y - & P
3 y - 2z = o
X+ y - z =0
Solving:
y=-2z
X=—y=21
= +lz2-z2=12
o
P=|-22
z
Letting z = 1, we get
1
When Ay =-1, x® =|-2|=f1 -2 1J°
1
Answers:
When A, =0, =l -1 1"
T
When 4, =0, ,p,[% _-_33 l]
When A, =-1, ‘m"il <3407
Example 2 Find the eigenvalues and their o ig So e
following matrix:

2
2

00
A= 21
2t 2
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Raduth Ch ristic Poly

2-% 0 0
det(A=Al)=det|| 2 2-2 1
1 1’ 2-x

_(2_1}[271 111 _0[:1! 2:1]”[? 211]
=@2-W[E@-4 -1]-0+0
=@-N[E+A -4 -1]
=2-2)[A - 44+3)
= -2 460 - 1A +6

Characteristic Polynomial

A -6 +11A-6=0
Factorizing to get eigenvalues:
A-1)(A-2)(A-3)=0
& A=1,2,3

x
() When A, =1, eigenvector, x! = H
z

[T

Solving:
x =

2x+tytz =

X+ty+z =
Thus, x =0, z= -y

i

Letting y =1, we get
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When &, =1, x" =0 1 -1]"

x
i) Whend, =2 x® = H

g
Whea 3, =2, x®=fi -1 -7]"

x
i) When A, =3; x®,= H
z

I
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-x = 0
2x -y+z = 0
x+y+z = 0
x=0
z=y

When A, =3,x%=Jo 1 1]

When A =1, x" =[o 1 —1]”

When A, =2, x®=[0 -1 -2]"

When A, =3, x®=Jo 1 1] i
Some Remarks

It is important to remember that following points in using this method:
a) Eimlnumdaiaummberulnudl-emplnw

b) The di ion of the ei ng 1o an is less than
umdwhmmw«rﬁunw

) Thommoduoodabwounmbhhrixludsxsmw
and eigt of larger are often puted using some other
mmmummwm

d) However, this method is not suitable for computer.

922 Leverrier-Faddeev Method

mmmmuw»mwwmwm
corresponding eigenvectors, It is a more efficient method as compared to previously
discussed and it can be easily computerized.

1t uses the trace and proceeds as follows:
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Let A, = A (where A is the given matrix). Also, P, = trace (A) = ia,

Let Ay =A(A - RI); Py = % trace(A,)

; 1
Let Ay =A(A,~R1); By =3 trace(A,)
; 1
Let A, =A(A,~F, 1) P=— trace(A, )
The numbers P, Py, .., P, are required coefficients in the characteristic
equation. Then, A" —F, A" —F, 4" —-.—P, =0.
Solve it for &y, Ay A3y eees Aye
Check:  From the last step, A,—P,1=0
Before solving a ical ple, we will introd the following
terminology:
#»  Trace and determinant of a matrix
= Inverse of a matrix
=  Spectral radius
(=) Trace and Determinant of a Matrix

The sum of diagonal elements of a square matrix is called the trace of the matrix
and equals the sum of its eigenvalues.

"Let A= [a,],,, be an nth order non-singular square matrix, then the trace of A is

tr(A) = E" ; sum of the diagonal elements.

Allnu(A)-tll;md A's.
=]
Determinant of the matrix A:
det(A)= 2y, Ay Dy &y
=11 3,
=

It means that the product of the eigenvalues of a square matrix is equal to
the determi f that matrix.
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(b)  Inverse
This method can also be used for finding the inverse of A which is given by:

Al = “P‘]“[Au—k =~ I]

3] Spectral Radius

The spectral radius of a square matrix A is the largest absolute eigenvalue. It is
denoted by S(A).

B(A)=max | L} 1Sisn
E 3(a) Determine the eig for the foll

matrix:

3224
A=|2 0 2
423

(b) Find also the inverse, trace, determinant and spectral radius o A.
Solution

324
W Let A=]2 0 2; B=u(a)=Ya, =3+0+3=6
423

|
| Ay =A(A, -]

| 324 3 2.4 100

' =2 0 2 202-6|010
%2y 423 001
32 4)[-3 2 4 112 4

| =2 022 -6 3|=|28 2
4 2 314 2 -3 4 Z 1

P = 2u(A,)

.-;-[11+a+u] = %-xzo =15
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20 - ]
e —~0o
o =
- o o
—b -]
i
I_. e -0 o
rer— - vy
. - =
= i
-
o e o 1....—..2 L 1..4.42"
E‘ w e 5 o 5 gk b
e ™ " o -0 W n t [
Py PRI — BV e = el B a1
o Tam Tam 00w A o+ e i _L <
1 F oW 5 w < e i
L mon mon ome £ | a t S =la* =im
" — 7
A.324 muw woo B B | somw f " o+ o= 7 ] M
k3 L . —— —i¢ =] n " s M (T
(] L i il " W L “ === -
3 - ;T owmo e I + » !
< ol o S, -~ a1
S-S =
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-4 2 4
1
mela o7 i3
4 2 =4
PR
2 4 2
e A
4 8 4
Lt S
] 4 2
Traceof A :
r(A) = ZA,

= -1-1+8=6
Determinant of A :

det (A) = T,
= -lx-1x8=8
Spectral radius of A :
8(x)=8

923 Power Method
It is the simplest iterative procedure for determining the largest (or principal)

eigenvalue and the corresponding oary

probably the most widely used method. The elgenvalus having the greatest absalute value

is called the dominant eigenvalue. This method Is used because in many applications

only the dominant elgenvalue of a matrix |s needed. Power method fails If there is no

dominant eigenvalue
Assume olgenvalues of an n x n matrix are arranged to be
(A1 Ag | 2[Ag |2 Z1A, |20
The process proceeds as follows:
_ Let x be any non-zero vector and define a sequence of vectors,

XA x® @ w
by the recursive relation:

X - p
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Then as r— ss, x" — (multiple of) " It is imp ta know that for finding
the roots of a polynomial equation of degree = 4 is not a simple task, it has to be carried

out using iterative methods.
Proof Express x" in terms of eigenvectors:
x" = g,q"+a, qP +..+a, q" Linear independence,
Then, x® = Ala,q"+a, g +..+q, ¢" ) (since Ag= A q)
= ko q"+4 9%+ +)a, q"
xP = AL 0" +2, 0,07 + 40,0, g7

= g, 4 q"+0, 2} q? 4. +a, Al g™

x? = g AR g™ +a, M q® + g Al g
So, if  is large enough, AT'[ ) [A5"], and s0, x* ~ o, A1 q.
In practice, we usually scale down at each iteration by dividing x® by its largest
[
ie, Yo =
Thenas r—e, x"— q% and ratioof y**" to X &, .

Wmhgmnmdw“wifhmmm"eknﬂmdhml
mi root. Convergence is most rapid when the ratio of the largest eigenvive to the
next largest eigenvalue is large.
Computing the smallest eigenvalue of a matrix

*  The eigenvalue of 'smallest magnitude-of & matrix

lcations of eigenvalues need the eigenvalue of smallest the inverse matrix
hﬂulﬁhhmmmlumllmmwhn
In order to find the smallest elgenvalue of a matrix, we apply the principle that

the reciprocals of eigenvalues of a are the eigenvalues of the inverse of the
That is, If A Is an elgenvalue of A, then

A"X-i'r

g
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Therefore, taking the inverse of A and
give the largest eigenvalue of the in:
the smallest eigenvalue of A.

then using the iteration

Example4  Given the following squaré matrix:

1

50
0-10
1. 0.8
Find its domi i and its

we have just described will

verse of A. The reciprocal of this value will then be

Let us now illustrate this method by the following two examples.

method. Try the initial guess as: ' =1 | Ly
Solution

Given y*V = A x¥

Letr=1, then y™ = A x'V

using power

i [ f T

i el
i 3]
3] [
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B s F i

IEHEE

1
0
1

] |f

Trueanswer: A, =6 Ay =4 Ay =-1

Corresponding eigenvectors :

1

PR QH

i 1

=y

For hy =4, q¥=l0|

1

0

Fordym =1, q¥ |1

0

Example§  Use power method fo determine the dominant eigenvalus and

corresponding elgenvector nﬂhlwlwh.lmllﬂl

o]
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Use x"’-[l 1 l]r.
‘Write comy program to impl power method.
Solution:  Let y® =Ax" and x™ =[1 1 1]"
i i 0 0 10 -1)f1 0
,W-?,m-? 4 |=|.57 yP=AxM =11 2 1[|1|=]4
b d 1 22 3|1
g =1 IJ —1
e At g PAT y"’- 1 57|= :14
4I4 4.14
4.14 2 2 3 4.14
-.24
=| .52
1
1 -I,14 -0.35 10 -1]|-24] |-1.24
. O y9=Ax®=l1 2 1 || .52 |=| 180
i -
2.2 a4t 3.56

y [49] [ ~1.48
x"M=—1 15 |=| 50 y =52
3041 304 1 3.04
y [ [-oe0 ~1.49
XM= —_| 151 |=| 050 ety
3.02 1 3.02

xl‘ﬂ_‘ﬂ\l i

A =3
~0.49



Numerical Analysis with C ++

-.50
True answer: A, =3; q"’ =| .50
1

This program has been taken from the following website:

http:iAwww.net.pk/mish JappNi lysis.html

#include <iostream h>
#include <math.h>
#include <fstream h>
#include <string.h>

void read_n(intd:, ifstream&:);
void read_array{double**, int, ifstream&);
void write_armay(double®*, int);
void deallocate_arrary(double**,int);
void mult{double**, double®, double®,int);
double fun(double®,int);
double vectomorm{double®,int);
void main{ )
{

int n,ik,M;

double®* array;

double* x;

double® y;

double r,vn,tol,rold;

M=1000;

tol=0.0;

ifstream arrayin;
arrayin.open(“array.dat”),

y=new double{n];

0])=-1.0;
x[1]=1.0;
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x[2)=1.0;
for(i=0i<n;i++)
[

ylil=00;

ilallocate array
array=new double*[n];
for (i=0;i<n;i++)

array(i] = new double[n];

read_array(arfay, n, arrayin);
arrayin.close( );

{larray now read into file
cout<<"Original Matrix:"<<endl;
write_array(array,n);

ke=0);

rold=1.0;

=10.0;

while(k<M && fabs(rold-r)>tol)
{

cout<<"k= “<ckec" x="cex(]e” Hea[l]e<” “eex[2]ec ="
<<r<<endl;
mult{array.x.y,n);
rold=r;
r=fun(y,n)fun(x,n);
vn=vectornarm(y,n);
for(i=0;i<n;i++x[il=y{i}/vn;
k4,
I
coute< k= “cckes” x="cax[0]<<” “eax[l]e<" “<ex[2]e<="
<<r<<endl; .

deallocate_amay(array,n);

delete x,y;

cout<<"Press ENTER 1o end"<<endl;
cin.get( );

retumn 0;
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void read_n(int &n, ifstream & arrayin)

i
char temp;
Jiread in number of rows
n=int(arrayin.get( ) }-int(‘0’);
temp=arrayin.get( ) //get next character
while(temp !=* ' &&temp !="\n")
{
n=n*10+int(temp)-int(*0");
: temp=arrayin.get( );
!
void read_array(double** amay, int n, &arrayin)
{
double tempd div;
bool divlag;
char temp;
int ij;
liread in array from file
for(i=0;i<nii++)
for(j=ij<n;j++)
{
div=1;
divilag=false;

tempd=0.0;
iff tarrayin.cof( ) ) temp=arrayin.gei( )i Higet next character
while(temp !=* * && temp 1= "\n’ && lamayin.cof( ) )
{
if (lemp=="-")
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if (divilag==true)
div=div*10.0;
)
tempd=tempd* 10+int(temp)-int(*0");
if(larrayin.eof( ) )
l

}

temp=arrayin.get( );
)
}
arrayli]ljl=tempd/div;

)
while('arrayin.eof( ) && temp = "n’)
{

temp=arrayin.get{ };
Li
1 h
Jarray[i](j] is now the ith row jth column element of the array retrun;

1
void deallocate_array(double** array, int n)
{

I deallocate array

int i;

for (i=0;i<n;i++)

{

deleat] ] array[i];

1

deleat] ] armay;
)

L}

void write_array(double** array,int n)
{

int j;

for(i=0;i<n;i++)

for(j=0j<aj++)

cout<<armay[ilfjle<* "

cout<<endl;
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retum;

J
void mult({double** A double* x,double® y,int n)
{
for (int i=0;i<n;i++)
{
ylil=0;
for (int j=03j<n;j++)
{
ylil=ylil+ AL *xLi):
return;
)
double fun(double* x,int n)
{

Heoutz<x[0]<< “ “<<[l]<<" "c<x[2)<<endl;

return x[1];
)

double vectornorm{double* x,int n)
{ 2
double answer=x[0];
for(int i=1i<n;i++)
|
if(abs(x[i])>=abs(answer))
!

answer=x[i];

93  MATRIX DEFLATION

There are different methods for finding subsequent eigenvalues of a matris, we
wﬂldumumlymofﬂnm.io.ﬂ:ﬁlhhmﬂﬂchulmidmwﬂ
approach.

Smwhmspptuﬂupuwnulmdlanm:Amdhannhmndh

largest eigenvalue X, and P

9. We now require to find the

cigenvalue 1, to do so, A, mhmwnmmmm
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may be defined as the process of finding a matrix A, of order (n — 1), whose eigenvalues
are identical with those of A, except A,.

This process can thus be until all the eigenvalues of A have been
computed.
Theorem Let q be an eig of A corresponding to an eigenvalue A and let v
be an eige of AT ponding eig o when ju# A, prove that v7 q=0.

Proof We know that
A q= hq-muliplying both sides by v7.
Hence, vVAg =L v'q ()
Also, ATv=pv; Transpose
(W) = oy
viA=pv" . Multiplying both sides by q
viAg=pvigq
Comparing (i) and (ii), we get

<z )

Avig=pvTg
Since A #, (A=) vTq=0
viig=0
Although we have used deflation (o find subseq i igenval
pairs, there is a point where rounding eror reduces the accuracy below acceptable limits.
To avoid this difficulty, other methods, like Jacobi's method, are preferred when we need
to compute many o all eigenvalues of s given matrix,

~ 931  Hotelling's Deflation

Hotelling's deflation is based on the result that the matrix,
A =A-1q" MU

~ (where v s thy of AT ponding 1o eige Ay) has

' cigenvalues: 0, 4y, 4, provided g™, v are scaled
cigenvectors:  q", ¢, q%, ., sothat v . g =
Proof

Let ¥ be the ei di
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Then, postmultiplying by "
Aq" =AQP-2, q" - q® Vit
=Aq® -2, q" YT q®
Two cases will be discussed.

(&) When i=1:
A g0 =Agh -1, q" =0

(since v q =1and Aq” =2, q")
Thus, g% is an cig of A, ponding to eigenvalue 0.
() When i1, sothat h, # k.

Then A, q" =2,q" -0
(since by theorem v g0 =)
Thus, g* is an eigy of A, ponding to eigenvalue X,.
Steps to deflate a matrix

hanmy.lhqpmmufmixduﬂ&iminwufhsfummmdh
following steps:
«(i) Fiull,,dnduminmdaﬁvaheohkhyhpowmdlu X, the

corresponding eigenvector.
(i) mmmaup.mmmmmmimmh,,
(iii)  Find this domi igenvalue and the ;ponding eigen Then find
the corresponding of A.
{hf) Repeat steps (if) & (iif), using the last deflated matrix at each stey, unil as
many eigenvalues and eigenvectors of A are to be found.

Esample6 Apply Hotelling's deflation method to deflate the matrix:

il

Given the dominant eigenvalue A, =3,
Solution  To apply Hotelling’s Deflation, we require v, eigenvector of AE:

g
AT=l0 2 2
=1 1 3
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Hence, AT v! = A v, (AT-A1)v™ =0,
ATy _ v S0

Lvig 100
0 2]-3]0 1 of | vV =0
-113 001
% b
Let v = |y
z
-2x + y + 2z = 0 e (1)
- ¥y + 2z = D wo (i)
SRR = 0 L i)
From (jii), y=x

From (ii), z w-;—y =%x
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Thus, A, =A- 2, g% v

Lol |3
-[1 2 1]-3 % 2 2 1)
2.8 3 .

reen i T
=12 1/-]s 3 2
LZJ 6 6;
e

2
=l-2 =1 --;-;Den.uamm
R

We apply the power method on A, to find the other elgenvalues 4, le.,
Al"‘i'h"""
9331 lﬂ-hbﬂ-hmm

If A Is symmetric, A"= A and v = q"', Thus provided q (s scaled s that

4% " = I, the matrlx given by Hotelling's deflation is
AjmA-2q"q"
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Example 7 Deflate A when the largest eigenvalue is M=l

2 -4 2]
As=l-4 2 -2
2 -2 -1
Solution  Leteigenvector ¢ =[x y 2]T
(AT-A1)q" =0
2 =4 2 1 00 x
-4 2 -2|/-7|01 0 ¥|=0
2 =2 4 001 z
-5x - 4y + 2z =
-4x = 5y - 2z =
2x - 2y - Bz = 0
[ Add (i) and (if) :
i -9x-9y =0; y= -x
| Substitute in (i) :
4x-8z =0 4
x=2z

L]

x iz
i 4 b
qQ =|y|=]|-22|=z2({-2
1 z z 1
]

q" . q" azl@sds ) ml

|
]i 9:'-1.:-;«

2 i 2
q¥ mzf-2|=m=f-2
1 1

oo KB
()]
-« (H1)
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S0, A, =A-1,q" q::J'
.
2 -4 2 3
il BRI 5 -% [g —%%]
2 =2 =1 1
3
i e
2 -4 2 Ei g i
-—42—24-—:%—-:—
2 =2 I
9 9 9
LR A
9 -
o e
9 9 9
LA
9 [
If Aissy ic, Hotelling's deflation gives a sy ic matrix.
94 PROPERTIES OF EIGENVALUES AND EIGENVECTORS
kdﬂhaﬂhwmﬁmm!mwm‘ar
eigenvalues and eigenvectars.

We mention here the following:

The absolute value of a determinant (jdetAl) la the product of the absciute values

of the elgenvalues of matrix A.

I-OwadAll’Mudnnhr{wm)mm

HAlsa nxunhud.nﬂa(wmnul:wlwm::ﬂml
matrix, the eigenvalues of A are the diagonal entries

The matrix A and ts transpose have same elge

M\-un.yummmmwu but osly for dstinct

Thlumlnmwpduw.lnmmﬂ mMnIllnw
lue of largest mag (for real aumbers, largest
mwmdum

For a transition matrix, the dominant elgenvalue ls always 1.
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® The smallest eigenvalue of a matrix A is the same &s the inverse (reciprocal) of
the largest eigenvalue of A™', i.e. of inverse of A.
“ = If we know an eigen its eige can be comy mmm
is also possible; ie., given an eig , its pondi lue can be
calculated.

Exampie 8 Consider the following upper triangular matrix:
|

2
02
A=(D 0 3 4
00

0

WA LA LA LA e

0.
Find its eigenvalues and spectral radius:
Solution

aet (A) = det

(= - - B -
oo RN
00 W W w
I N
WA LA L e

=A-DR-DA-HA-HA-5=0
Eigenvaluesare: &, =1; A, =2; A, =3; &, =4; A, =5.
Spectral radius, 8(A) = 5.
95  GERSHGORIN'S THEOREM
' In the previous sections, we have studied some methods to

| d theis P g eig Now, WWW‘IM
Statement

All the eigenvalues A's of the matrix A lie within the union of the circular disc
specified by the following inequalities:
P-dulsE s
B

whereeachk=1,2,...,n
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Proof
Let & be any eigenvalue of A, with corresponding eigenvector:

x= Ilux,, x,,..‘.x,]'

then we can write Ax = A x
% Eﬂu'*fh. ()
o :

for k=12, ..n
or equivalently,

ia,‘ % =(h-a,)x, e (2)
=1
Since x is an eig itis ppose its kth comp is the largest
in absolute value: .
[ | = max {|x,]} -0
Let us divide both sides of (2) by x,, (x, #0):
an——-l -8y @

memlklmmwmnfbdhnduuﬂl).ww

|a- aal-’i-u,t

By triangle-inequality (| x y | £| x| | ¥ | ), the RHS. of (5) satisfies the

inequality:
i-u f-i'#-ul H e (6)

M, from (3), it is app

Jﬂl-sl; j=L%...n
xl

. (3)
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. - n s
Eﬂ“x_ 52}%1"5 Zsh (7
Pl ® = ol
f ol e b
Comparing (5} and (7), we get |
A2y [ =2 ay e ®)
=

| A=y | is called disc, and

a, | is radius,
[as]

Let us apply the above theorem 1o obtain s much information as possible about
IF the eigenvalues of matrices.

l Examination of Equation (8)
For each k, the set of & which satisfies (8) is a disc with center at a,, and radius
r, , where

n -Efn,d e (9)
I
ok
The term disc means a circle and its interior. Here the disc is in the complex plane (set of
all complex numbers). The disc here means the Gerschgorin's disc. Thus, if we denote
each of these ndisc by D, :
D, = fifr-aylsn )i k=12, 0n  ...010)

then each (and therefore every) eigenvalue of A must lie in the union § of these discs:

]

s=Up, we1l)

k=l
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Lock at the following figure:

- Overlapping discs rey plex cig
~  Isolated discs represent exactly different real eigenvalues.
Example9  Given the following matrix:

o]

(a) Compute the eigenvalues of A.
(b) Use the Gerschgorin’s theorem to obtain bounds on the magnitude of
eigenvalues of the above matrix. .

Solution
(a) The eigenvalues are computed and are as follows:

2, =2

hy=2(3+45)

n=23-48)

(b) Bounds

The Gerschgorin's discs are:
D, = {a:|a+2]s1}; Av2= 1321
D, = fi|a-2 |s1fs A-2= 13- 3
D, = {a:|a+1|s1 ) A+ 1=02=0.
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It is clear that A lies between - 1 and 3, ie.— 1 SA <3,
Figure:

Fm&udhmnuchummdmﬂ-ﬁﬂsl is isolated from the other
contained in that disc, M , Since ©CCur in pairs, we can assert
that lone eigenvalue is real.

Example 10  Given the matrix:

[I [ z]
A=|2 -3 -1
0 4 1
. Using the Gerschgorin's theorem, find the range in which the eigenvalues lie.
Solution Finding discs
Row-wise:
D, =|A-1|<|6]+|2] =8
D, =|A+3|s|2]+]-1] =3
Dy =|k-1|<|4|=4

A=1+8 =9
A=3-3 =0
A=4+] =5
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Figure

D, =|A+1|=3

Centre
Kol Ay =8 1 A=
We can deduce that 0S4 <9
Eigenvalues of the transpose of a matrix A are the same as those of A.

PROBLEMS

I.(a) (i) Whatare eigenvalues and eigenvectors of a matrix?
(i) What is the characteristic polynomial of a matrix?
(iii) 'What is the spectrum of a matrix?

(iv) How can we determine if a matrix is singular by looking at its
ecigenvalues?

(v)  'What is an eigenvalue's multiplicity?

(vi) How can we compute the eigenvalues of a triangular matrix?

(vii) What are the eigenvalues and eigen of the i fa
matrix?

(viii) What can we say about the cigenvalues of a symmetric matrix?

(ix) What does Gerschgorin's theorem tell us about the eigenvlaues of
& matrix?




(b

)

‘Eigenvalues and Eigenvectors

Name the various methods you have studied for computing eigenvalues
and eigenvectors.

Suppose that we have given two matrices, A and B, Their set of

eigenvalues are:

i
i)

A: 5,87
B: 02,1,-1

Identify the dominant eigenvlaue of each.

using the general method:
g 04
(a) -6 1 '3
[-12 -2 8
f @50
©) -1 2 =1
Lo -1 3
2% 2
(e) 3 -1 3
[y, 1 =3
[-2 & =24
® 0 -1 10
1 -4 13
s R R
) 6 =1 0
-1 -2 -1
[3 2 4
(5} 29072
4 2 3
00 -1
, m |01 2
| 00 1

(®)

()

(h)

(m)

2 Compute the eigenvalues and eigenvectors of each of the following matrices

-10
=3
11

=10
-3

16

-1

-6
=2
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3.(a)

®)

4, (n)

®)

232203 ol
3322

S ® :
100s

9 -12 -2 6
(qQ) “2 B 4 (r) 0
| S B 1

-3
-4

o]

&phhm«ﬂmhddoﬂmmdmﬁnﬂﬂneigmvmﬂw.
Mention one disadvantage of this method under which it fails.

Given the following pute their eig 2 ard
] inverses:
[ I ] 12 6 -6
(0] 5 (ii) 6 12 2
L1 -2 -1 -6 2 16
3= 3 4 e
Gy -4 8 1 ) |-2 2 -
-1 -2 0 1 -4 10
[0 2 -10 = 2
™m |-31 -3 (vi) 3 -1 3
LR T 1. I =3
Describe power method to pute the largest eigenvalue and its
eigenvector.
Compute the dominant eigenvalues and ponding eigen f 2sch of
the following matrices (Use your initial vectors if not given):
AR 410
(@) -12 a9 4 (ii) 1201
-6 -12 16 01 4
15 03
i) [-05 05 -05
=05 0 0

Use x™ =i 1 1]
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s fato=g ! i
@ (013 ) B
111 o 17 -2
10 =2 4 T e st
(vi) -20 4 -10 (vii) |-4 10 1
-30 6 -13 -1 -2 2
Use xP=fi 11"
[6 4 =2 [-2 2 -1
(i) |4 12 - (ix) 7 3 =1
-2 -4 13 4 =4 -2
[§ -2 -4 [3,2 &
()] o i)  |=1 12 1
|~4 2 5 : |4 2
[1 -3 2 [-1 0 0
(xii) [4 4 -1 (i) [2 1 -2
6 3 5 8.0 5
| Use xP=1 1 17 Use x=[0 0 1]°

. 5.{a) What is the purpose of deflation?
| (b} The following matrix:

[0 2 -
g Y i y
TS B ! v "

has &, = - | as an eigenvalue and its comesponding eigen
1
2™ =1, 1.5, .5]". Use the deflation method to compute the rest of the
(¢} Given the following matrix:

§ 2 4
-3 6 2
s 31

() Use the power methed to calculate the largest eigenvalue of the matrix.
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(ii)  Use the deflation method to calculate the second largest cigenvale of this
matrix.

(d) Given the matrix:

25 1.2
i (R
2 0 -4

(i)  Starting from the initial guess:
xXM=fi o o
Find the largest eigenvalue and its ponding eigenvector using pawer
method.
(ii) Repeat the method with
M=fo1 "
(iii} Deflate the matrix A.
(£} Given the matrix:

3 2 -2
g s S
3 2 -5
(i)  Starting with the initial guess:

xP=f 1 1),
find the largest eigenvalue and its corresponding eige usingpower
method.,

(ii) Use the method of 1o other eige
() Consider the matrix:

o)

{i)  Use the power method to calculate the largest eigenvalue. Take the initial
vector, x™ =i 1 1]".
(ii) Use the method of deflation to find the remaining eigenvalues:




]

Eigenvalues and Eigy

6. Find the spectral radii of the following matrices:

[0 -1 -1

0] 1. -2 0
L. 0 -3]

[7 -2 1
(ii) =2 10 -2
1 -2 7

[2 0 -1
(iii) 82 0
01

b | -
]
=

tad | =

(iv)

) A ‘[

vi) A -[

i
=
-

1

o=

A=

tl o= W=
e
M ™
L
o

- W
©we W
woN s
By

T Given the following matrix:

[ 6 =04 :
A=|0 -3 10
| ¥ -4 13 ]

Using Gerchgorin’s theorem, find the range of eigenvalues.

4 -7 0 2
a 3 4 6
® 00 3 -8
L TR |
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&
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MmN -0 0
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Index

A

Absolute error, 6, 7

Acceleration of convergence, 230
Accumulated error, 4

Accuracy, 7

Adams-Bashforth method, 189
Adams-Moulton method, 194
Adjoint matrix, 270

Aitken's delta process, 230

Aitken's method for interpolation, 73
Algebraic equations, 217

Analytical methods, 167

Analytical solution, 120, 167
Automatic subdivision of intervals, 149

Backward substitution, 272
Backward difference operator, 40
Bairstow’s method, 218

Bessel's interpolation formula, 64
Birga-Vieta, 256

Binary search, 242

Bisection method, 218, 242
Boundary conditions, 166

Boundary value problem, 166
Boole's rule, 132
& i
Central difference formulas, 52
— Bessel's formula, 52, 64
— Everett's formula, 52, 65
— Gauss forward formula, 52, 65
~ Gauss backward formula, 52, 65
— Stirling's formula, 52, 62
Central difference operator, 41

Characteristic equation, 324
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of the iterative scheme, 221, 225
Cramer's rule, 268, 265
Cube root, 237

Deflation, 257, 344
Derivatives, 93
Determinant, 269,332
Determination of square root, 327
Differentiation, 93
Differences, 27

Difference operations, 33
Difference pperators, 35
Difference table, 27
Differential equations, 165
Differential operators, 94
Direct methods, 268
Discretization error, 168
Divergent behaviour, 221
Dominant egenvalue, 325




Index

Everett's interpolation formula, 65
Exact polynomial, 29
Extrapolation, 51

F

False position, 249
Finite, 28

- Finite calculus, 28

Finite differences, 27
Forward difference operator, 35
Forward stage, 273

G

Gaussian elimination, 268, 272
Gaussian interpolation formulas, 65
Gaussian quadrature formulas, 126
Gauss-Seidel method, 268. 298, 305
Gerschgorin's thearem, 351

Global error, 136, 175

Graphical methods, 167
Gregary-Newton forward formula, 52
Gregary-Newton backward formula, 57
Gross error, 3

Halley's formula, 266
Heun's method, 175
Hermite formula, 52
Higher-order derivatives, 95
Higher-order ODEs, 166

. Horner's scheme, 258

Hotelling's deflation, 345, 348

 Indirect methods, 268

Initial value problem, 166

367
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Iterate, 219
Iterative methods, 75, 298
Iterative interpolation method, 73

J
Jacobi's iterative method, 268, 298, 299
Jury problem, 166

L

Lagrange formula, 69

Laplace, 126

Latent vector, 324
Leverrier-Faddev method, 324, 331
Linear equations, 166, 217

Local truncation error, 4, 138, 175
Localization of roots, 222

LU decomposition, 284

Mechanical quadrature, 125

Milne-Simpson predigtor-corrector, 169, 186
Maultiple roots, 254 * .

Multi-step methods, 168, 184

N
Nested polynomial, 171
Neville's formula, 75 :
Newton's backward difference formula, 56
Newton-Cotes formulas, 125
Newton's divided difference formula, 52
Newton's forward difference formula, 52
Newton-Raphson methad, 218, 233
Non-linear equations, 166, 217
‘Numerical analysis, |
‘Numerical cancellation, 17
Numerical differentiation, 93
Numerical integration, 125

erical methods, 1, 167




Index

Numerical recipes, 2

o

One-step methods, 184

Order of convergence, 234

Order of equations, 166

Ordinary differential equations, 165

P

Partial differential equations, 165

Partial pivoting, 280, 281

Percentage error, 6, 7

Picard's method, 169

Pivot, 273 :

Pivotal strategy, 280

Polynomial, 51

Polynomial evaluation, 256

Power method, 324, 335

Precision, 6, 7

Predictor-Corrector methods, 169, 184
~ Milne-Simpson method, 186
- Adams-Bashforth method, 189
— Adams-Moulton method, 194

Probable error, §

Reciprocal of a number, 239
lelhhimﬂhod.!ll

P et a
Relative error, 6, 7
RMmaflupmldalmlo,l‘l

Mmbnllwulu. 152
Root, 226

Rounding errors, 3, 4, 168
Runge-Kutta methods, 177
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s 5
Secant method, 218, 246

Shift operator, 42

Significant digits, 6

Simpson’s 1/3"-rule, 129

Simpson's 3/8"rule, 131

Simple iterative procedure, 218

Single-step method, 168, 184

Simultaneous differential equations, 203

Spectral radius, 333

Stanting methods, 166

Staircase convergence, 221

Stirling's interpolation formula, 62
Subtractive cancellation, 17
Successive approximation method, 170
Synthetic division, 218

T

Taylor series method, 5, 19, 172

Trace, 332

Transcendental functions, 217
Trapezoidal rule, 127

Triangular decomposition, 268, 284, 290
Tridiagonal matrix, 268, 293

Truncation error, 3, §

U

Unstable process, 93, 180
Upper triangular matrix, 275
w

‘Web convergence, 221
Weddle's rule, 132

z
Zeros of polynomials, 256
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Answers

Note: We have provided the answers of almost all problems. The reader in many cases
may expect to obtain results which differ slightly from the answers given here, depending

on the accuracy required and iques or facilities employed.

Chapter 1

1.1} AE=0.1; RE = 0.000356
(b) AE=7.7696x 107 ; RE=7.4431 x 107
(e) AE=0.0478 % 10™; RE =0.009 x 107
(d) AE=7029%10"; RE=0016x 107
(e) AE=0.070006; RE = 0.03238
(H AE=023x107

(g) Do yourself. .
2 (2) 0.1 (b) 0028 (c) 2.0475
3, 9SxS1L; 5.55yS6.5 25Sx-yS55; M5Sx+ysITs

4. (a) 9.43 <uv < 1323; 0465 <u'v <0.655
(b) 4.464 <z <4.507; Meaningful answer is 4.5 cm.
(c) RE=048%
5.(a) AE=0.17675; RE=0.125
() 10; 1
() RE=4.1%
(d) -8.80410-8.801

6. (i) 1.5453 x 10™; 1.625 x 107%; (if) 0.0049; 0.0275; (iii) 1.178: 0.5 x 107,
(iv) 363 % 107™; 1,135 x 107
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8. (a)
(®

=

9.(2)

)
(€)
d

10 ()

(b)

(2) ~1.184 tb =1.123; (b) —3.946 to ~3.908; Meaningful answer is —3.9 correct
to 1 dp; (c) Meaningful answer is 17.0; (d) 0.0141 1o 0.0142; Meaningful
answer for a is 0.014 correct to 3 dp

i) 0.0582 i) 0.0182 i) 0.0100 iv) 0.00100 v) —111.0999

i) 'll'l[l-i—-l—] ii) cos 2x iii)
X x4l 4+x
sin® x

iv) 1-cosx=
l+cosx

v) tanx-sinx=tanx(l-cosx}
= tan (2 sin® (1/2)) = 2 tan x Sin® (x'2)

2 4
f= =il ‘—‘. S=0
1 2 + e 1(1.5) = 0.086

1
f(x)=x— ‘T; 1(1.2) = 0.18; 0.0027

i) Number of term =7 ii) 1.359 x 107

B i x° e i
L o gt
DR+ 3 S T axa T mat

ii) Rix)= iii} 7 terms

‘iﬂ
(n+1) (a+1)!
1 3.2 8 &
1-= Zx? - =x*: 0.9534; 2.73x10
2“'8‘ lﬁx 0.9534; 273 x

1 1s4l
Zntl

i) <Exlﬂ“:5x10'7

when x = 1, n > 500000 and when x-%.n- 15

“double SolExp(double x)
{
double expo, term;
int i=1;
expo=term+ 1;
while (fabs(term) > = le - 6)
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(®)

O]

Teturn expo;
1

12. (a) double solPi=1

unsigned i, n=100;
float sign = 1;
for (i=1; i<n; i++)
{

sign = —sign;

solPi +=sign/2%i+1});
)
solPi*=4;
double solPi = 0;
unsigned i, n=100;
for (i=1; i<n; i++)

solPi +=10/(4%-3)/ (4%-1);

solPi*=8;

Do yourself

Chapter 2

2.(a)
®)
()

3. ()
&)

4.

5.(0)
®)
(<)

6.(x)
®)

No, since the function is not a polynomial.

It is zero and the third-order difference column is constant. Hence, the function
represents an exact polynomial of degree three.

5* entry is in error. Correct value, f(3) = - 96,

6 entry is in error. Correct value, f(6) = 112.

4* entry is in ervor. Comect value, f{4) = 1.4108.

6* entry is in error, Correct value, 1(6) = 72.

6® entry is in error. Correct value, 2(6) = 0.598.

y(1.3) = 1.65 and 2(1.3) = 7.2

f=-1,6,9, Tand 5.
f=0,5,7 6and 5.
f=1,1,13, 73 and 241.

Error = - 0,18, f(2) = 2.35 - (- 0.18) = 2.53
1(3.63) = 0.144518,
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(¢) f(0.5)=11.10.
7.(a) a=l,b=Sandc=3,
) &'f=0
() 0.0003
(i) Af, =16, VI, =0, sf‘; =66, 57 f, =50, A'f, = 60, V'f, = 36, and
& f,=24.
(& 110=4 f, = Vf, = 5f,
A E
“3W0=A r‘.vr,-mi
192= A f, = V31, = 81,
8. (a) 650 (b) 24101 () 20 (d) () fi0.4) = - 6.774; (ii) 1(0.4) = 0.671
(e) 0.678; f(0.7)=5.292
10.(2) ()2n+1,2,0 ()30 +9n+4;6n+1%6 (i)In"+n+17;6n+46
(iv)Sni{n-1(n-2)(n-3%20n(n-1)(n-2)60n(n-1).
(d) () 6(x—1) (i) 6(x + 1}i(x +2)°
M 12x* -24x+14
(g x(x+1)

Chapter 3
I @ H1.23) =137 (175 =59 (103049 (d)4.69 (e) 028
2. (i)f(145)=4.14 (i) f(1.05) = 2.04 (iii) 0.6101, 0.5984
3. (2) f(25)=254

() i) f(23)=1.5166 i) f(2.05)= 1.4318  iii) f(2.65) = 1.6282
4 (DLIT7S (i) 5.4803
5. (a)(i)27.3548 (ii)27.6578  (iii) 27.6396  (iv) 27.3555, 27.3540

(b) Same answer from all formulas; 0.1048
(c) 1.782 (d)2.199 (e) 0.1495 (f) 1186 (2)0.19
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6. (a) 105 (b) 8.4 (e) 14 (d) 49.46 (e) 89

() 3.625 (g) 0.5104,0.2252 (h) 10.86

i) fix)= -;-[ xT-7Tx’-14x]

=1f(1.5)=4.3125
1 09375
(my=x"-3x"+5x-5
¥ (4.5) = 46.875

7 (a) .25 (b) 1.25 (c) L9402 (d) 0.031
% (a) 12221  (b) E=L12x107";  {c) h=0.0866
9. (a) 0.85 (b) 0.385 (c) 14 () 12892 (e) 0.14104
10.  (a) 0.8642:5.713% 107 (b) 0.28
1. () 6561 (b) 0.446198
12, (@) 21992 (b) -5.67 x 107
13, (a) 0.149586 (b) ~0.00001 (c) 0.07
Chapter 4
1 (b) f; =987, 17 =10.90; {'(2.4) = 11.05; 1"(24) = 11.37
% (a) 0.4997; analytical answer is 0.5; Error = 0.00029 (b)-95.0
3, Y(4.75) = 1.331; y'(4.75) = 0.326
4. (a) 0.046; 1.408 and 6.70 (b) 345and 112
5. (a) - 0.3647 and 0.3900

(b) £'(0.8)=0.79814; {*(0.8)=0.75720

£(0.85) = 0.83748; f"(0.85)=0.81692

6. (a) 0.045; 0.8095 and 6.7 (b) 0.46192, 0.39136 and 0.1425

(<) 34.5405, 34.6155, 0.075
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7 (a) -1.0625; ~1.375; 4.5
(b) 0.7494; 0.8053 and —1.5185; Error = -0.0078, -0.131 and 0.9055
(¢) 1.796027
8 () -237x10° (ii) 2.63 % 10°
(iif) ~1.044 x 10°; -0.94 x 10°; —0.902 % 10°; -1.024 x 10°;
-1.821 % 10°.
9. (a) 4.0560,4.0535  (b) 1.08,4.04,0.04
10 (a) 4425 (b) 0.16159, 0.361, 2435
1L . (a)(i)0.506,0.0521 (i) 2309, 1.6105
(b) (i) 0.685,0.827 (i) 0.685, 0.824 (i) 0.686, 0.827
153 0,68, 0,827, 0.685, 0.827
Chapter 5
1 (@) I; =5246and I =5212; (b) I, =6.3627, I; =6.3789
(c) (i) 1y =7635, 1, = 7730 (ii) I, = 89250, I, = 89500
2 (8) 16,678 and 16.699. The true answer is 16.778, which is nearer to Simpson's
Lt
3
DA 4
(b}. I = 0.43521; 7;“" '(7;—] =0.43521. Both results are very close.
A 0.694 and 0.693; exact answer = 0.693
~0.0002604 2 E, 2 ~0.000326
-0.00000203 2 E; 2 - 0.0000651
4. (i) a) 1056902 (b) 0.62792, 0.62797 (ii) 0.681 (iii) 0.9943, 1.0000, 0.006
(iv) 46.5,46.49 (v) 1; = 1.11008, Iy = 1.11058, [ = 1.11073
& (a) 1, =0.7854; 1, =0.7848; Analytical answer = 0.7854

(b) Number of subdivisions in Trapezoidal rule are 1443 and in Simpsen's rule
are 26,
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(¢) Infinity in Trapezoidal rule and 118 in Simpson’s rule.
(@) (i) 1; =0.2639, 1, =0.2652; (ii) E, =0.0000326 and E. = - 002642
(iii) 13 and 4 :

(e) 59
6. (a) 2.136 ‘ (b) 5.49 (c) 4.64 (d) 48.77, 56.724, 56.528
(e) I, =232 (f) 1, =0.5797, Area = 3.643 and I, = 0.5672, Area = 3.564
y (a) I, =0.2974, Iy = 1.9736; Ty+1, =2.277
(®) Iy =45, I; =538 I;+1; =538 3
8. (2) 1462657 (b) 0.785396 (c) 0.657669
9. (a) 08285 (b) 04570  (¢) 06012 (d)028GI  (¢) 0.109364
10 (2) 06012  (b) 0.4570  (c) 504.6933 () 0.657669 (e) -0.0207
11. () 0.8813; Exact=08B1374 (b) 0.999886; Exact = 1.000000
(c) 39.225; 36.375
12 (o) 202
13. (a) (i) 0.6839397 (i) 0.7313703 (i) 0.7429841
() () 0.785398 ) E
Chapter 6
2. (a) x+ 1;-. 2.02 (b) 2.0202,0.0002 () 002 (d) 0.1414
- 3

(b) Taylor series method cannot 'be used. Picard's method with three
approximations:

y=l+6xt+4x" +-:-:“
y(0.1) = 3.0289; ¥(1.2) = 153547
(¢) Taylor series method cannot be used because y' is infinite at x = 0,
With three approximations Picard's method gives,
x 4 3
y=142x3+2x + ;x’
¥(1.5) = 8.899; y(1.2) = 15.3547
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4 (@) y=l-x +x'—§x'.whgnh-x.
(b) y=0.9097 (¢) E=0,00000833; h<0.05 (d) 0.9097

2 1 A
5, - Punt - —_——
@y l+x(:+x(1+x{3u(& +x( +m:)l)))

o=l o A 2 10
y | 10 1107 12456 .. 3861l

(iii) Y(1)=3.8751; Error = 0.012

2 1 I 1
I v L 2 ) a o e I e i 6
B) (i) ¥ b e o

(i) 05x <027
Pl i 1 A AW
vy | 1 Lno 1246 .. 3873

(i) Error = [¥(1) - y(1)| =0.0398

1 1 ]
) y=l+x +Ex’+—x‘+—x°

12 180
% ¥ y=xy
-02 | 0.79880 |-0.15976
0 100000 | O
02 120147 | 0.24029

04 1.41283 0.56513
0.6 1.64712 0.98827

(d)  Exact solution, y=2¢"=2x~1

T

(a) X ¥ Exact
0 1 1
0.05 9513 0513
0.1 9052 9052
0.15 8619 8618
02 8214 8213

(c) x ¥
1.0 2.000
1.1 2.781
1.2 4.297
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) x ¥
20 3.000
2.1 4.919
22 10.680
(e) x y
0 1.00000
02 0.00267
0.4 0.02136
a1 1 1 iy
8. y=l+x (.2‘ +1(§+Kf; +an+Em}
x ¥ f
0 1,000 0.0000
d 1.0053 01105
2 1.0229 0.2446
3 1.0552 0.4066

Corrector, y(0.4) = 1.1053

% Predictor, y, = 5.9614 ‘
Corrector, y, = 69267
Further values using corrector do not settle down; they go on increasing,
10, ;
x v f=l+y'
0 0 1.0000
02 0.2027 1.0411
0.4 04228 1.1788
06 | 06842 | L4681
Predictor 08 1.0239 | 20484
Comector 08 10302 | 3.0615
Predictor 1.0 1.5394 | 33697
Corrector 1.0 1.5609

1. y(0.3)=1,01499
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12. (a) t [+] 0.1 02 0.3
x 0.0000 0.097 0.2199 0.3447
¥ 1.0000 1.0266 0.9987 0.9955

- ® Y=z d=xz+y5
Initial conditions: ¥(0)=1; z(0)=2 with h=02
y(0.2) = 1.4289; 2(0.2) =2.3394

13. (&) y(.1)= 1.1142, h = 0029

(b) x ¥
=z 2.0933
4 2.1755
6 22493

(e) 42748 (O -0.70347
4. (e) y(0.8)=8.00

15.
A Uk
05 13457
10 218278
100 478597
200 49.7349
16,  (a) y(.5)= -0.28326, Eror= -0.00077
(b) y(.6) = 0.02919
170
i oo
4 -Bl109652
5 -.B195905
®)
x 0 6 B 1038

& A
¥ 0 0004 0064 0325 10 2574

@roass
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Answers
18.
'y Xy Yo
0.00  -2.7000000  2.8000000
0.05 —-2.5521092 © 26742493
0.10 - 24078422  2.5570240
0.15 - 212662276 24484383
0.20 - 21261657 23487177
19. (a)
X ¥ z
0.5 131959 - 039347
1.0 1.10364 0.36788
d
(b) ﬁ =z=f(x.y.2)
dz 2
i 2xz +3y+x" 42
= f(xy20
with y(x)=1
z(xy)=2
h=0.1
] ﬂ"-'lt!rz)
dx b
L
a5 b Y
= f(x.y2
with yq =y(1)=1
z,=l)=1
Chapter 7
1 (a) 1.3 (b) 1.6 and 0.3 (c) 0.6and 1.5

2 W@and (i) Donotsatisfy (iii) 2.0045
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E -

© =

(b) (i) and (ii) Do not satisfy  (iii) and (iv) Converge to root 3.0983
(iv) is faster

() (i) and (iii) Converge to root 2.0983; (i} is faster

(a) (i) and (iii); (iii) is faster

(b} (ii) The root is 4.

(c) Convergence occurs in (i), (v), and (vi); (vi) is the faster with root 0.4534
after two ilerations.

(d) (i) fix)=In(1+32)
xy = 1.90547

(ii) %,y =1.2612

%,y = 1.2612
(iilyMuch faster; x, = 1.2612
(iv) x, = -5.381

X, = —74.422

No convergence

(a) 17693 (21038  (c) 07781 (d) 0.4950  (e) 0.7391
) 05671 (g) 091 () 19346  (D42748 (K291
) -644 () 217456

(a) 3.16 ®) 04472 (c) 1618 (d) 2.080084

(a) 5.016; 5.0575 (b) 0.2592; 0.2591

(a) 18960  (©)29429  (c) 06766  (d) 0.50 (e) 111416
(a) 20428  (b)04950  (¢) L7100  (d) -1.5214  (e) 1.2351

(a) 11347  ()29428  (c) 0.1419  (d) 0.6953  (e) 264575
) 0.50197  (i)0.65162  (lli) 0.65044 (iv) 0.6875  (v) 0.6516]
(a) p(2) =65, p'(2) = 137 (b) p(-2) = 67

(c) p(=2) = 55; p'(=2) = =115, p"(~2) = 160

@) p)=17,p (N =25, x, =2
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(b) 3.1048, —1.0399, 1.4689 + 0.1062 i and 1.4689 - 0.1062 i

13, (a) 3,3,-land-2  (b) 1.0333, 1.000Z; 1.0001 () 1.37
d) (i) x, = 15714, x, = 15009, x, = 1.5
(ii) x5 = 15467, x, = 1.5492, x, =1.5248
x {x’+3a) 15x, +x)
14, f | I LT T T Wik T
@) (%, axl+a (Xat) 5+3x]
x, =2.2353, x,=2.2361, x,=22361
2 3
® fix,, )= 2225 P2 TRy, 90130, x,=2.0000, X, =-2.000
I+dx, +1x, yh
Chapter §
La) %, ==-L'x;=~3 xy=2
(b) x, = 0.6574, x,= 0.264, x, = 0.636
(€) x,= 1.353, x,= 2412, x, = 3.706
wd) xy =4, x;=1, x3=2
(€) a=-149, b=-295 c= 198
) x=-025 y=2and 2= 075
[05 025 075
2 A'=| 1 0 =1
|-05 025 125
) x=-2,%=0 x,=35
f1s 6 =08
3 A'=|05 -025 025
[0 -025 075

Xy m =2 ym325 z=825
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0 -76 -236 108
A0 .12 22 -

-20 -6 -76 .28
80 -0.16 434 -152

6t -=2 0
-5 1 11 =k
287 67 -630 65
-416 97 931 -9%4

-16 21 -1l 4
16 -27 13 -5
-6 10 -5 2

(i)

Sl - =28 03% 78
~1667 -125 0917 1417
2333 15 0833 -183
| 2667 -1417 -1417 -1917

(i)

frd 11
LWO y=Fiu=d =g

i x; =757, x,= -725, 2, = -112
M) % =—5 2= 1§ xy=1, x,=-2
© x;= L5 xy= 5, x;=-1325 x, = 25
@ % =02 x;=05 x,=-02, x,=04
© xj=3xy=-1 %; =0/ x, =2
0 m=3x=-l x,=4 x,=12
® x=lixg=Lxy=1 z=1
M x=3x=2 =l x,=5
M x=5x=4 x,=-7,x=1

M x=0xml, x,m=l, x,=2 x;==2
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0 X, = <7233, x,= L33, x, = 2433, x, = 45
M x=3x=1, xym2 x,=1
1 1 -4

5.0 A'=|-3 -2 11
2 1 -6

-186 129 196

®) B'=| 95 -_66 -100
-24 17 25

© ==3 Xy= =4, x,=2

@ =x,=1 Xy=12, X, =3

© x=3x,=2 x,=1

M x =475 x,= 225, %, =0.75
0609 0219 -0344

6.(0) A7=|0219 -0563 0313
0344 0313 -0063

%= 234, x,= 069, x, =-0.94

038 -019 -0
® A'=1-019 032 o2
=011 042 -049

% =091, x,= 1.78, Xy =155

68 -41 -17 10
=41 25 10 -¢
=17 0 4 =3
0 =6 -3 2

7@ A=

Azb=cmd=1.
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®)

8.(a)
(b)
(€)
[C)]

9. (a)
(b}
()
(@)

U]

10.6a)
(b}
(e}
(e}
11(a)
®)

©
@

12(a)

135 -6 2 -13
-6 3 -2 1
T =2.M -3

=15 1 =3 1

Xy =X = Ky =Xy =l

x, =4 x;=T, x, =8, x,=6

x; =3 x,=5 x,=6 %, =6, ;=5 x,=3

8.7058, 7.8230, 7.5864, 7.5224, 74913, 74618, 7.3558, 6.9616, 54904
x=20, y=10, z=30

x=30, y=2, z=10

x, =2013, x,=0957, 1, = 1,039

No. Since the i dominant. ‘wmwﬂl!
pmdneeldlmnﬂydmunmm

=1 x;=2 xy=-1, x, =1

%, =0075, x;=29625, X, = ~ L1875, x, =-3975 £

x, =0.8544, x,= -0.6001, x, = 1.0491

x, =1.322, x,=0139, x,= - 3,484, x, =4.079

x, = 0433, x;=0911, %, =0.460, x, =-0,058, xy =-0.115, x,=0244
X, =204, x,=0921, x, = L1I18 x, =0831

x=- 0,011, y=0035, z=-0014

x=027, y=024, 2=-055 y -

x=0.660, y=0441, z= 1.093
0.8890, - 0.8126, 2.1419, 2.6497

In 10 iterations, Jacobi’s method gives the answer as: X, ==2, X;=1and
3 =-3

B)@ %, =816, x,=19408, x, = 1.7956

() x, =20882, x;=47534, %, = 8.2896




Answers

(i) x, =0999995=1, x,=1999995~2, x,= 3.999995 = 3
(V) x,=2.999871=3, x,=0000065=2, x, = 1000048 -1
13. x, =0433, x,=0911, x, =0460, x, = -0.058, x5 =-0.115, x,=0244

Chapter 9

L (a) and (b) Both work.
(¢) i) 8, ii) no, dominant eigenvalue. y

2.0 A =4 =12
Ay=2 2= 3 5"
Ay=1 =l 2 4]

® Ay=0; Ay =3 Ay =6
=2 -2 1
x@=f 2 -2
=21 2

@ M=k d=3%2 =4

@ A =0 =2 31"
A=y Pel2 11
1, =9; x“-h 0 -l]'

€& X=2% @ =f 15 osl’

M=—d %= -3
Me=-4 %= -3
o M= =2 31"
Ay =4 @=f-2 11
Ay =10 ™= o -1ff
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()

®

A ==l =6 5 17

A=2 x®=f-3 2 )"
Ay=Ti P w21 1)
Ay =0; x®=f 5 off
Ay=—1; x@=f 2 1]
A =2 x®=fi 0 -2]"
A, =0; =6 13"
L=-4  x®=[1 2
Ay =3 P a2 3 -2

M=l Ay==3; Ay =-3

A =8 a2 1 2"
==l x®=fp 2 -
Ay=-1; ®=h o -1

e A=l Ay =1
=0 Ay= Ay =1

A=2 Ay =3 Ay =]

M=l x%af4 32 4
A= =33 21
Ay =3 =2 2 2 17
L= el 110

L o=0; A=l -1 9"
=1 1P afs -2 3"
Ay=-1; =i -2 1)




- Answes

@ A=5 & =10 &y =10

3@ h=0 P I T
Xy =4 =2 "
Ay =9 @ =01 0 -1

W M==2 PL I I

Ay =4 Pl
g =10; @ =h o -
i A= =i 15 57
M- x®al2 -3
hy=-4 =z -3 4ff

(i) A= -1 el 51"

A= 2% ¥ =3 2 9"
A =T ®=l2 1)
4.(a) Book work
®M) A=4 W=l3 4 2

i) A =2002  x"=[0062 1.000 0002
i) A =1 sl -05 -05)"
(iv) A = 323 2" =[o667 1 0.745]"
o) A= -2414 2" = -0707 1 -0707]"

M) A= " ufl 0 -2]"
(vi) A =8

() A =18 all 2 =27
M A= el 3 -2

ST aann
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390 ’
i) A =10 Pl )
(adii) A = % x®=[ 2 3]
(xiv) & =5 x=fo o 1]"
5.(2) Bok work.
() Ay =3and A, =8
] (i)‘? (i) 3
PRl o e 8
M s (20
6 ) BA)=2 @) 8(A)=12 (i) 8(A)=2
(iv) 8(A)=0.80 v) B(A)=4 (iii) 8(A) =8
7. |A+2]|<30 is the last estimate.
8.G) A=5 k=3 A, =2 B(A)=5
(i) M=4& A =3 % =1 HA)=4
(i) Ay=1 Ay=2






